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BY  THE  EEV.  HAEVET  GOODWIN,  SLA. 

Elementai-p  Statics,  designed  chiefly  for  tjie  use 

of  Schools^  Crown  8vo.  6*. 
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Elementary  Dynamics,  designed  chiefly  for  the 

'  use  of  Schools.  Crown  Sto.  5i. 

mv  VDlnme  Lh  a  aeqiRi  and  QHnpanlon  9o  the  pncnIInE.  II  is  written  afl 
atuif  ai  pOHible  upon  Ihe  laine  priudpls,  bavlng  appeotled  lo  eadi  duM't 
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Vplkation^  hefon  snotber  <>  Inlndnccd,  It  »  believed  dial  Ihli  arrange- 
ment  trill  bo  found  jofj  mndi  lo  ftrUltate  [be  pronreai  of  beglnnon  Then 
la  a  chapter  npon  the  impact  of  balli :  and  the  tieaUie  conclude!  with  thi 
doctrine  of  Uie  nlmple  cycZoldal  pendulum. 

*,•  The  two  books  bound  together,  10*.  Grf. 

A  Collection  of  Problems  and  Examples,  adapted 

to  the  "Elementary  Course  of  Mathematics."  With  an 
AppeiHluc,  containing  the  Questions  proposed  during  the  first 
Three  Dajs  of  the  Senate-House  Enaminationa  in  the  Years 
1848, 1849,  ISSO,  and  ISSl.    Becond  Edition.  8ro.  Gi. 

Elementary  Chaptei's  in  Astronotny,  from  the 

"Astrunouiie  Physique"  of  Biot.  8vo.  3s.  Grf. 


GAKBBIDaE  EXAMINATION  PAPEBS, 

Being  a  Supplement  to  the  University  Calendar, 

for  1S57,  containing  «ll  the  Senate.  House  Examination  papers 
locliidinB  those  tet  for  the  Tjr»hitfi  Uebreir  Bcholanhipi.  Mag, 
ISfiU— Theological  Examination.  October,  1866.— Cams  Prize.  Oclo- 
ber,  1850.— Croase  Seholertliip".  JVocCTifter,  1856.— Sloth smatirnl 
Trtpo*.  Jinwary,lS57, -.-The  UrdinarrB-A.  Degree,  ■^onusi-y,  1657. 
Smilb'i  Priiea.     fAmary.  1857.— CtnTen  Sci]Diar>hl[>.     Fibruaty, 

1867 — CJaMical  Tripoi,     fibtuarj/.  1657 Moral  Bciencei  Tripos. 

.  Ftbruary,  1S57 — Chnncellor'i  Medals,  fiimarg,  1B3T Chnncel- 

lor'a  L«:3l  Medal.  Ftbnary,  ISG'.— Dell'i  Scholarthipt.  Fcbraaru, 
"■CT^Nnti-"'-^ -^ " — '   •■■"      "-     -^ ■ 


ml  Scienc«i  Tnpos.  JlfnrcA,  I8fi7 Previoas  Examina. 

'    '"-F?.— TheoloBieal    Examination.    rfpnV,  18-W. 
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Series  ofElemenianf  Bookt,  Tkejf  are  lar^eijf  tn  wee  tkromgkomi  the 
kingdom,  and  are  epeeially  tuiiabU  fbr  Cpper  Forwu  and  ihoee  who  are 
preparing  for  the  UnivereHike.  Upwarde  off\fiff  Tkomeamd  Copies 
of  these  Works  have  beem  eold^  and  somteo/them  haee  heem  trmnsiitied 
udo  the  ianguages  ofPortmga^  Tarkeg,  smd  IndSeu] 

1.  The  Principles  and  Practice  of  Arithmetic,  com- 
prising the  Nature  and  Use  of  Loffarithmt,  with  the  Compotations 
employed  bjr  Artificers,  Gaffen,  and  Land  Sarrejort.  Dengned  for 
the  Use  of  Students.  Eighth  Edition.  With  a  New  ApMndiz  of 
Miscellaneous  Questions.  12ido.  bos.  4#.  (kL 


In  the  present  treatise  the  Author  hM  cndeaTcmnd  to  combloe  what  to 
of  the  Philosophy  of  the  idence  of  Aiithmelic  wkh  the  pnctke  of  the  Art  of 
Numbers. 

Throughout  the  work  he  hm  attempted  to  trace  the  source  of  ertrj  rule  which  to 
fhrvn,  and  to  tevestigate  the  reasons  on  which  It  to  founded :  and  by  means  of 
particular  examples  comprising  nothinc  but  wiiat  to  common  to  every  other 
example  of  the  same  kind,  to  attain  Ui  Arithmede  the  khid  of  eridsnoe  which  to 
relied  upon  to  Geometry,  or  hi  any  other  demonstrathre  sdenoe. 

A  Second  Appendix  qf  Mitcdlanecnu  QueHions,  (many 
qf  which  have  been  taken  from  the  Examination  Papen 
given  in  the  Univerntu  during  the  kutfew  year$\  hasoeen 
added  to  the preeent  edition  qfthie  work,  wMch  the  Author 
caneiden  wiU  conduce  greatly  to  itt  pracHeal  utility, 
eepeciaUy  for  thoee  who  are  intended  for  nurcantUe 
pureuite. 

A  Key  to  the  Arithmetic,  with  an  Appendix,  consisting 

of  Qoestions  for  ExAminatSoa  in  all  the  Ralei  of  Arithmetic.    Second 
Edition.  bds.  At. 

2.  The  Elements  of  Algebra.     Sixth  Edition,  revised, 

improTad,  and  reduced  in  price.  8to.  lOit.  6d, 

MR.    HIND'S   ALGEBRA    FOR    SCHOOLS. 

3.  The  Prinoiplc8  and  Practice  of  Arithmetical  Alge- 
bra:  Established  upon  strict  methods  of  Mathematical  Reasoning, 

and  Illostrated  by  Select  Examples  proposed  during  the  last  Thirty 
Years  in  the  UniTersity  of  Cambridge.    Third  Edition.        12no.  5s, 

Derisned  as  a  seouel  to  the  Arithmette,  and  alfoidhif  an  easy  trusltton  from 
Aridunetto  to  Alssbra-the  procemm  bstng  ftdly  eMmpUfled  fhm  the  Cam- 
btidge  Ffsmlnarion  Papers. 

• 

4.  The  Elements  of  Plane  and  Spherical  Trigonometry, 

with  the  Nature  and  Properties  of  Logarithms  and  the  Construction 
Md  use  of  Mathematical  Tablea.    JV<^  Edition.  13mo.  bds.  6#. 


^^•■'•?!**.f*  •'!5fe**  Student  to  hsoeine  aei|aafailed  with  the  priadplfls  and 
appUcattoas  of  Trieeoometry .     *      "         '"*       *  ""'^ 
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PREFACE  TO  THE  FIFTH  EDITION. 


This  Edition  differs  very  slightly  from  that  which  preceded 
it.  The  improvements  and  alterations  are  such  as  to  require 
no  additional  remarks ;  I  therefore  reprint  the  Preface  to  the 
Fourth  Edition  entire. 

H.  GOODWIN. 
Cambridge. 
JvZy,  1857. 


PREFACE  TO  THE  FOURTH  EDITION. 


Thb  sale  of  three  large  impressions  of  this  work  renders 
it  unnecessary  for  me  to  reprint  in  this  Fourth  Edition  the 
preparatory  remarks  which  were  prefixed  to  the  book  at  its 
first  appearance.  It  will  however  be  desirable  that  the  student 
should  have  before  him  the  schedule  of  subjects,  as  fixed  by 
the  Grace  of  the  Senate  which  governs  the  .first  three  days  of 
the  examination  for  Mathematica]rBonours,  and  which  con- 
sequently  determines  what  shall  lys^^  what^shall  nipijk  form  part 


of  the  following  Mathematical  Course. 


Z  ^  *'         '■"  "- 


0/ 


The  Grace  is  as  follows :  '^ ' / c?  •  .^ 'r>  V 

1.  That  Questions  and  Problems  being  proposed  to  the  Qnestionists 
on  eight  days^  instead  of  six  days  as  at  present,  the  first  thr^  days  be 
assigned  to  the  more  elementary,  and  the  last  five  to  the  higher  parts  df 
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Mathematics ;  that  after  the  first  three  days,  theie  shall  be  aa  interral 
of  eight  days ;  and  that  on  the  seTenth  of  these  days  the  Moderatoia  and 
Examiners  shall  dedare,  what  persons  haTe  so  acquitted  themsdTes  as 
to  deserve  Mathematical  Honours. 

2.  That  those  who  are  declared  to  hare  so  acquitted  themsdTes, 
jbmI  bo  oihen,  be  admitted  to  the  Examination  in  the  higher  parts  of 
:  and  that  after  that  Examination,  the  Modoatoxs  and 
taking  into  account  the  Examination  of  all  the  eight  days, 
ihnn  arrange  all  the  Candidates  who  have  been  declared  to  deaerre 
M  If  hf  ma  tic  si  Hononn  into  the  three  classes  of  Wranglers,  Senior  Optimes, 
jbmI  Jonior  Optimca,  as  has  been  hitherto  nsoal ;  and  that  these  daases 
he  published  in  the  Senate-Hoose  at  nine  o'Clock  on  the  Friday  morning 
pnceding  the  general  B.A.  Admission. 


3.  That  the  subjects  of  the  Examination  on  the  first  three  days  shall 
be  those  contained  in  the  following  Schedule : — 

ErcuD.  Book  I.  to  YI.  Book  XI,  Props,  i.  to  xxi.  Book  XII, 
Piopa.1,11. 

AnrrHMznc  and  the  dementary  parts  of  Alqebiul  ;  namely,  the  Rules 
for  the  fundamental  Operations  upon  Algebraical  Symbols,  with  their 
ptoofr ;  the  solution  of  simple  and  quadratic  equations ;  Arithmetical 
jbmI  Geometrical  Progression,  Permutations  and  Combinations,  the  Bino- 
mial Theorem,  and  the  principles  of  Logarithms. 


The  dementary  parts  of  Plans  TtaoaxoMEmY,  so  fiv  as  to  include 
the  solution  of  triangles. 

The  elementary  parts  of  Co.hic  Sections,  treated  Geometrically, 
together  with  the  yalues  of  the  Radius  of  Curvature,  and  of  the  Chords 
of  Cunrature  passmg  through  the  Focus  and  Centre. 

The  elementary  parts  of  Statics,  treated  without  the  Diflferential 
Calculus;  namely,  the  composition  and  resolution  of  Forces  acting 
in  one  plane  on  a  point,  the  Mechanical  Powers^  and  the  properties  of  the 
Centre  of  Grayity. 

The  elementary  parts  of  Dynamics,  treated  without  the  Di£Rerential 
Calcalos;  namely,  the  Doctrine  of  Uniform  and  Uniformly  acoeleraied 
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Holion,  of  foUiog  Bodies,  Projectiles,  Colliaion,  and  Cjcloidal  OacU- 
lationa. 

The  1st,  2ad,  and  3rd  Sections  of  Newton's  PBisctPiA;  the  Pro- 
pontions  to  be  ptoved  in  Newtoa's  manner. 

The  elementary  parts  of  HyDBoarArics,  treated  without  the  Dlfi&- 
rential  Calculus ;  namely,  the  pressure  of  non-elastic  Fluids,  specific 
Gravities,  floating  Bodies,  the  pressure  of  the  Air,  and  tbe  construction 
and  use  of  the  more  simple  Instruments  and  Machines. 

Thtf  elementary  parts  of  Optics  ;  namely,  the  laws  of  Reflexion  and 
Refrnctioo  of  Rays  at  plane  and  spherical  surtaccs,  not  including  Aber- 
ntions;  tho  Eye;  Telescopes. 

Tbe  elementary  parts  of  AstnoNoMV  ;  so  far  as  tbey  are  necessary  for 
the  eiplajiation  of  the  more  simple  ptuenomena,  witbout  calculations. 

4-  Tbat  in  all  these  subjects,  Examples,  and  Questions  arising 
directly  out  of  tbe  propositions,  shall  be  introduced  into  the  Examina- 
tion, in  addition  to  the  propositions  themselves. 

5.  {Thu  article  refert  merely  to  the  day*  and  ltour$  of  £xamimilion, 
and  it  therefore  omittid.) 

6.  That  tbe  Moderators  and  Examiners  shall  be  authorised  to 
declare  Candidates,  though  they  have  not  deserved  Mathematical  Ho- 
nours, to  have  deserved  to  pass  for  an  Ordinary  Degree,  so  for  as  the 
Uatberoatical  part  of  the  Examination  fur  such  degree  is  concerned; 
and  such  persons  shall  accordingly  be  excused  the  Mathematical  part 
of  tbe  Examination  for  an  Ordinary  Degree,  and  shall  only  be  required  to 
pass  in  the  other  subjects,  namely,  in  the  parts  of  the  Examination 
asdgned  in  the  Schedule  to  the  last  two  da^ :  but  such  excuse  shall  be 

I    aTulable  to  such  peraons  only  for  the  Examination  then  in  progress. 


This  volume  is  intended  to  contain,  and  I  believe  does' 
contain,  all  that  is  necessary  for  the  three  days'  examination 
according  to  the  above  schedule,  with  the  exception  of  Euclid 
and  Arithmetic. 
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The  present  edition  is  considerably  improved  and  enlarged; 
the  enlargement  however  ia  the  result  almost  entirely  of  ad- 
ditional explanations,  and  illustrations,  the  number  of  new 
articles  introduced  is  extremely  smalL  Several  mistakes  into 
which  I  had  inadvertently  fallen  in  preceding  editions  have 
been  corrected,  and  I  desire  to  tender  my  thanks  to  those 
friends  who  have  colled  my  attention  to  errors  which  I  had 
overlooked. 

In  the  treatise  on  Astronomy  I  have  endeavoured  as  touch 
as  possible  to  lead  the  student  to  consult  other  works  in  addi- 
tion ;  the  subject  is  so  extensive  as  to  be  with  difficulty  brought 
into  a  small  compass,  not  to  mention  the  advantage  of  studying 
the  works  of  those  who  are  not  merely  writers  on  Astronomy 
but  themselves  Astronomers.  With  this  view  I  have  referred 
repeatedly  to  Sir  J.  F.  W.  Herschers  "  Outlines  ",  m  vrell  as 
Mr  Airy's  "Ipswich  Lectures":  I  have  also  quoted  for  the 
same  purpose  from  Humboldt's  "Cosmos",  and  BufTs  "Phy- 
sics of  the  Earth"  ;  I  have  likewise  referred  to  the  "  Elemen- 
tary Chapters  in  Astronomy "  which  I  translated  from  Biot's 
Jitronomie  Physique  and  published  some  time  since,  and 
which  as  an  introduction  to  Astronomy,  clear  in  exposition 
and  rendered  interesting  by  historical  details,  appear  to  mC 
unrivalled. 

Notwithstanding  the  increase  of  size  in  the  present  edition, 
amounting  to  about  one  hundred  pages  of  fresh  matter,  the 
publiehcr  has  found  it  to  be  possible  (in  consequence  of  the 
large  circulation)  to  reduce  the  price  of  tlie  work ;  this  has 
accordingly  been  done  with  my  full  concurrence. 


a  GOODWIN. 
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ALGEBRA. 


1.  Algebra  in  its  most  comprehensive  sense  may  be  de« 
fined  as  being  the  science  of  reasoning  by  means  of  general 
written  symbols  * 

In  its  simplest  form  we  may  consider  algebra  as  a  more 
general  species  of  arithmetic,  in  which  the  reasoning  and  the 
operations  refer  to  certain  general  representatives  of  numbers, 
instead  of  being  applied  to  the  symbols  of  specific  numbers, 
viz.  the  digits  l,  2,  S... which  are  the  subject  of  arithmetical 
reasoning.  The  science  of  algebra  is  of  a  far  more  general 
and  comprehensive  character  than  this ;  but  even  restricting 
our  views  to  such  a  science  as  would  be  formed  by  a  substi- 
tution of  symbols  of  numbers  in  general  for  the  nine  digits, 
we  may  see  at  once  the  greatness  of  the  advance  which  we 
have  made  beyond  the  limits  of  mere  arithmetic,  because  any 
rule  which  has  been  established  by  means  of  algebraical  sym- 
bols will  be  universally  true,  since  the  symbols  may  represent 
any  niunbers  whatever;  whereas  it  is  difficult  to  establish  a 
rule  by  means  of  operations  which  deal  with  particular  num- 
bers only.  This  remark  will  be  understood  better  as  the 
student  proceeds. 

In  the  following  treatise  it  will  be  assumed  that  the  stu- 
dent has  already  made  himself  acquainted  with  arithmetic; 
but  some  of  the  rules  and  operations  of  that  science  will  be 
proved  and  explained  as  applications  of  algebra.  Indeed, 
the  theory  of  some  of  the  arithmetical  processes  will  seldom 
be  seen  distinctly,  until  the  mind  has  been  informed  by  the 
more  general  science. 

'^f  *  The  etjrmologj  of  the  name,  Algebra,  is  given  in  various  ways.  It  is,  however, 
lirettj  generally  considered,  that  the  word  is  Arabian,  and  that  from  those  people  we 
had  the  name,  as  well  as  the  ai$  itself,  as  is  testified  by  Lucas  de  Burgo,  the  first 
European  author  whose  treatise  was  printed  on  this  art,  and  who  also  refers  to  fonner 
aatbofs  and  masters,  from  whose  writings  he  had  learned  it.  The  Arabic  name  he 
gives  it,  is  Alghebra  e  Almucabala,  which  is  explained  to  signify  the  art  of  restitu- 
tion and  comparison,  or  opposition  and  restoration,  or  resolution  and  equation,  aU  Khich 
sgree  well  enough  with  the  nature  of  this  art.  Some,  however,  derive  it  from  various 
other  Arabic  words.    Hutton*s  Tracts,  Hisiory  of  Algebra, 
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2.  The  symbols  used  to  denote  numbers  or  quarUxtiea 
are  usually  the  letters  of  the  alphabet ;  and  it  is  the  common 
practice  to  express  knoiivn  or  determined  quantities  by  the 
early  letters,  as  a,  6,  c...,  and  unknown  by  the  latter,  as  of,  y, 
z;  but  this  rule  is  purely  conventional,  and  need  not  be 
strictly  followed. 

It  will  be  convenient  here  to  enumerate  and  explain  the 
various  signs  which  are  used  in  algebra. 

3.  +  Plu8^  signifies  that  the  quantity  to  which  it  is  pre- 
fixed must  be  added.  Thus  2  +  3  is  the  same  thing  as  5 ; 
using  letters,  a  +  b  represents  the  sum  of  a  and  6,  whatever 
are  the  values  of  a  and  6,  or  a  and  6  added  together. 

4.  -  Minus,  signifies  that  the  quantity  to  which  it  is 
prefixed  must  be  subtracted.  Thus  3  -  2  is  the  same  thing 
as  1 ;  and  a  -  6  represents  a  with  b  taken  from  it. 

5.  Since  the  signs  +  and  -  prefixed  to  a  quantity  b  in* 
dicate  addition  and  subtraction,  they  would  seem  to  imply 
some  antecedent  quantity  to  which  b  is  to  be  added  or  from 
which  it  is  to  be  subtracted ;  they  are  used  however  without 
this  restriction,  and  for  the  present  it  will  be  sufficient  for 
the  student  to  consider  +  6  as  a  quantity  which  is  to  be  added, 
and  -  6  as  a  quantity  which  is  to  be  subtracted.  One  of  the 
signs  +  and  -  is  supposed  to  be  prefixed  to  every  algebraical 
quantity:  +  a  is  termed  a  positive  quantity,  -  a  a  negative 
quantity.  When  +  a  is  not  preceded  by  another  quantity,  it 
is  usual  for  shortness"  sake  to  omit  the  +»  and  to  write 
simply  a. 

A  simple  illustration  of  the  meaning  of  a  negative  quan- 
tity may  here  be  of  service.  A  debt  may  be  regarded  as  a 
negative  quantity,  inasmuch  as  it  is  a  quantity  to  be  subtracted 
in  case  of  there  being  any  property,  (which  is  positive,)  from 
which  to  subtract  it. 

6.  X  Into,  signifies  that  the  quantities  between  which  it 
stands  are  to  be  multiplied  together :  thus  2  x  3  is  equivalent 
to  6. 

This  sign  is  frequently  omitted,  or  its  place  supplied  by  a 
point :  thus  a  x  b,  ab^  a. 6,  are  equivalent. 
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7.  Whelh  the  same  quantity  is  multiplied  into  itself 
several  times,  the  product  is  represented  in  an  abbreviated 
form,  by  placing  above  the  quantity  a  figure  indicating  the 
number  of  times  that  it  is  repeated :  thus  a  x  a  is  written  a\ 
and  a  yf^  a  y>  a^d?  I  a'  is  called  the  second  power ^  or  the  square 
of  a ;  a'  the  third  power,  or  the  cube ;  a*  the  fourth  power, 
and  so  on :  a^  is  the  same  thing  as  a. 

The  figure  which  indicates  the  power  of  a  quantity  is 
called  its  index  or  eaiponenU  The  meaning  of  the  terms 
power,  index,  exponent,  will  be  hereafter  much  extended.  (See 
Art.  25.) 

8.  4-  Divided  bt/j  signifies  that  the  former  of  two  quan* 
titles  between  which  it  is  placed  is  to  be  divided  by  the 
latter.     Thus  6  -r  2  is  equivalent  to  3. 

Division  is  however  more  generally  represented  by  writing 
the  two  quantities  as  a  vulgar  fraction:  thus  a-:-  b  is  written 

7,  and  is  commonly  read  for  shortness'  sake  thus,  a  by  6. 

We  will  anticipate  the  result  of  a  subsequent  article,  (Art. 

25,)  by  saying  that  —  may  also  be  written  thus,  a'**. 

a" 

9.  The  difference  of  two  quantities  is  sometimes  repre- 
sented by  the  sign  '^  :  thus  a  -^  b  means  a  -  6,  or  6  -  a,  ac- 
cording as  a  is  greater  or  less  than  6. 

10.  When  several  quantities  are  enclosed  in  a  bracket, 
thus  (a  +  6  -  c),  it  is  intended  that  any  sign  prefixed  or  affixed 
to  the  bracket  should  apply  to  all  the  quantities  included  by 
it :  thus  a  -  (6  +  c)  means  that  6  and  e  are  both  to  be  sub- 
tracted from  a,  (a  +  6)'  means  that  the  sum  of  a  +  6  is  to  be 
multiplied  by  itself,  (2  +  1)  (3  +  2)  is  equivalent  to  3  x  5  or  15. 

A  vinculum  or  line  drawn  over  several  quantities,  thus 

a  +  6  +  c,  isinall  respects  equivalent  to  a  bracket. 

11.  .•.  is  an  abbreviation  for  the  word  therefore;  and 
•.•  for  the  word  because. 

12.  The   square  root  of  a  quantity  is  represented  by 

writing  over  the  quantity  the  sign  \V^    or  more  briefly  \/    ^i 
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which  ig  in  fact  a  corruption  of  the  letter  r  standing  for  r<idix 

or  root,  and  is  termed  a  radical :  thus  \/a  or  \/a  means  the 

square  root  of  a.     Similarly  the  cube  root  is  denoted  by  v^> 

the  fourth  root  by  \/a,  and  so  on. 

We  will  again  anticipate  the  result  of  an  article  already 

referred  to,  (Art.  25)  by  stating  that  v'^a  may  also  be  written 

thus,  a^;  in  like  manner  \/a**  may  be  written  thus,  a". 

A  quantity  under  a  radical  sign,  the  root  of  which  cannot 
be  extracted,  is  called  an  irrational  quantity  or  a  surd :  thus 

v/a  is  a  surd  quantity.     Quantities  which  involve  no  surds 
arc  called  rational. 

13.  The  number  or  quantity  by  which  any  other  quan- 
tity is  multiplied,  is  frequently  called  its  coefficient :  thus  in 
the  quantities  a.r,  7y,  a  and  7  may  be  called  the  coefficients 
of  *v  and  y  respectively.  When  no  coefficient  is  prefixed  to  a 
letter,  1  is  always  understood. 

14.  Any  combination  of  symbols  is  called  an  algebraical 
expression,  and  sometimes  an  algebraical  formula. 

An  expression  is  said  to  be  of  n  dimensions  with  respect 
to  any  letter,  when  the  highest  power  of  that  letter  in  the 
expression  is  n :  thus  a'  +  2a'  +  1  is  of  three  dimensions  with 
respect  to  a. 

When  an  expression  is  composed  of  two  quantities  con- 
nected by  the  sign  +  or  -,  it  is  called  a  binomial  expression ; 
when  of  three,  a  trinomial ;  when  of  several,  a  polynomial : 
a  4-  ^>  is  a  binomial,  a  +  6  +  c  +  efa  polynomial. 

Wlien  an  expression  is  composed  of  quantities  connected 
by  the  sign  x,  (either  expressed  or  understood,)  the  several 
4|UAntitie8  arc  called  factors  of  the  expression :  thus  a,  b,  c, 
arc  factors  of  abc. 

15.  ■  Etiuals,  signifies  that  the  quantities  between 
whioli  it  is  placed  arc  equal  to  each  other.  Thus  the  sym- 
bolioiU  sentence  'Z  +  3  ^  5  expresses  the  fact  that  2  and  3  added 
together  make  5. 

The  signs  >  and  <  are  sometimes  used  to  denote  re- 
si>octively  yreater  than  and  less  than.  Thus  a  >  b  would  ex- 
press that  a  is  greater  than  b. 
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16.  An  algebraical  sentence  expressing  equality  between 
two  expressions,  such  as  or  +  l  =  2,  or  ^^  +  a?  +  l  =*  O,  is  called 
an  equation. 

17.  Similar  or  like  algebraical  quantities  are  such  as 
differ  only  iij  the  value  of  their  numerical  coefficient :  thus  2a 
and  5a  are  like  quantities. 

18.  One  quantity  is  said  to  be  a  multiple  of  another, 
when  the  one  can  be  divided  by  the  other  without  remainder, 
or  when  the  one  contains  the  other  as  a  factor :  thus  4a  is  a 
multiple  of  a,  and  a^  of  <r. 

19.  One  quantity  is  said  to  be  a  measure  of  another, 
when  the  former  will  divide  the  latter  without  remainder. 


20.  The  student  will  find  it  advantageous,  before  pro- 
ceeding further,  to  fix  in  his  mind  the  knowledge  acquired 
from  the  preceding  articles,  by  practising  upon  some  simple 
examples.  And  it  may  be  worth  while  in  this  place  to  re- 
mark, that  the  science  of  algebra,  and  others  which  will 
be  treated  of  hereafter,  are  most  easily  to  be  acquired  by 
the  practice  of  them ;  and  indeed  it  may  be  said  to  be  almost 
impossible  to  acquire  and  retain  a  perfect  familiarity  with 
algebraical  theorems,  except  through  the  medium  of  a  con- 
siderable amount  of  industry  expended  on  the  working  out  of 
examples.  Wherefore,  once  for  all,  the  student  is  earnestly 
requested  after  reading  any  new  rule  or  theorem  to  turn  to 
the  examples  illustrative  of  it,  and  work  as  many  as  possible 
before  proceeding  further. 

ADDITION. 

21.  Rule.  The  addition  of  algebraical  quantities  is  per- 
formed by  connecting  those  that  are  unlike  with  their  proper  signs, 
and  collecting  those  that  are  like  into  one  sum. 

The  addition  of  algebraical  quantities  would  in  fact  be 
performed  by  writing  them  one  after  another,  and  connecting 
them  by  the  sign  + ;  but  the  preceding  rule  indicates  the 
mode  of  reducing  the  sum  so  written  down  to  its  simplest  form. 
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When  like  quantities  occur  with  different  signs,  their  alge- 
braical sum  is  found  by  taking  the  smaller  coefBcient  from 
the  greater  and  prefixing  the  sign  of  the  greater:  thus  ^aSa 
would  be  written  a,  and  -  4a  +  3a  would  be  written  —  a. 

It  will  be  seen  that  addition  thus  considered  is  a  very 
different  operation,  in  some  respects,  from  arithmetical  addi- 
tion, since  in  arithmetic  to  add  is  always  to  increcue,  but  in 
algebra  to  add  is  only  to  connect  a  series  of  quantities  with 
their  proper  signs;  and  a  quantity  may  therefore  be  decreased 
by  having  another,  which  is  negative,  added  to  it. 

The  order  in  which  the  result  of  the  addition  of  several 
quantities  is  written  down  is  immaterial,  but  it  is  usual  coUeris 
paribus  to  follow  the  order  of  the  alphabet :  thus  we  should 
write  a  +  6  +  c,  not  a  +  c  +  6. 

The  following  are  examples  of  addition,  which  the  student 
may  verify : 

?a-f   6  -s?a+   6  2a  -    6  2a  -   6 

a  -f  36  a-k-  Sb  a  +  36  a-^  Sh 


Sum  3a  +  46            *   a  +  46  3a  +  26           3a  —  46 

o*  +  2a6  +  36*  -.a  +  6  +  c  +  d 

-  2a'  -   a6  +  46*  a  -  6  +  c  +  d 

3a^  +  3a6  -26*  a  +  6-c  +  d 


2a«  +  4a6+56«  a+6+c-d 

2a  +  26  +  2c  +  2d 


a"  +  6c  +  cd 
6»  +  6d  +  c* 
a«  +  6«  +  c* 


2a* -f  26*  +  20"  +  6c  +  6d  +  cd 


OJ?  +  6y  +  car 

6x  —  cy  —  or 

—  CJ?  +  «y  —  6«f 


(a  +  6  -  c)  X  +  (6  -  c  +  a)  y  +  (c  -  a  -  6)  » 


HULTIPLIOATION. 


SUBTRACTION. 


22.     HuLE.     One  algebraical   quantity  may  be  subtracted 
from  another  by  changing  its  sign  and  adding  it  to  the  other. 

The  reason  of  this  rule  is  apparent ;  for  to  subtract  +  a 
is  by  definition  the  same  thing  as  to  add  -  a ;  and  to  sub- 
tract a  quantity  which  itself  ought  to  be  subtracted  is  nothing 
else  than  to  add  that  quantity.  Using  an  illustration  already 
adopted,  we  may  say  that  to  subtract  a  debt  is  the  same  thing 
as  to  add  to  property. 

Hence  also  we  see  that  —  prefixed  to  a  bracket  changes  the 
sign  of  all  the  quantities  in  that  bracket,  so  that  -  (a  +  6  -  c) 
b  equivalent  to  -  a  -  6  +  c. 


EXAMPLES. 

2a  +  6                  2a  -   6 
a  +  S6              -  a  +  S6 

(a- 

a  +  6  -  2c 
a  -  6  +    c 

Difference    a  -  26     •            Sa  -  46 

26      -Sc 

2a'  +  Sa6  -    6«         a  +  6  -  (c  +  ^ 
op  -  4a6  +  S6'         a  -  (6  -  c)  +  rf 

b)a^^{c^d)it 
c)aP  +  {a  +d)f^ 

a*  +  7a6  -  46*            26  -  2c  -  2rf 

c)af^-{a  +  c)y^ 

MULTIPLICATION. 

23.  UnKke  quantities  cannot  be  multiplied  together  any 
further  than  by  connecting  them  by  the  sign  x,  or  writing 
them  together  without  sign.  Thus  a  multiplied  by  6  gives 
a6  or  6a,  for  it  is  indifferent  whether  we  consider  a  to  be 
multiplied  by  6  or  6  by  a. 

But  like  quantities  are  multiplied  together  by  adding  their 
indices.  Thus  c^  x  cfi  ts  a'^  for  a^  signifies  aaa  and  a*  sig- 
nifies aaaa,  therefore  a^  ^  a*  =i  aaa  x  cuiaa  »  aaaaaaa  «  a*^  by 
definition,  for  a^  means  nothing  else  but  a  multiplied  into  it- 
self seven  times. 
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The  iiffn  of  the  product  of  two  quantities  is  determiiied 
bj  this  rule ;  Tiz.  the  product  of  two  quantities  affected  by 
the  mme  sign  is  po^Uwe^  of  two  aflected  }afj  difertmi  signs 
neffoiive. 

Thus  +ax+6s-fa6; 

—  ax  +  6«s  —  aft; 
+  ax  -6«-a6; 

—  a  X  —  6  »  +  ai. 

This  rule  may  be  thus  explained : 

(1)  +  a  X  +  6  signifies  that  a  is  to  be  added  b  times, 
which  is  the  same  as  adding  unity  ab  times,  therefore  the 
result  is  +  oi. 

(2)  +  a  X  -  6  signifies  that  6  is  to  be  subtracted  a  times, 
which  is  the  same  thing  as  subtracting  unity  ab  times,  there* 
fore  the  result  is  -  a6. 

(3)  -  a  X  -f  6  signifies  that  a  is  to  be  subtracted  6  times, 
therefore,  as  in  the  last  case,  the  result  is  -  db. 

(4)  -  a  +  -  6  may  be  interpreted  to  mean  that  —  a  is  to 
be  subtracted  b  times,  or  that  -  a&  is  to  be  subtracted,  or  that 
a6  is  to  be  added,  therefore  the  result  is  +  ab. 

Numbers  are  multiplied  together  as  in  common  arith- 
metic :  thus  2a  X  S6  is  not  written  2  x  Sab  but  Sab. 

What  has  been  said  hitherto  applies  chiefly  to  the  multi- 
plication of  simple  algebraical  quantities,  or  expressions  of  one 
term  only.  When  two  polynomials  are  multiplied  together, 
each  term  in  the  multiplicand  must  be  multiplied  by  each 
term  in  the  multiplier,  and  the  sum  of  all  such  products 
(arranged  as  is  most  convenient)  will  be  the  complete  product 
required. 

It  is  usual  in  algebraical  multiplication  to  commence  with 
the  term  on  the  left  hand  of  an  expression,  instead  of  com- 
mencing on  the  right  as  in  arithmetic. 

When  the  same  letter  occurs  in  an  expression  with  dif- 
ferent indicesi  it  is  usual,  and  in  most  cases  of  the  application 
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of  algebra. necessary,  to  arrange  the  expressions  according  to 
the  powers  of  that  letter:  thus  the  expression  l  -  S.r  +  So?*  -  a?* 
ought  not  to  be  written  l  +Sa?*-Sa?  —  a?",  but  it  may  with 
propriety  be  written  as  we  have  given  it,  in  which  case  it  is 
said  to  be  arranged  according  to  ascendinff  powers  ofx;  or  it 
may  be  written  thus  —  a?*  +  So^  —  So?  +  1,  in  which  case  it  is 
said  to  be  arranged  according  to  descending  powers  of  op.  The 
student  cannot  be  too  careful  in  atten(Ung  to  the  proper 
arrangement  of  expressions. 

EXAMPLES. 
a  +  b  a  +  6 

c  +  d  a  ^  b 


ac  +  be 

a*  +  ab 

ad^  bd 

-ab-b* 

b  ao  +  6c  +  ad  +  6(2 

a»          -6« 

a  +    6«  +   CO? 

a  —   bof  +   caf 

a*  +  abw-^acai^ 

'^abx  -6W  —  6c^' 

aca^  -\-  bcof* 

+  cV 

a»          +(2ac-6*)«»* 

+  c*ar* 

In  this  example  the  product  has  been  arranged  according  to 
ascending  powers  of  a,  because  the  multiplicand  and  multiplier 
were  so  arranged ;  and  on  this  account  the  two  terms  in- 
volving a^f  viz.  2acJo^  and  -  6V,  have  been  collected  into 
one  term,  and  the  combined  quantity  2ac  -  6*  is  considered 
as  the  coefficient  of  w\ 

a?*  +  2^  -  1 

07*  -  2ir  +  1 


-  2a;'-4a;*  +  2j7 

a/'  +  ^of  -  1 
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The  operation  of  multiplication  may  be  sometimes  ab- 
breviated in  tiie  following  manner. 

It  is  easily  seen  by  actual  multiplication,  that 

(a  +  6)  X  (a  -  6)  «  a«  -  6*, 

or  that  the  product  of  the  sum  and  difference  of  two  quantities 
is  equal  to  the  difference  of  their  squares;  a  theorem  which  may 
be  used  in  the  multiplication  of  such  quantities  as  those  in 
the  last  example,  or  more  generally,  in  the  multiplication  of 
two  i>plynomials  which  inyolve  the  same  algebraical  quantities 
but  different  algebraical  signs. 


Thus       (dr*+2a:-l)x(a^-2a?+l)«(a?'+2a?-l)x(a^-.2a?-.l) 
-a?*-(2»-l)'-^-(4d7*-4ar+l)=ar*-4cr'+4j?-l, 
the  same  result  as  before. 

Again,  («  +  y+«-w)  x  (w  -^  y  +  z  -^u) 

a  result  which  may  be  verified  by  direct  multiplication. 

DIVISION. 

24.  Division  being  the  inverse  of  multiplication,  its  rules 
may  be  deduced  from  those  of  multiplication. 

Quantities  which  are  not  powers  of  the  same  quantity  can 
be  divided  one  by  another  only  by  writing  one  under  the  other 
in  the  form  of  a  vulgar  fraction. 

But  quantities  which  arc  powers  of  the  same  quantity 
can  be  divided  one  by  another  by  subtracting  the  index  of 
the  divisor  from  that  of  the  dividend.  Thus  c^-i-  a  ^a*, 
because,  as  we  have  seen,  a  x  a*  ^  a?. 

The  rule  of  signs  is  this ;  the  division  of  quantities  of 
like  signs  gives  a  positive  quantity,  and  of  unlike  signs  a 
negative. 


DIVISION.  II 

Sometimes  the  division  of  unlike  quantities  can  be  par- 

tially  effected :    thus  —7-7  "■  — r- »  where  the  dividend   can 

aba        a 

be  divided  by  the  factors  a  and  6  of  abd,  but  not  by  the 

factor  d. 

When  a  polynomial  is  to  be  divided  by  a  simple  quantity, 
each  term  of  the  polynomial  must  be  divided  by  it,  and  the 
sum  of  the  terms  so  found  affected  with  their  proper  signs 
will  be  the  quotient. 

The  process  of  dividing  one  polynomial  by  another  is 
one  of  greater  difficulty,  but  is  rendered  sufficiently  simple 
by  its  analogy  to  long  division  in  common  arithmetic.  The 
first  step  is  to  arrange  the  divisor  and  dividend  according  to 
either  ascending  or  descending  powers  of  some  letter  com- 
mon to  the  two;  the  division  of  the  first  term  of  the  dividend 
by  the  first  term  of  the  divisor  gives  the  first  term  of  the 
quotient ;  multiply  the  divisor  by  this  term,  and  subtract  the 
product  from  the  dividend;  bring  down  as  many  more  of  the 
terms  of  the  dividend  as  may  be  required,  and  repeat  the 
process  until  all  the  terms  have  been  brought  down. 

The  only  point  in  this  rule  which  seems  to  requirie  ex- 
planation, is  the  arranging  of  the  expressions  according  to 
powers  of  some  common  letter.  The  reason  may  be  given 
thus :  divison  is  the  inverse  of  multiplication,  and  in  order 
to  make  division  successful  we  must  be  sure  that  we  follow 
exactly  the  reverse  steps  of  some  particular  mode  of  mul- 
tiplying, for  two  expressions  may  be  multiplied  together  in 
many  different  ways  according  to  the  arrangement  which  we 
choose  to  adopt;  now  we  are  sure  of  following  an  exactly 
reverse  process  by  attending  to  the  rule  of  arrangement 
which  has  been  given,  for  the  quotient  and  divisor  may  be 
conceived  to  have  been  multiplied  together  according  to  this 
rule  to  form  the  dividend. 

It  cannot  be  positively  asserted,  that  the  operation  of 
division  will  never  succeed  unless  the  quantities  be  arranged 
according  to  the  powers  of  some  coihmon  letter ;  but  it  may 
be  said  that  in  general  the  operation  will  fail,  and  that  we 
can  never  ensure  success  unless  the  quantities  be  so  arranged. 
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EXAMPLES. 


a  +  b)  a*  -  V  (a  -  6     Quotient 
a*  +  ab 


--ab-^V 
^ab'-y 

«  -  y)  .J?"  -  5«r*y  +  Sxy^  ^  y*   (^a^  ^  Zioy  +  y» 

—  2a^'y  +  Say^ 

—  2a?*y  +  2a?y* 

^y*-y' 

«  +  y)  a;"  +  y*      (j^"*  -  «*"'y  +  ^" V  -  *^* 

-  ar-'y  +  y" 

—  d;""'y  —  d7""*y* 


^"V  +  y" 


-j7"-y +  y» 
&c.     &c. 

Let  us  determine  under  what  circumstances  the  preced* 
ing  division  will  terminate.  Suppose  n  to  be  an  odd  number, 
then  we  shall  arrive  at  length  at  a  remainder  <2^y"~^  +  y",  which 
is  evidently  divisible  by  a?  +  y,  and  therefore  the  division  ter- 
minates; but  if  n  be  even,  we  shall  have  the  remainder 
-  d?y""^  +  y",  which  is  not  divisible  by  a?  +  y,  and  therefore 
the  division  does  not  terminate. 

In  like  manner  it  may  be  shewn  that  ^  +  y"  is  never  divi- 
sible by  07  -  y,  and  that  of  —  y"  is  divisible  by  or  +  y  if  n  is 
even,  and  by  or  -  y  whether  n  is  even  or  odd. 


JMTI8ION.  ^ 

He  foDowiBg;  example  is  given  to  fihew  Hie  iii]5#itftiH»» 


of 

«  +  l)  a«+2a  +  l  («  +  l 


a*  +  o 

a  +  1 
a  +  1 

thus  tlie  operation  terminates ;  but  suppose  we  laid  yrs^jf^aaa^ 

thus: 

a  +  1 )  1  +  2a  +  aM r-f  Ite. 


1 
1  +- 

a 

1 

+  2a 

a 

1       1 

^I'a^ 

and  the  iq>eration  will  never  oome  to  itt  taoL 

Let  us  deternune  under  wliat  rirriiMrtiMMii 

dirisible  by  a?  +  y. 

«  +  y)a?  +  ajf  +  t(jf-4'«-y 

«*  +  fjr 

(«-jr)#-f* 

(«-y)*^«jr-f* 

V^  iLU   4r  i 


Ji 


We  have  then  in  genend  a  rematader  &  —  af  +  y* ;  «^^ 
j^  +  a»  +  6  is  therefore  not  divisible  hj  x  ^y,  unless  y  be 
such  a  quantity  that  6  -  ay  -f  y* «  o. 
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In    like  manner  we  can   determine   the   condition    of 
ar'  +  aa?  +  6j7  +  c  being  divisible  by  a?  +  y. 

J?  +  y )  tr*  +  acf  +  6a?  +  c  (j?*  +  (a  —  y)  a?  +  6  -  ay  +  y* 
^*  +  y^' 

(a  -  y)  a?'  +  6^7 

(a  -  y)  ar*  +  (ay  -  y*)  a? 

(6  -  ay  +  y*)  ^  +  c 

(6  -  ay  +  y*)  J?  +  6y  -  ay*  +  y* 

Hence  the  division  is  not  possible,  unless  y  be  such  a 
quantity  that  c  --by-^  ay^  -  y*  -  0. 

ON  THE  MEANING  OF  FRACTIONAL  AND 
NEGATIVE  INDICES 

25.  Hitherto  a*  has  been  understood  to  signify  a  ^tf.  a  y^... 
n  times,  and  therefore  n  has  been  supposed  to  be  a  whole 
number.  But  it  becomes  a  question  whether  it  may  not  be 
possible  to  assign  a  meaning  to  the  symbol  a"  in  other  cases, 
whether,  for  instance,  we  may  not  assign  a  meaning  to  a^,  and 
to  a~'.  In  doing  so  the  only  thing  to  be  attended  to  is,  that 
no  supposition  be  made  contradictory  to  any  thing  which  we 
have  at  present  laid  down,  and  it  will  manifestly  be  most 
convenient  that  the  rules  for  multiplying  and  dividing  such 
quantities  as  we  speak  of  should  be  the  same  as  in  the  case 
of  a  positive  index.  Suppose  then  we  make  this  convention, 
that  the  rule  of  indices  which  has  been  proved  in  the  case  of 
positive  integer  indices  (Art.  23)  shall  hold  true  in  all  cases ; 
that  is,  let  us  assume  that  univeraally^ 

or  xdT  m  a"+»  (1) 

and    ^-a*-        (2)*; 
a" 

then  it  will  be  found  that  these  assumptions,  which  contradict 

*  It  will  be  easily  leen  that  these  two  Mtumptioot  are  not  independent,  (3)  beinf 
immcdiatclj  dedadble  from  (1). 
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nothing  preceding  them,  will  be  sufficient  to  determine  the 
meaning  of  a"  when  n  is  fractional  or  negative.     For  we  have 

by(i) 

fli  X  ai  aiai+J  «  a, 
but    ai  X  ai  'm  (aiy ; 
.%  (aiy  -  c, 

or  ai  «  \/a. 
Or  more  generally, 

a^  xaP  y^  ...^..p  times '^  aP  P  ^a; 

11  /  1\P 

but  aP  >c  aP  x p  times  «  fa>'l  ; 

/.fa?)    -a, 

1 
or  a?  «.  y/^ 

1  i 

Hence  the  symbol  op  represents  the  p^^  root  of  a,  rfnd  aP 

represents  the  p^^  root  of  a^ :  thus  4l  =  2,  and  4i  -  8.     It  will 

be  seen  also  that  \/^  a  «  \/  ai  «  ai^i  -  a*,  and  so  on. 

Again,  suppose  that  in  (l)  we  write  -  n  for  n,  then  we 
have 


but  by  (2) 


a* 

X  a' 

•  mz  a*""" 

a* 

=aa"""; 

• 
•  • 

a- 

X  a~" 

a" 

1 

a" 

which  proves,  that  to  multiply  by  a'"  is  the  same  thing  as  to 

divide  by  a",  or  that  a"*  =  — ;  thus  2"*  =  —t^i  and  4~*  —  4. 

a*  V2  * 

Thus  we  have  assigned  to  negative  and  fractional  indices 
a  meaning  not  inconsistent  with  any  thing  which  precedes, 
and  which  will  be  found  of  great  service.    We  shall  therefore 

henceforth  use  the  symbolsy^  — ,  and  op,  a""  indifferently. 
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26.  A  rather  remarkable  consequence  follows  from  (2), 
which  will  require  a  few  words.  If  we  suppose  m  and  n  to  be 
equal,  we  have 

a" 

—    «    »  f 

a* 

or  1  -  a«. 

This  result  is,  at  first  sight,  somewhat  paradoxical ;  nevertheless 
it  must  be  received  as  true,  being  a  legitimate  deduction  from 
our  previous  assumptions  ;  moreover,  it  is  not  wholly  incapa- 
ble of  being  interpreted  in  such  a  way  as  to  make  it  intelli- 
gible. For  suppose,  first,  that  a  is  a  number  greater  than 
1 ;  then,  if  we  extract  its  square  root,  it  is  evident  that  the 
square  root  will  be  less  than  the  number  itself;  let  the  square 
root  be  again  extracted  and  the  number  will  be  still  further 
decreased ;  let  this  process  be  repeated  a  great  many  times, 
say  a  thbusand,  then  the  number  will  have  decreased  at  each 
process,  but  will  never  be  made  less  than  1,  because  if  so,  con- 
versely a  quantity  less  than  l  might  be  made  greater  than  1 

1 

by  squaring,  which  is  absurd :  hence  a  ,  which  represents 
the  square  root  of  a  taken  a  thousand  times,  must  be  very 
nearly  »  l,  but  not  quite.  Again,  secondly,  let  a  be  a  number 
less  than  1,  and  let  the  same  process  be  performed  upon  it, 
then  it  is  clear  from,  the  same  kind  of  reasoning  that  the 
number  will  increase  at  each  process,  but  that  it  can  never 

become  quite  «  l :  hence  also  in  this  case  cT  nearly  «■  1,  but 
not  quite.     But  -i^^  is  a  very  small  quantity  indeed,  and  it 

therefore  appears  that,  whether  a  be  greater  or  less  than  1» 
when  n  is  very  small,  a"  very  nearly  »  1,  and  hence  we  can 
see  the  meaning  of  the  equation  a®  «  i.* 

*  The  meaning  of  the  equmtion  tfi^l,  and  of  negative  indices,  maj  perhaps  recdre 
illustration  thus.  Talce  any  power  of  a,  as  a*,  and  divide  it  bj  a,  the  quotient  again  bj 
a,  and  so  on ;  then  we  shall  produce  tlie  following  series  of  quantities, 

a% a\  a\  a».  a\  a',  1.  -,  -„  ^,  - (A). 

Now  take  the  same  quantity  a*,  and  produce  a  series  of  quantities  bj  cootinnallj 
diminishing  lis  index  bj  unity ;  the  series  will  be 

a*.  a\  a*,  a»,  a»,  a\  a«, «-»,  a-»,  a-*,  «-*, (B). 
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THE  GREATEST  COMMON  MEASURE. 

27.  Dbf.  The  greatest  common  mectsure  of  two  numbers  is 
the  greatest  number  which  will  divide  both  without  remainder. 

The  greatest  common  measure  of  two  algebraical  expres- 
sions must  be  defined  rather  differently. 

Dbf.  Let  two  algebraical  expressions  be  arranged  cuu^ord- 
ing  to  descending  powers  of  some  common  letter,  then  the  factcr 
of  the  highest  dimension  with  respect  to  that  letter^  which  divides 
both  without  remainder,  is  the  greatest  common  measure  of  the 
two  expressions. 

It  would  be  more  correct  to  speak  of  the  highest  common 
divisor^  since  the  terms  greater  or  less  are  not  applicable  to 
algebraical  expressions,  which  are  great  or  small  according  to 
the  numerical  values  which  we  choose  to  assign  to  the  letters 
involved:  but,  in  accordance  with  established  usage,  the 
name  of  greatest  common  measure  will  be  used. 

28.  To  investigate  a  rule  for  finding  the  greatest  common 
measure  of  two  algd>raical  expressions. 

liCt  A  and  B  be  two  expressions  arranged  according  to 
descending  powers  of  some  common  letter,  and  let  the  highest 
power  of  that  letter  in  B  be  not  higher  than  the  highest  in  A. 
Divide  A  by  B,  make  the  remainder  the  divisor  and  B  the 
dividend,  and  so  on,  until  you  come  to  a  quantity  which  will 
divide  without  remainder ;  this  last  divisor  will  be  the  greatest 
common  measure  required. 

The  series  (A)  and  {B)  ought  to  be  the  same,  shice  the  commencements  are  the 
lame^  and  the  two  are  formed  throughout  bj  a  uniform  process ;  but  this  identitj  cannot 
subsist  unless  we  have 

The  meaning  of  fractional  indices  might  be  illustrated  in  a  similar  manner ;  but  the 
Tiew  given  in  the  text,  respecting  the  ground  upon  which  the  theorj  of  both  fractional 
sod  oegatiTe  indices  is  built,  appears  to  be  the  most  logical  as  weU  as  the  most  simple 
vhich  can  be  proposed. 
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The  operation  indicated  may  be  represented  as  under, 
B)  A  (p 

C)  B  {q 

D)   C  {r 
rD 


from  which  we  have  the  following  relations, 

J^pB+C  0), 

B^qC  +  D  (2), 

O^rD  (S). 

Now  it  is  manifest  that  any  quantity  (P)  which  measures 
two  others,  Q,  jR,  will  measure  a  quantity  such  as  mQ'kNr^t 
since  it  will  divide  each  of  the  terms  mQ  and  nR-f  ;  but  from 
(8)  we  see  that  D  measures  C,  therefore  it  measures  qC  +  D, 
that  is,  it  measures  B,  by  (2) ;  therefore  it  measures  pB  +  C, 
that  is,  it  measures  A,  by  (l).  Hence  D  is  a  common  measure 
of  A  and  B.  It  is  also  the  ffreatest  common  measure ;  for  if 
not,  let  it  be  D' ;  then  since  P  measures  both  A  and  B  it 
measures  A  —pB^  that  is,  it  measures  C,  by  (i);  therefore  it 
measures  B  -  qC,  that  is,  it  measures  2>,  by  (2) :  but  Z/  can- 
not measure  2>  if  it  be  a  quantity  of  higher  dimensions, 
therefore  2/  is  not  a  greater  common  measure  than  2>,  that 
is,  2>  is  the  greatest  common  measure. 

In  order  to  render  the  preceding  process  successful,  it  will 
be  necessary  to  modify  the  remainders,  and  also  the  given  ex- 
pressions,  in  such  a  manner  as  to  avoid  fractional  coefficients 
in  all  the  terms  which  occur.  We  may  do  this  by  multiplying 
by  any  quantity  which  does  not  introduce  a  new  common 
measure,  since  it  is  clear  that  the  proof  which  has  been  given 

*  The  ezprettion  mQ^nR  ttandi  for  mQ-^nR  and  mQ-nR:  it  ii  nad  chni, 
mQ  phu  or  wnnu$  nR, 

-f  If  this  doM  not  appear  manifest,  the  proof  is  as  follows :  Since  P  meatwes  ^  let 
QmqPf  and  since  P  measures  R^  let  RmrP;  therefore 

mQ^nRmwtqP*inrPm(mq^nr)  P, 
that  is,  P  meattties  mQ^nR, 
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will  not  be  affected  by  supposing  the  expresaons  00  modi- 
fied. Also,  Any  factor  whidi  is  found  to  bel6ng  to  one  re- 
mainder,  and  not  to  the  other  which  is  used  as  the  divisor 
or  dividend  to  it,  should  be  omitted. 

The  rule  for  finding  the  greatest  common  measure  of  two 
numbers  follows  at  once  from  the  preceding  investigation ;  in 
the  arithmetical  process  there  is  clearly  no  need  of  that  modi- 
fication of  the  remainders  or  the  given  quantities,  which 
forms  BO  impoctant  a  part  of  the  algebraical. 

Ex.  Find  the  greatest  common  measure  of 

S^  +  S**  +  So?  +  2  and  4afl  +  104r*  +  44^-2. 

The  first  thing  to  be  done  is  to  reject  the  factor  2,  which 
belongs  to  the  latter  quantity  and  not  to  the  former ;  then 
the  operation  is  continued  thus : 

3w*  +  207*  +  So?  +  2 

2 

2**  + 5**  +  24f- 1)   &»*+  40;*+    &P  +    4   (Sof 



-1 10^'-   6a^+    9^+4 

2 


-22o?^-1207*+  18.r+    8    (- 11 
-  22«»  -  55«*  -  220^  +  11 


4Sa:*  +  40«  -    S 


2afl  +       5a^  +       2»  -        1 
43 


45**  +  4av  -  8)   S6afi  +    2l5x^  +      8607  -      43    (2or 

13507*  +      92.r  -     .43 
43 


5805«'  +  3956af  -  1849   (l35 
58050;*  +  5400a?  -   405 

-  1444V -1444 
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(Rejecting  the  factor  -1444) 

^  +  l)   4Sa?^  +  40dr-S   (4to-5 

-    S^  -S 


Hence  w  +  l  ia  the  greatest  common  measure  required. 

The  example  here  given  is  one  of  considerable  compli- 
cation, but  is  worthy  of  attention  as  illustrating  the  peculiar 
difficulties  besetting  the  search  for  the  greatest  common 
measure.  The  student  is  particularly  advised  to  obtain  faci- 
lity in  working  examples  under  this  rule  before  proceeding 
further;  not  so  much  because  the  process  of  finding  the 
greatest  common  measure  is  one  of  frequent  use  in  practice, 
as  because  the  greatest  care  is  necessary  to  ensure  the  suc- 
cess of  the  operation,  and  the  working  of  examples  under 
this  rule  is  therefore  an  excellent  means  of  gaining  that  skill 
in  the  management  of  symbols  which  is  essential  in  the  sub- 
sequent applications  of  algebra. 

It  not  unfrequently  happens  that  the  greatest  common 
measure  of  two  polynomials  can  be  discovered  without  per- 
forming the  operation  above  described :  as  for  example,  sup- 
pose it  were  required  to  find  the  greatest  common  measure 
of  or*  -  a*  and  «•  -  6«*  +  a^x  ^  c^b;  we  have, 

a?*  -  a*  «  (o^  -  a')  {a^  +  a*), 

and  a^  -  ba?-¥  a*x  -  a*6  «  j?'  (jr  -  6)  +  a*  (x  -  6), 

-  (x'  +  a')  {x  -  6), 

and  it  is  evident  that  a^  -^-a*  ia  the  greatest  common  mea- 
sure. In  fact,  the  rule  which  we  have  given  for  discovering 
the  greatest  common  measure  may  be  dispensed  with,  when- 
ever it  is  possible  to  ascertain  by  inspection  the  simple  factors 
of  whidh  the  polynomials  arc  composed. 

29.  The  greatest  common  measure  of  three  quantities 
A^  Bt  and  C,  is  found  thus :  Find  D  the  greatest  common 
measure  of  A  and  B^  then  the  greatest  common  measure  of 
D  and  C  will  be  the  greatest  conmion  measure  required. 
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For  every  measure  of  A  and  B  measures  A  and  there- 
fore every  measure  of  A^  B  and  C  measures  C  and  2>,  and 
henee  the  highest  measure  of  Ay  By  and  C  will  be  the  highest 
measure  of  C  and  D. 

Ex.  Find  the  greatest  common  measure  of  a^-^a^^^+z, 
a^  —  a^  +  x—l,  and  ^  +  S.r-4. 

First,  to  find  the  greatest  common  measure  of  o^  +  ^7  -  49* + S 
and  47*  —  «•  +  «-  1. 

^  +  **-4a7  +  2)  fl^-a:"  +  aj-l  (l 

a;*  +  «"  -  4*  +  2 

2«*  -  5iD  +  S)  207*  +  2«^  -  8»  +  4   (» 

207*  -  5a;*  +  So? 


jai*  . 

-11a? +  4 

2 

I4a^' 

-  2207  +  8 

(7 

14^ 

-  SSjff  +  21 

1307-18 

Rejecting  the  factor  13,  we  have  for  the  new  divisor  a;  -  l ; 

a:  -  l)  207*  -  5a7  +  S   (2a7  -  3 

207*  -207 


-307  +  3 
--  Sa  +  3 


and  07  -  1  is  the  greatest  common  measure  of  the  first  two 
given  quantities. 

We  have  *now  to  find  the  greatest  common  measure  of 
47-1  and  07*  +  3o7  —  4. 

OJ-l)    07*  +  307  -  4    (07  +  4 


07*  —  07 


407-4 
407  —  4 
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#-1  is  itself  the  greatest  common  measure  required,  and 
therefore,  according  to  the  preceding  rule,  is  the  greatest 
common  measure  of  the  three  given  quantities. 

30.  One  application  of  the  rule  for  finding  the  greatest 
common  measure  of  two  quantities  is  to  the  simplification  of 
fhu^tions;  they  may  frequently  be  simplified  by  inspection, 
but,  if  this  cannot  be  done,  find  the  greatest  common  mea- 
sure of  the  numerator  and  denominator  by  the  preceding 
method  and  divide  both  numerator  and  denominator  by  it. 

THE  LEAST  COMMON  MULTIPLE. 

31.  Dbf.  If  A  and  B  are  two  algebraical  expreseicna 
arranged  according  to  descending  powers  of  some  common  letter^ 
and  M  the  quantity  of  lowest  dimensions  with  respect  to  that 
Utter  which  is  divisible  by  both  expressions,  then  "M,  is  the  least 
common  multiple  of  A  and  B. 

To  find  Mj  let  m  be  any  multiple  of  A  and  B,  so  that 

m  »pA  -  qB; 

then  by  definition  M  will  be  that  value  of  m  for  which  p  and 
q  are  of  the  lowest  dimensions.  -  But  since  pA  »  qB^  we  have 

^ «  — ,  and  therefore  the  proper  value  of  -  will  be  found  bv 
q      A  q  "^ 

reducing  --  to  its  lowest  terms.     Hence  if  J9  be  the  greatest 
A 

common  measure  of  A  and  B, 

B  A 

AB 
and  therefore  M  ^pA  ^  qB  ^  ---. 

Hence  we  have  this  rule:  Multiply  the  two  expressions 
together  and  divide  the  product  by  the  grecUest  common  measure^ 
the  quotient  will  be  the  least  common  multiple. 

In  practice  it  is  better  to  divide  one  of  the  quantities  by 
the  greatest  conunon  measure,  and  multiply  the  other  by  the 
quotient 
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If  two  quantities  hare  no  common  measure  it  is  plain  that 
their  least  common  multiple  is  their  product. 

Example.    Find  the  least  common  multiple  of  ^  -*  2dr  -f  l 

and  0^  -  d7*  -  #  +  1. 

-  05*  +  241^  -  2.»  +  1 

-  a?*  +  2dr  —  1 

2^*  -  4dr  +  2 

«*-2«+l)   475  —  2^+1    (ir+2 

or*  -  2w^-¥  Of 


2«* 
2«« 

-d4r  +  1 
-4^  +  2 

ir-  ]) 

-2a?+l 

—  w 

-47+1 
-  ^+  1 

Hence  j;  -  1  is  the  greatest  common  measure. 
Again  dr-l)  ^-^'-dr+l   (o^-l 


-^  +  1 
-a?  +  1 


.*.  (JB^^I)  («'-2jr  +  i)«^-SI^-f24r-^  1  k  the  least 
oommon  multiple  required. 

32.  The  least  common  multiple  of  three  quantities,  J,  B 
and  C  is  found  by  determining  the  least  common  multiple  D 
of  any  two  of  them,  as  J  and  B,  and  then  finding  the  least 
common  multiple  of  D  and  C. 
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Ex.    Find  the  least  eommon  multiple  of  j^*  -  l«   a^  ^ 
and  ^  -f  5^  +  4. 

The  greatest  common  measure  of  «^  - 1  and  ^'  —  l  b  easi 
found  to  be  « - 1 ;  therefore  the  least  common  multiple 

(a?  -  1)  (j?»  -  1) 

^-^- ",  or  {w  +  1)  (ap*  -  1).     We  must  now  find  tl 

47  —  1 

least  common  multiple  of  this  quantity  and  ^  +  5jr  +  4:  it  wi 
be  found  that  the  greatest  common  measure  is  «  -f  l ;  then 

fore  the  least  common  multiple  will  be -^ -^ — 

or  («*  -  1)  («*  +  5«  +  4),  or  47*  +  5d^  +  4k»*  -  «'  -  547  -  4. 

ON  FRACTIONS. 

33.  In  arithmetic  we  define  a  fraction  thus :  A  fractio 
is  any  part  or  parts  of  a  unit  or  whole,  and  it  consists  of  tw 
members,  a  denominator  and  a  numerator,  whereof  the  forme 
shews  into  how  many  parts  the  unit  is  divided,  the  lattc 
shews  how  many  of  them  are  taken  in  the  given  case. 

Thus  ^  denotes  that  the  unit  is  divided  into  5  parts  an 

d 
that  3  of  them  are  taken ;  and  more  generally  -  denotes  tha 

b 

the  unit  is  divided  into  6  parts  and  that  a  of  them  are  takei 
In  algebra  we  cannot  give  exactly  the  same  definition,  fc 

we  call  any  quantity  of  the  form  -  B,fractumf  although  a  an 

6  are  not  necessarily  representatives  of  whole  numbers,  as  the, 
must  be  if  the  fraction  be  an  arithmetical  or  vulgar  fractiox 

What  is  meant  by  the  algebraical  fraction  -  is  simply  thii 

that  any  quantity  affected  by  it  is  to  be  multiplied  iy  a,  an< 
diwdtd  by  b;  this  definition  however  includes  that  give 
above  for  vulgar  fractions,  as  it  ought,  because  algebra  is  i 
more  general  science  than  arithmetic,  and  includes  arithmeti 
in  its  rules. 

34.  To  add  two  or  more  Jractums  together ^  bring  them  to  i 
common  denominator,  add  the  numeratore  for  a  new  numerator 
and  take  the  common  denominator  Jbr  a  new 
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Let  r »  3  ^®  *^^  fractions, 
o     a 

^.       a      c      ad     be      (ui  -^bc 

then  — +-«  —  +  —  e ; 

b      d     bd      bd         bd      ' 

it      itfi 

for  in  the  first  place  r  *  t^  ,  since  to  multiply  and  divide  by 

b      bd 

d  cannot  affect  the  value  of  the  fraction ;  and  in  the  next 

ad      be 
place  T^  ^  z^  indicates  that  a  quantity  is  to  be  divided  by 
bcL      bd 

bd  and  multiplied  first  by  ad  and  then  by  &c,  and  that  these 

two  products  are  to  be  added  together,  whereas  the  expres- 

ad  +  be 
sion  — — —  indicates  division  by  bd  and  multiplication  by 
bd 

ad  +  bcj  but  this  is  manifestly  the  same  operation  as  in  the 

^  ,  ad      be      ad  -i-  be 

former  case,  hence  r:;  +  r:;  «  — ri —  - 

bd      bd  bd 

The  rule  for  subtraction  follows  at  once  from  that  for 
addition,  and  is  expressed  by  the  formula 

a      c      ad  -^be 
b^d''      bd      • 

35.  When  any  number  of  fractions  are  to  be  reduced  to 
a  common  denominator,  the  rule  (which  requires  no  proof)  is 
this :  Multiply  each  numerator  by  every  denominator  except 
its  own,  and  all  the  denominators  together  for  a  new  denomi- 
nator; connect  the  numerators  together  with  their  proper 
sig^ns,  and  place  under  them  the  new  denominator;  lastlyi 
reduce  the  fraction  so  formed  to  its  lowest  terms.  This  rule 
may  be  sometimes  usefully  superseded  by  the  following: 
Find  the  least  common  multiple  of  ihe  denominators,  take 
this  as  the  new  denominator  and  its  product  by  the  several 
fractions  for  the  several  new  numerators. 

Ex.  1.    Beduce  the  expression ^  to  its  most 

1  —  iP       1  —  dr 

simple  equivalent  form. 
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In  this  case  I  ^  afl  ia  the  least  common  multiple  of  the 
two  denominators,  and  we  have 

a?*  ai^         «■  (1  4-  ^)  -  47*  w* 


which  is  the  form  required. 

4  3  14 

Ex.  2.      Reduce ri  +  z ^ to  its 

a?  +  1      («?  +  0       (^  +  1)*      «  +  2 
simplest  equivalent  form. 

The  new  denominator  will   be  (*v  +  l)'  (^  -f  i),  and  the 
expression  may  be  written  thus, 

4  («r  4-  0*  («g  4-  2)  -  3  (j?  -H)  (ay  +  2)  +  (gy  -I-  2)  -  4  (a?  «f  l)' 

(^4-1)^47  +  2)  ' 

^y^j^  ^  (w  4-  2){4(ay  4-  ly  -  3  (^  4-  1)  +  1}  -  4(ar  4-  ly 

{w  4-  2)  (40?*  4-  53r  4-  2)  -  4(ar^  4-  3j;*  4-  3jr  4-  1) 
"  (#4-l)»(*  +  «) 

4«*  4-  13a;*  4-  12a?  4-  4  -  4a^  -  1247*  -  12a?  -  4 


(ar  4-  1)'  (a?  4-  2) 


a?« 


(a?  +  !)•  («  +  2) ' 
whidi  is  the  form  required. 

36.     To  nmUiply  two  fracHom  together^  muUipfy  the 
Tatars  together  for  a  new  numerator,  and  the  denominaiare  together 
for  a  new  denominator. 


Let  7 »    ~  be  the  two  fractional  then  will  ^  x  -=  •  7^  • 
b     d  b     a     id 

This  is  a  consequence  6f  the  meaning  of  the  symbols,  for 

r-  X  -  signifies  that  the  quantity  c  is  to  be  divided  by  d^  then 
o      d 

multiplied  by  a,  and  then  divided  by  6 ;  and  —  ngnifiea  that 

bd 

a  and  c  are  to  be  multiplied  together  and  then  divided  by 
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the  product  bd;  hence  the  operations  indicated  in  the  two 
eases  are  the  same,  the  order  of  them  is  the  only  di£ference ; 
but  the  order  of  operations  has  no  effect  on  the  result ; 

a      c      ac 

The  same  reasoning  will  shew  that  a  x  -  »  ~-  . 

d      d 

It  will  be  observed  here  as  in  other  cases  that  a  rather 
extended  sense  is  given  to  the  term  multiplication ;  the  student 
should  understand  by  the  term  an  Algebraical  operation  of 
which  multiplication  in  arithmetic  is  the  type. 

37.  To  divide  one  fraction  by  another,  invert  the  divisor 
and  proceed  as  in  multiplication* 

Since  to  divide  is  the  inverse  of  to  multiply,  it  follows 

that  to  divide  by  -  is  the  same  thing  as  to  multiply  by  - ; 

and  hence  the  rule. 

It  is  hardly  necessary  to  state,  that  in  this  and  all  other 
cases  the  fractions  resulting  from  any  of  the  operations  for 
which  the  rules  have  been  given  shoidd  be  reduced  to  their 
lowest  terms. 

ON  THE  THEORY  OF  DECIMAL  FBACTION& 

88.  The  principles  of  algebra  which  we  have  been  de« 
vdoping  are  sufficient  to  enable  us  to  explain  and  prove  the 
rules  of  decimal  fractions ;  and  as  we  have  been  speaking  of 
fractions,  this  will  be  a  convenient  place  for  introducing  the 
subject. 

39.  Dkt.  J  decimal  fraction  is  one  which  has  10  or  some 
power  of  10  for  its  denominator. 

Hence  a  decimal  fraction  wiU  be  represented  algebraically 

N 
by  — ;  where  n  is  the  number  of  decimal  places,  and  N  is 

10" 
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the  whole  number  which  the  decimal  would  represent  if  we 
omitted  the  decimal  point.     Thus  1-^7  «  —r  »  in  which  case 

10* 

N  «  137  and  n  =  2. 

Having  obtained  this  general  symbolical  representation  of 
a  decimal,  all  the  rules  wiU  follow  with  g^eat  simplicity. 

40.  To  prove  the  rule  for  the  multiplication  of  decimals. 

Let  — ,  —  be  two  decimals :  then 
10"     10* 

St     N_      MN 

10"  ^  10"  *  10"+"  * 

The  numerator  of  this  last  fraction  shews  that  the  decimal 
quantities  are  to  be  multiplied  together  as  if  they  were  whole 
numbers,  the  denominator  that  there  must  be  m  +  n  decimal 
places,  that  is,  as  many  as  in  the  multiplier  and  multiplicand 
together. 

The  rule  for  division  may  be  proved  in  like  manner. 

41.  To  prove  the  rule  for  converting  a  vulgar  fraction  into 
a  decimal. 

J 
Let  -^  be  the  vulgar  fraction ;  then 

— identically. 

5  10"  "^ 

Hie  numerator  shews  that  we  are  to  add  cyphers  at  pleasure 
to  the  right  of  J,  (for  that  is  the  same  thing  as  multiplying 
by  10*,)  and  that  we  are  then  to  divide  by  B ;  while  the  de- 
nominator indicates  that  as  many  places  are  to  be  marked  off 
for  decimals  as  we  have  added  cyphers. 

42.  To  prove  thcU  every  vulgar  fraction  must  produce  either 
a  terminating  or  a  recurring  decimoL 

In  the  division  of  ^  10"  by  B  every  remainder  must  be 
less  than  B^  therefore  there  can  be  at  most  only  i?  -  i  dif- 
ferent remainders;  hence  if  no  remainder  becomes  zero, 
that  is,  if  the  operation  does  not  terminate,  a  remainder 
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must  recur  within  i?  -  I  operations  at  furthest ;  the  figures 
in  the  quotient  will  then  recur,  and  the  result  will  be  a 
recurring  decimal. 

43.  To  determine  the  form  ofthoee  vulgar  fractions  which 
produce  terminating  decimals. 

We  have  as  before 

B^        l^      ' 

Now  in  order  that  the  above  may  be  a  terminating  decimal, 
B  must  divide  ^10*  without  remainder;  but  B  cannot  divide 
A  since  we  suppose  the  fraction  to  be  in  its  lowest  terms, 
therefore  it  must  divide  10"«  But  it  is  easy  to  see  that  the 
only  numbers  which  will  divide  10"  are  those  which  are  made 
up  of  the  factors  2  and  5,  because  these  are  the  only  two 
numbers  which  will  divide  10.  Hence  B  must  have  no  other 
factors  than  2  and  5,  or,  speaking  algebraically,  B  must  be  of 
the  form  2^5*.  For  example,  ^  will  produce  a  terminating 
decimal,  because  8  -2*;  l)ut  ^  wiU  not,  because  24  is  divi- 
sible by  s. 

These  are  the  most  simple  propositions  relating  to  de- 
cimals ;  others  wifl  be  found  in  Arts.  (6o)  and  (107). 

ON  INVOLUTION  AND  EVOLUTION. 

44.  Involution  is  the  process  of  multiplying  a  quantity 
by  itself  any  number  of  times ;  Evolution  is  the  finding  of  a 
quantity  which  being  multiplied  into  itself  a  given  number  of 
times  shall  become  equal  to  a  given  quantity,  in  other  words 
evolution  is  the  extraction  of  any  root  of  a  quantity. 

45.  Tlie  involution  of  a  simple  quantity  is  effected,  as 
we  have  seen  (Art.  25),  by  multiplying  its  index,  and  the 
evolution  by  dividing  the  index ;  for 

{cfy  «  d^  and  \/a^  «  a«. 

46.  Tlie  involution  of  a  polynomial  is  a  very  simple 
though  frequently  a  laborious  process,  being  a  process  of 
actual  multiplication. 
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Ex.  1.     Find  the  square  of  a  +  6. 

a  +  b 
a  +  6 


a'+a6 
ab  +  b^ 

a»  +  2a6  +  &•  -  (a  +  6)* 
Ex.  2.     Find  the  cube  of  a  +  6. 

a  +  b 


a*b  +  fUtb*  +  6» 
a*+  Sa«6  +  Safe*  +  6^  «  (a  +  6)3 

It  will  be  easily  seen  that  the  labour  increases  very  rapidly 
with  the  number  of  terms  in  the  polynomial  and  also  with 
the  degree  of  the  power. 

47.  The  squaring  of  a  polynomial  is  rendered  very  eaqr 
by  the  following  theorem  : 

The  square  of  any  polynomial « the  sum  iff  the  squaree  qf 
the  terms  -f  ttvice  the  product  of  each  two  terms. 

To  prove  this  we  observe,  that  in  the  expression  for  (a^b)^ 
the  rule  obviously  holds,  for  (a  +  by  «  a'  +  6*  4-  Soft ;  now 
suppose  the  rule  to  hold  for  the  polynomial  a-f&-i-c+,«,-fA 
so  that 

(a  +  6  +  tf +...  +  /)•- a*  +  6*  + c*+  ...  +  P  +  2a6  4-2ac  4-...(l) 
then  introducing  another  term  m  we  must  have 


(a  +  6  +  tf  ...  +  Z  4- m)»  -  (a  +  6  +  c  +  ...  +  /  +  m)* 
-  (a  +  6  +  c ...  -»-  /)•  -I-  m*  +  2  (a  +  6  +  c  +  ...  -f  0  *>* 
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(because  a  +  &  +  c+  •••  + 1  may  all  be  considered  as  one 
quantity ;) 

•  a*  +  V  +  c\-¥  ..•  +  P  +  2a6  +  2ac+ 

+  m*  +  2am  +  26m  +  ...  by  (l) 

B  the  sum  of  the  squares  of  the  terms  +  twice  the  pro- 
duct of  each  two. 

Hence  if  the  theorem  be  true  for  a  polynomial  of  any  number 
of  terms,  it  will  be  true  for  a  polynomial  of  that  number  of 
terms  increased  by  one :  but  the  theorem  is  true  for  an  ex- 
pression of  ituo  terms,  .*.  it  is  true  for  one  of  three,  .*.  for  one 
of  four,  .••  &c.,  /.  for  any  polynomial. 

The  mode  of  reasoning  adopted  in  the  preceding  proposi- 
tion is  one  of  which  we  shall  have  to  make  use  again,  and  is 
therefore  worthy  of  attentive  consideration*. 

Examples  of  the  application  of  this  theorem  : 

«  d?^  -  2a^  +  SiT*  —  4a?  +  4, 
(ar*-a?*  +  ^-  l)*«a/*  +  »*  +  j?»  +  l-2c'»^  +  2aJ*-2j^-2^  +  2a?'-2ar 

■-  ^*  -  2;!^  +  S^*  -  4a;*  4-  Sj;*  -  2d7  +  1. 

48.  Evolution,  being  an  inverse  process,  is  not  so  simple 
as  involution,  and  the  rules  for  it  must  be  obtained  by  ob- 
serving how  the  power  of  a  compound  quantity  is  formed 
from  the  quantity  itself. 

49.  To  ejBtract  the  square  root  of  a  compound  quantity. 

Since  the  square  of  a  +  6  is  a*  +  2a&  +  V,  we  may  obtain  a 
general  rule  for  the  extraction  of  the  square  root  by  observing 
how  a  -f  6  may  be  deduced  from  a'  +  2ab  -^  6*. 

*  Thh  is  an  example  of  perfect  induction.  In  practical  matters  our  belief  is  gene- 
rally founded  upon  an  induction  firom  particular  fkcts,  and  the  greater  the  number  of 
the  facts  on  which  our  judgment  is  founded  the  greater  is  the  confidence  of  our  belief. 
But  the  exactness  of  mathematical  reasoning  admits  of  no  conclusion  based  upon  such 
grounds,  because  the  induction  from  never  so  many  particular  cases  cannot  do  more 
than  establish  a  strong  probability,  and  the  highest  probability  is  altogether  different 
in  kind  from  mathematical  certainty.  The  only  kind  of  induction,  which  is  perfect, 
sod  is  therefore  admissible  in  mathematics,  is  when  it  is  shewn,  not  only  that  a  propo- 
sition is  true  in  certain  eases,  but  also  that  if  it  be  true  in  one,  it  is  necessarily  true 
io  another,  and  therefore  that  if  true  in  one  it  is  true  in  all. 
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Arrange  the  expression   ae-  a«  +  2a6  +  «^  (a  +  6 

cording   to  powers  (say  descend*  ^ 

ing)  of  some  letter  a.  The  square 

root  of  the    first  term  a*   is  a,     2a  +  6)  +  2afr  4-  V 
which  is   the   first  term  in  the  2^  ^  yt 

root;    subtract   its  square  from  

the  giren  expression,  and  bring  down  the  remainder  2ab  +  V; 
diride  2a&  by  Sa,  'and  the  result  is  b,  the  next  term  in 
the  root;  multiply  2a  +  6  by  6  and  subtract  the  product 
from  the  remainder  2ab  +  V.  If  the  operation  does  not  ter- 
minate here,  t.  e.  if  there  is  another  remainder,  this  will  shew 
that  there  are  more  than  two  terms  in  the  root ;  in  this  case 
we  may  consider  the  two  terms  a  +  b  already  found  as  one, 
and  as  corresponding  to  the  term  a  in  the  preceding  opera- 
tion ;  and  the  square  of  this  quantity,  viz.  a'  +  2a6  +  6',  having 
been  by  the  preceding  process  subtracted  from  the  given 
expression,  we  may  divide  the  remainder  by  2(a  +  6)  for 
the  next  term  in  the  root,  and  for  a  new  subtrahend  multiply 
2  (a  +  6)  +  the  new  term  by  that  new  term.  The  process 
may  be  repeated  as  often  as  necessary. 

Example.     Find  the  square  root  of 


^jr*  -  or)    -  2jf*  +  247*  +  ^ 
-  2.ir*  +  «* 

2jr*-2jr+l)     2jr'-2jr+l 

2a^  -  2j7  +  1 


60.     To  extract  the  cube  root  of  a  compound  quaniiiy. 

We  have  seen  (Art.  46)  that  (a  +  6)' «  a*  +  S(fb  +  Sab^  ^  b\ 
Hence  we  deduce  the  rule  as 

in   the  case  of  the   square        «'  +  ^«'*  +  5«6*  +  *"  (a  +  » 
root     Arrange  the  expres-        a* 
.ion  «!cordiog  to  d^wending        3^.)  8„.j  +  s„j.  ^  j, 
powers  of  a,  the  cube  root  of  «r  vt     li 

the  first  terra  a»  is  a,  the  first  Sab  +  Sab  ^V 

term  of  the  root;  subtract  its 
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cube  from  the  given  expression,  and  bring  down  the  remain- 
der ;  divide  the  first  term  by  3a',  the  quotient  is  b  the  second 
term  of  the  root ;  subtract  the  quantity  Sa^b  +  Sab^  +  6* ;  if 
there  is  no  remainder  the  root  is  extracted ;  if  there  is,  we 
must  proceed  as  before,  considering  a  +  6  as  one  term,  corre- 
spondLig  to  a  in  the  first  operation. 

* 

Example.     Find  the  cube  root  of 

afl  +  1^  +  60a^  +  160«»  +  240a?*  +  I92af  +64   («*  +  4«  +  4 

(8a*6-)    1207* 

{Sab*  «)  +  4Aa* 

(6«  «)  +  64^ 

Sa^  +  2W  +  480^)  ISA**  +  96afi  +  24ar'  +  IQZa  +  64 

(3a»6  «)  120^  +  96^  +  192a^ 

{Sab*  «)  4&P*  +  19^0? 

(y  -)  +  64 

The  cases  of  the  square  and  ctd^e  root  have  been  given 
separately  on  account  of  their  more  frequent  occurrence,  and 
in  order  to  explain  the  rules  for  their  extraction  in  arithmetic, 
but  they  are  both  included  in  the  following  investigation  of 
the  metiiod  of  extracting  the  n^  root  of  a  polynomial. 

51.     We  must  premise  the  following 

Lemma.  The  first  two  terms  of  {ti-^  b)^  where  n  is  a 
positive  whole  number^  are  a,^  +  na'^'^b. 

For  by  actual  multiplication  this  is  seen  to  be  the  case 
when  n  —  2,  because  (a  +  6)'  ■»  a'  +  2ab  +  6',  and  when  n  -  2 
a*  +  na*''^b  «  a*  +  2a&.  Now,  suppose  the  proposition  to  be 
true  for  any  value  of  n,  L  e.  suppose  that 

(a  +  6)"  -  a"  +  na^^^b  +  terms  involving  lower  powers  of  o, 

then  (a  +  6)»+»  «  (a  +  6)  {a»+na-'6  + ] 

-  a"+*  +  na"6+ 

+  a*6+ 

3 
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by  actual  multiplication, 

-a"+*  +  (n  +  l)a»J+ 

which  shews  that  if  the  Lemma  be  true  for  any  yalue  of  it,  it 
is  true  for  the  whole  number  next  greater;  but  it  U  true  when 
n  B  2,  /.  it  is  true  when  n^^S^  •*•  when  n  «  4,  •*.  &c.«  .%  gene- 
rally true. 

This  is  another  example  of  the  mode  of  proof  used  in 
Art.  47. 

52.      To  find  the  n*^  root  of  a  polynomiaL 

Suppose  the  n^  root  to  be  a  +  fix  +  cjt*  + which  is 

arranged  according  to  ascending  powers  of  some  letter  «: 

then  the  given  polynomial  is  (a  +  bx  +ca**  + )•,  which 

however  we  are  to  suppose  expanded  and  arranged  according 
to  ascending  powers  of  w. 

Now  by  the  Lemma 

(a  +  &p  +  c«*+ )"  =  a"  +  na'*""^(6A».+  cv*  + )+  ...... 

«  a"  +  na^'^bw  +  terms  involving 
powers  of  x  above  the  fir^t. 

The  first  term  a  of  the  required  root  is  known  by  in- 
spection, being  the  n^  root  of  a* ;  subtract  a*  from  the  giTen 
expression,  then  the  first  term  of  the  remainder  is  ne^^^b9\ 
divide  this  by  na* '  ^  and  we  have  bx  the  second  term  of  the 
root. 

Again,  by  the  Lemma, 

(a  +  6a?  +  cx^  + )*  ■»  (a  +  6j?)*  ^nia-^  6.r)*""*  (c»'  + ) 

+  &C. 

■  (a  +  6«)"  +  na'^'^ccf  +  terms  involv- 
ing powers  of  x  above  the  second. 

The  terms  a  and  bx  are  already  known;  if  then  we 
subtract  (a  +  fir)"  from  the  given  expression,  the  first  term 
of  the  remainder  will  be  na"~'ctr^  dividing  which  by  the  same 
quantity  as  in  the  first  process,  viz.  na"^'^^  we  have  cj^  the 
third  term  of  the  root. 

By  precisely  similar  reasoning  it  will  appear,  that  if  ws 
subtract  (a  4-  6jr  +  cj?*)*  from  the  given  polynomial  and  divide 
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the  first  tenn  of  the  remainder  by  ita'^S  we  shall  obtain  the 
fourth  term  of  the  root ;  and  so  on. 

Example.    Extract  the  fourth  root  of 


^  -  8jr*  +  2to«  -  sar*  +  i6j;*  {-  (a"  -  2a;)*} 

«»  -  8d;V28d;^  -  5&r*  +  70ar*  -  5&p5+28ci;»-  So;  + 1  {  -  (a;»  -  2d;  + 1)*} . 

—  •  "        

53.  The  preceding  investigations  are  quite  necessary  in 
order  to  understand  fully  the  theory  of  the  extraction  of  the 
square  and  cube  roots  of  numbers. 

54.  On  the  rule  ofjpointing  in  the  ewtraction  of  the  square 
root  of  a  number. 

Every  number  consisting  of  one  figure  or  digit  is  less  than 
10,  and  therefore  the  square  of  a  number  of  one  figure  is  less 
than  l(f ;  more  generally,  every  number  of  n  figures  is  less 
than  10*,  (because  10*  represents  l  followed  by  n  cyphers), 
and  therefore  the  square  of  such  a  number  is  less  than  10-", 
but  also  every  number,  of  n  figures  is  not  less  than  10"\  and 
therefore  its  square  is  not  less  than  10*"""*;  now  lO*""*  is  the 
smallest  number  of  2n  -  l  figures,  and  10^"  the  smallest  of 
2ii  -f  1  figures,  consequently  the  square  of  a  number  of  n 
figures  has  either  2n  or  2n  -  l  figures.  This  being  the  case 
if  we  put  a  point  over  the  unites  place  of  a  number  of  which 
the  root  is  to  be  extracted,  and  point  every  second  figure 
from  right  to  left,  the  number  of  points  will  always  be  equal 
to  the  number  of  figures  in  the  root :  if  the  number  of  figures 
be  even,  the  number  will  be  divided  into  compartments  of  two 
each ;  if  odd,  the  last  compartment  will  contain  only  a  single 
figure. 

Ex.     172436,  21547:   each   of  these  numbers  has  three 

figures  in  its  square  root. 

3—2 
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The  rule  for  extracting  the  square  root  of  a  number  is 
an  adaptation  of  that  for  extracting  the  square  root  of  an 
algebraical  expression.  *  The  nature  of  the  adaptation  will  be 
seen  best  by  an  example. 

Let  it  be  required  to  extract  the  square  root  of  8ll6. 

Point  the  unit's  place  and  every  second  figure ;  find  the 
greatest  number  the  square  of  which  is  not  greater  than  the 
number  expressed  by  the  first  period ;  in  the  example  SI  is 
the  first  period  and  4*  is  not  greater  than  21,  hence  4  is  the 
first  figure  in  the  root.  Then  subtract  the  square  of  the 
number  thus  found  from  the  first  period  and  bring  down  the 
second ;  divide  this  number,  omitting  the  last  figure,  by  twice 
the  number  already  found,  the  quotient  is  the  second  figure 
of  the  root ;  in  the  example  we  divide  51  by  8,  which  gives  6 
for  the  second  figure.  Annex  the  figure  thus  found  to  the 
divisor,  and  multiply  the  divisor  so  increased  by  the  figure  of 
the  root  last  found,  to  form  the  subtrahend ;  in  the  example 
86  is  multiplied  by  6,  which  gives  the  subtrahend  516.  If 
there  be  more  periods  to  be  brought  down,  the  operation 
must  be  repeated. 

2116  (46 
16 


S6)  516 
5l6 


55.  On  pointing  in  the  extraction  of  the  cube  root. 

It  may  be  shewn  in  the  same  way  as  in  the  case  of  the 
square  root  (Art.  54),  that  the  cube  of  a  number  of  n  figures 
contains  3n,  3n  -  1,  or  3n  -  2  figures,  and  therefore  that  if 
we  put  a  point  over  the  unit's  place  and  on  each  third  figure 
we  shall  have  as  many  periods  of  figures  as  there  are  figures 
in  the  root. 

56.  The  rule  for  the  extraction  of  the  cube  root  of  a 
number  is  deduced  from  that  for  the  extraction  of  the  cube 
root  of  an  algebraical  expression,  in  the  same  way  as  in  the 
case  of  the  square  root. 
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Lei  it  be  required  to  extract  the  cube  root  of  12167. 

Point  the  number  ac-  .     .      «      » 

cording  to  the  rule;  in  the  12167  ( 20  +  S  «  23 

example  there  are  two  pe-  8 

nods.     Find  the  greatest  

number  the  cube  of  which         Saf  «  1200)   4167 
is  not  greater  than   the  3600  « Sa^b 

number  expressed  by  the  540  a  3ab* 

first  period,  this  will  be  the  27  »  6' 

first  figure  in  the  root ;  in  

the  example  it  is   2 :  in  4167  »  subtrahend, 

order  to  compare  this  ope- 
ration  with  the  algebra- 
ical one,  call  this  figure  with  a  cypher  affixed  to  it  a,  so  that 
in  the  example  a  ■>  20,  and  let  b  be  the  next  figure  required. 
Subtract  the  cube  of  the  figure  already  found  from  the  first 
period  and  bring  down  the  second ;  divide  this  by  3a* f  and 
ilie  quotient  will  probably  be  the  next  figure  6  of  the  root; 
in  the  example  we  find  6 «  3.  Form  the  subtrahend  by 
compounding  the  formula  Sa^b  +  Sab^  +  &',  where  a  and  6  have 
the  values  already  found ;  if  this  subtrahend  is  too  large,  take 
the  number  next  less  than  that  found  for  b  and  try  again, 
and  so  on  until  you  find  a  subtrahend  sufficiently  smalL  If 
there  are  more  than  two  figures  in  the  root,  bring  down  the 
next  period  and  proceed  as  before;  the  subtrahend  will 
always  be  found  by  the  formula  3a*b  +  3ab*  +  b\  it  being 
remembered  that  a  stands  for  all  the  figures  already  found 
with  a  cypher  affixed ;  suppose  for  example,  that  in  any  ex- 
traction the  figures  274  had  been  found  and  that  6  was  the 
next,  then  a  «  2740  and  6  »  6. 

57.  To  explain  why  it  is  that  the  rule  given  for  finding  the 
successive  figures  of  the  cube  root  of  a  number  frequently  gives 
a  number  too  large. 

Suppose  the  part  of  the  root  found  to  be  a,  and  the  next 
digit  b,  then  the  rule  is  to  subtract  a'  and  divide  by  3a^ ;  but 
the  actual  quantity  given  by  this  rule  is 

3a*b  +  Sab""  -^  V  3ab*  +  b\ 

3€^  ""     ■''       Sd^      ' 


consequently  the  result  given  by  the  rule  differs  from  the 


Sa^ 


■well  be  greater  than  l,  and  if  so  the  number  given  by  the  rule 
will  be  too  great.  The  rule  is  more  likely  to  be  in  error  at 
the  commencement  of  the  operation,  because  then  a  is  not  so 
great  as  afterwards. 

The  name  of  trial  divisor  has  been  very  properly  asfflgned 
to  Sa'. 

68.  Hence  we  see  why  in  arithmetic  no  rule  can  be  given 
for  the  extraction  of  the  higher  roots ;  for  the  rule  for  the 
cube  root  becomes,  as  we  have  seen,  uncertain;  and  if  in  the 
case  of  high  roots  we  adopted  the  method  of  Art,  52,  we 
should  find  that  the  trial  dii'isor  na"'  would  scarcely  ever 
give  US  any  help  in  discovering  the  figures  of  the  root. 

59,  The  distinction  between  the  algebraical  and  aritb- 
metioal  operations  will  be  seen  at  once  by  observing  the  differ- 
ence in  the  operations  of  squaring  (or  raising  to  any  power) 
an  algebraical  expression  and  a  number.     We  have 

(ax  +  b)'  =  a'a^  +  2a6.r  +  b'. 
Now  suppose  -r  =■  10,  then  ]0o  +  6  represents  a  number  having 
digits  a  and  h ;  but  {loa  +  6)*  is  not  represented  arithmetically 
by  lO'a*  +  i0.2ab  +  b',  unless  a",  2a6,  and  A*  be  each  less  than 
10 :  and  thus  the  square  of  a  number  may  have  lost  algebrai- 
cally the  type  of  the  number  itsclf- 

For  cxan'ple,  le  ■■  10  +  8,  but  18'  la  not  represented  by 
10»  +  10.16  +  6t,  but  by  10*.3  +  10.2  +  +. 

60.  To  investigate  a  rule  for  poiniing  in  the  extraction  <^ 
tht  «juar6  root  of  a  decimal  quantity, 

N 

A  decimal  quantity  may  be  represented  by  —-,  where  N 

represents  the  number  supposing  the  decimal  point  omitted, 
and  n  is  the  number  of  decimal  places.  Now  n  ia  cither  odd  or 
even;  if  it  is  odd,  multiply  numerator  and  denominator  by  10, 

and  let  tlie  quantity  thus  modified  be  represented  by  -  ^. 
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/  M         \/M 


Then   V/  — 5-  =  — - ,  a  formula  which  indicates  that  the 
^   10*»       10"* 

square  root  of  ilf  is  to  be  extracted  as  in  whole  numbers,  and 
that  m  places  are  to  be  marked  off  for  decimals ;  but  in  point- 
ing Af  it  is  to-'be  observed  that,  since  we  made  tlie  number 
of  decimal  places  even,  a  point  will  necessarily  fall  on  the 
original  unit's  place.  Hence  we  have  this  rule :  Put  a  point 
over  the  unit's  place,  and  point  every  second  figure  right  and  left. 

The  rule  for  pointing  in  the  extraction  of  the  cube  root 
may  be  found  in  a  similar  manner. 

61.  When  p  figures  of  a  square  root  have  been  obtained  by 
the  ordinary  method,  p  -  1  more  may  be  obtained  by  division 
only. 

Let  a  be  the  part  of  thi  root  already  obtained,  w  the  part 
consisting  of  j>  - 1  figures  which  we  wish  to  obtain,  and  let 
N  be  the  whole  root,  so  that 

Subtracting  a^ltf'"*  from  each  side  of  this  equation  and  divid- 
ing by  2al0'"',  we  have 

9ol0'-*       ""  ^  "*"  2alO'-^' 
From  this  it  appears  that  the  division  above  indicated  will 

give  us^  Of  correctly,  if  we  can  prove  — ^-^  to  be  a  proper 

fraction. 

Now  w  consists  ofp  -  l  figures,  and  .•.  is  <  lO*"* ; 

.-.  •-»«  is  <  10«'-* ; 

but  a  consists  of  p  figures,  and  .".  is  not  <10'"* ; 

w*  lO''-» 

•"'a'Toi^^'^lO^^^^^ 

^  1 

.•.  <  - 

2al0'-'       2 

and  hence  the  division  will  give  us  the  />  -  1  figures  of  a 
correctly. 
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attalge-  ■ 


62.     An  equation  has  already  been  defined  to  be  an  i 
braieal  sentence  expressing  the  equality  of  two  algebraical 
expressions,  or  (which  is   the  same  thing)  of  an  algebraical 
expression  to  zero. 

If  an  unknown  quantity  is  involved,  the  equation  involv- 
ing it  serves  to  determine  the  unknown  quantity,  and  it  is  our 
business  now  to  lay  down  rules  for  the  performance  of  this 
process,  which  is  called  the  solution  of  the  equation. 

If  when  cleared  of  radicals  an  equation  involves  only  the 
first  power  of  the  unknown  quantity  x,  it  is  called  a  gimpU 
equation;  if  it  involves  .v*  also,  it  is  called  a  quadratic;  and, 
generally,  if  it  involves  oT  it  is  said  to  be  an  equation  of  n 
dimenHona,  or  of  the  n""  degree.  We  shall  in  this  treatise  be 
concerned  only  with  simple  and  quadratic  equations. 

A  value  of  x  which  satisfies  an  equation  is  called  a  root  of 
the  equation. 

C3.  Suppose  we  have  the  equation  w  +  a  =  b;  then  sub- 
tracting a  from  each  side  we  have  m  "  b  -  a,  that  is,  a  quan* 
tity  may  be  placed  on  the  other  side  of  an  equation  if  its 
sign  be  changed.  This  process,  which  is  one  of  the  moat  fre- 
quent in  the  solution  of  equations,  is  called  transposititm. 

64.  It  is  manifest  that  if  the  same  operation  be  per- 
formed on  the  two  sides  of  an  equation,  the  equality  will  still 
subsist ;  we  may  therefore  multiply  or  divide  the  two  sides  of 
an  equation  by  the  same  quantity,  or  may  raise  the  two 
sides  to  the  same  power,  or  extract  any  root  of  both  sidea 
If,  for  example, 

a^  +  iis-S  —  Sx*+i, 
then  will  the  fdlowing  equations  hold  good. 

P(*»  +  ia>-  S)m  P{3J!^  +  1), 

«■  +  «*- 3      3*»  +  i 
P         "      P    * 
(«*  +  8»  -  SJ"  -  (Sj*  +  I)',  • 

X^m*  +  S*  -  S  -  v^S**  +  I. 


SDCPLB    EQUATIONS.  41 

65.  A  frequent  process  in  the  -solution  of  equations  is 
clearing  the  equation  ofradicale;  this  is  done  by  putting  any 
radical  of  which  we  desire  to  rid  the  equation  on  one  side  by 
itself,  and  transposing  all  the  other  terms  to  the  other  side, 
we  then  raise  botii  sides  of  the  equation  to  the  power  indicated 
by  the  radical,  which  consequently  disappears.  The  process 
will  be  understood  best  by  an  example :  suppose 

y/x  +  1  +  y/w  -  1  «  2. 

The  process  of  clearing  this  equation  of  radicals  will  stand  as 
follows : 

transposing,  \/x  +  l  «  2  -  s/w--  l, 

squaring,  /i^  +  i  «  4  .  4  y/^g  -  1  +  ^  «  j^ 

transposing,  4\/ar  -  l  »  2, 
dividing  by  4,  y/x-- 1  -  J, 
squaring,  /v  -  l  ->  ^ ; 

which  is  a  simple  equation  free  from  radicals. 

It  is  obvious  that  it  is  generally  impossible  to  ascertain 
the  degree  of  an  equation,  that  is,  whether  it  is  simple,  quad- 
ratic, or  of  any  higher  degree,  until  it  has  been  cleared  of 
radicals. 

66.  An  equation  is  cleared  of  fractions  by  multiplying 
both  sides  of  it  by  the  least  common  multiple  of  the  deno- 
minators. It  is  however  perhaps  practically  the  easiest  method 
to  multiply  by  each  of  the  denominators  in  succession,  and 
make  such  simplifications  as  the  case  allows  after  each  mid- 
tiplication. 

ON  SIMPLE  EQUATIONS. 

67.  To  find  the  value  of  an  unknown  quantity  in  a  simple 
equation. 

An  equation  given  as  a  simple  equation  may  involve 
radicals ;  if  so,  let  them  be  got  rid  of  first.  Next,  clear  the 
equation  of  fractions.  Next,  transpose  all  terms  involving 
the  unknown  quantity  to  the  left-hand  side,  and  all  terms 
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involying  only  known  quantities  to  the  right-hand  side  of  the 
equation.  Divide  both  sides  by  the  coefficient,  or  sum  of  the 
coefficients,  of  the  unknown  quantity,  and  the  value  required 
is  obtained. 

It  is  manifest  that  a  simple  equation  can  have  only  one 
solution. 

Ex.  1.  2«  +  S  «  Sar  -  1, 

Sj;  -  247  e  S  +  1, 

„  2aj  -  1       Sjt  -  8       5 

Ex.2.  -1-  +  ^ e' 

2(20?-  1)  +  S(Sj7-2)-  5, 
4j?  +  9x«-2+6  +  5, 
ISx  m  13, 
w  »  1. 

Ex.  S.  y/w  +  1  -  y/a  -  1  -  2, 

y/a  +  1  -  2  «■  y/x  -  1, 

a  +  1  +  4  -  4v/^  ■•-  1  -  «  -  1, 

4v/a?  +  1  -  6, 

«  +  !--., 

9      ,      5 
4  4 

It  may  be  remarked  that  we  should  have  obtained  the 
same  result  as  in  this  last  example,  if  we  had  proceeded  in 
the  same  manner  with  the  equation 

\/af  +  1  +  v/^-1  «=  2, 

and  in  fact  the  value  |  will  verify  this  equation  but  not  the 
equation 

+  y/x  +  1  -  v/«  -  1  «  2. 
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The  explanation  of  this  apparent  difficulty  is,  that  when-» 

ever  a  quantity  of  the  form  \/a  is  given,  it  must  be  supposed 

to  have   the   sign  sb  attached  to  it,  because  (+  \/a)*  and 

(-  v/a)'  ^^  each  of  them  equal  to  a ;  so  that  the  equation 
of  Ex.  S  might  more  properly  have  been  written 

±  \/d7  +  1  i  v/«-  1  -  2, 

and  when  by  expelling  the  radicals  we  have  obtained  a  numer- 
ical result  from  such  an  equation  as  this,  it  will  generally  be 
necessary  to  choose  particular  signs  for  the  radicals  in  order 
*  that  the  substitution  of  the  value  obtained  may  arithmetic- 
ally satisfy  the  equation. 

ON  QUADRATIC  EQUATIONS, 

68.  All  the  rules  for  the  simplification  of  equations 
which  have  already  been  given  apply  equally  to  quadratic 
equations ;  indeed,  as  has  been  observed,  it  is  not  always, 
until  the  simplification  has  been  effected,  that  we  are  able 
to  say  whether  the  equation  is  simple  or  quadratic.  By 
such  simplification  the  equation,  if  a  quadratic,  will  be  reduced 
to  one  of  these  forms*, 

or  al^  + cue  mb. 

In  the  first  ease  we  have  at  once,  by  extracting  the  square 
root  of  both  sides, 

«  ■■  i  vA. 

Let  the  student  take  particular  notice  of  the  double  sign 
prefixed  to  the  radical,  and  which  in  the  solution  of  quadratic 

equations  ought  always  to  he  pr^fixed^  because  -  \/b  and  +  y/b 

satisfy  the  equation  x*  ^b  equally  well,  since  the  square  of 
either  of  them  is  -f  6. 

In  the  second  case  the  solution  is  not  so  obvious^  but  it  is 

easily  effected,  by  observing  that  the  quantity  — added  to 

*  These  two  formi  Me  tometimes  disdnguiihed  ••  Pure  Quadratica  and  A4f€et$d 
Qottdnticfc 


44  ALGEBRA. 

each  side  of  the  equation  will  make  the  left-hand  side  a  com- 
plete square ;  in  fact,  we  have 

a*+aa:  +  — -6  +  — , 

4  4 

which  may  be  written  thus 

extracting  the  square  root  of  each  side  we  have 


«'+|-'^\/6  +  ^. 


transposing,  a? «  —  =t  \/b  +  — • 


2 
The  two  values  of  w, 


satisfy  the  equation  a?*  +  o^ « 6,  and  are  called  its  roote. 
The  student  may,  if  he  pleases,  actually  substitute  in  the 
equation  either  of  the  expressions  which  we  have  found,  and 
he  will  find  the  result  to  be  an  identity. 

Hence,  further,  we  see  that  every  quadratic  has  tufo  roaU 
and  no  more*,  and  in  solving  quadratics  the  student  should 
be  careful  always  to  represent  both  roots;  and  it  may  be 
mentioned  that  every  equation  has  as  many  roots  as  it  has 
dimensions,  that  is,  a  cubic  has  tliree  roots,  a  biqiutdratie  JbwTf 
and  so  on. 

•  It  may  be  shewn  by  a  direct  process  that  a  quadratic  hai  only  two  root* ;  fbr  if 
ponible,  suppose  that  a,  /9,  y  are  roots  of  the  equation 

.*.  a'  +  aa  +  fteO  (1), 
/9«+«/3  +  6  =  0  (2), 
y"  +  ay+4»0  (3). 
Subtracting  (3)  from  (1)  we  have 

-•-/9«  +  fl(a-/9)=0, 
or  a-^fi-^a^O, 
In  like  manner,  from  subtracting  (3)  from  (I)  there  results, 

a+y+a=0; 
•*•  /9  "  7»  which  is  not  true.    Therefore  a  quadratic  cannot  hare  mora  thaQ  two 
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69.  The  following  form  of  a  quadratic  is  included  in  the 
preceding,  by  supposing  b  negative,  but  it  is  worthy  of  sepa- 
rate consideration.     Suppose 

flT^  +  CM?  «  —  6. 

Completing  the  square  as  before, 

4r         4 


»+i 


%j.v?I7 


a         /a^ 
and  w  ^  —  i  \/ 6. 


2 
a» a^ 


Now,  suppose  that  —  is  less  than  6,  then 6  is  a  ne- 

4  4 


an 


gatiye  quantity,  and  the  expression  ^Z  ^ 6  represents 

operation  which  cannot  be  performed,  for  there  is  no  quantity 
the  square  of  which  is  negative.  Quantities  of  this  kind  are 
called  impoaeible  or  imaginary,  and  the  roots  of  an  equation 
when  they  involve  §uch  quantities  are  called  impossible  or 
imaginary  roots ;  so  far  as  we  are  concerned  at  present  how- 
ever, roots  of  this  kind  are  quite  as  much  the  object  of  our 
search  as  real  roots,  since  the  question  is  merely  this.  What 
symbolical  quantity  substituted  for  of  and  operated  upon  ac- 
cording to  the  rules  of  algebra  will  satisfy  a  given  equation  *  ? 

*  When  the  solution  of  a  problem  leads  to  a  quadratic  equation,  the  roots  of  which 

are  imaginary,  it  maj  generally  be  concluded  that  the  problem  is  impossible,  that  is, 

that  the  coodidons  supposed  in  its  enunciation  to  be  satisfied  are  inconsistent.    As  for 

instance,  suppose  it  were  required  to  divide  the  number  10  into  two  parts  such  that  their 

prodnct  should  be  90.    If  we  call  one  part  x  and  the  other  10 -ar,  the  equation  of  the 

problem  will  be 

«(10-«)bS0, 

or  *«-10x=-80, 

«'-10dr+26"'5, 

imaginary  Taluei,  because  the  problem  is  an  impossible  problem.  It  may  be  obserred, 
thai  important  meaning  may  in  many  cases  be  assigned  to  these  imaginary  quantities ; 
but  to  enter  into  the  discussion  of  that  subject  would  be  foreign  to  the  elementary  cha- 
rMter  of  this  work. 

One  kind  of  problem  howerer  may  be  mentioned  in  this  place  as  being  of  practical 
utility.    Snppoac  instead  of  the  abore  problem  it  were  propoaed  to  divide  a  number  a 


46  ALGEBRA. 

It  is  manifest  that  if  one  root  of  a  quadratic  is  imaginarj 
the  other  is  also  imaginary. 

70.     If  a  and  /3  be  the  two  roots  of  a  quadratic  eqwatim 

x^  4-  ax  +  b  s  0, 
then  will 

x^  +  ax  +  b  -  (x  -  a)  (x  -  /3). 

This  may  be  proved  by  substituting  for  a  and  /3  the  values 
already  obtained  for  the  roots  of  the  equation ;  it  may  also  be 
proved  (more  elegantly)  thus. 

Since  a  and  /3  are  roots  of  the  equation,  we  have 

a*  +  oa  +  6  -  0, 

/3^  +  a/3  +  6  =  0; 

...     Q>-/3»  +  a(a-/3)-0, 

or  (dividing  by  a  -  /3)  a  «  -  (a  +  /3) 

.'.     6  «  -  a'  +  (a  +  /3)  a  "  afi. 

Hence 

dr'-fa«+&"^-(a  +  /3)«  +  a/3, 

-  («  -  a)  (4^  -  /3). 

If  then  we  can  see  by  inspection  of  an  equatioti  a  quiti' 
tity  of  the  form  «  -  a,  which  will  divide  Che  equation  witiiout 
remainder,  we  shall  know  one  of  the  roots  of  the  equation, 
and  dividing  by  x  -  a,  we  shall  have  the  factor  »  -  )3  left, 
which  will  give  us  the  other  root 

It  may  be  mentioned,  that  in  equations  of  all  degrees,  if 
a  be  a  root  of  the  equation,  x  -  a  will  divide  without  re* 

into  two  pirtR,  the  product  of  which  should  he  the  gr§att$t  poMsibU,    If  we  c«U  one  pin 
M,  the  other  a  - «,  and  the  product  y,  we  have  thU  equation, 

jr(a-*)=.y, 
or**— ajr«-|f, 
,  a*      «> 


2  *  V    ^  -If. 


a* 


Now  if  y  be  greater  than  j,  x  becomes  imaginarj,  or  the  problem  impoasiblo;  theft- 

a'  m 

ton  the  greatest  ralue  p  can  have  is^,  and  then  '  *  s*    Hetice  the  product  of  the  two 

parts  of  a  number  is  greatest  when  the  number  is  divided  into  two  eqvmi  parts,  a  mail 
which  may  be  easily  verified  gcooMtrieaUjr.  A  variety  of  ptobleoBt  invoWiag  ^ottUni 
of  wtmjrimmm  or  wUniamm  mmj  bt  solved  hi  Uko 
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mainder*.  Hence  an  equation  which  appears  as  a  cubic  may 
sometimes  be  readily  reduced  to  a  quadratic,  by  expelling  a 
root  which  is  visible  on  inspection.  For  example,  suppose  we 
have  the  equation, 

or  j^  -  647-  +  5  =  0. 

Here  it  is  manifest  that  1  is  a  root,  therefore  /v  —  l  will 
divide  without  remainder,  and  if  the  division  be  performed 
we  shall  have  only  a  quadratic  to  solve. 

71.  An  equation  may  sometimes  be  treated  as  a  quad- 
ratic which  has  higher  powers  of  w  in  it  than  the  second; 
in  fact  every  equation  is  virtually  a  quadratic  which  has  only 
two  powers  of  of  involved,  one  of  which  is  twice  as  high  as 
the  other.    See  Ex.  4. 

72.  An  equation  which  presents  itself  under  the  form  of 
a  biquadratic  may  sometimes  be  solved  as  a  quadratic.  For 
example,  let  us  take  the  equation 

d7*  -  2d7*  -  40007 «  999' 

Add  the  quantity  4^  +  400^+1  to  each  side,  and  the  equa- 
tion becomes 

^  +  2j!*  +  1  »  4.r'  +  40047  +  1000 

or  ^  +  1  =  ±  (207  +  100), 

and  by  the  solution  of  these  quadratics  the  roots  of  the* 
original  equation  may  all  be  found  t. 

*  The  proof  i«  Yerj  simple.  Let  P  »  0  be  any  equation  of  which  a  is  a  root,  that  is, 
let  P  be  an  expression  of  the  form  j^-^tu^^  -^  bje^'  +  Ac,  sach  that  when  a  is  written 
for  X  the  whole  quantity  becomes  sero.  Also  let  P  be  divided  by  jt — a  until  we  come  to 
a  remainder  not  infolving  x,  and  let  the  quotient  be  Q  and  the  remainder  R ;  so  that 

/»=Q(jr-o}  +  2l. 
Now  this  is  not  a  mere  equation,  but  an  identiip  ;  that  is  to  say,  it  only  represents  P  in  a 
different  form,  and  it  will  therefore  be  true  whatever  value  we  choose  to  give  to  jr.    Let 
tlien  jr  s  a ;  then  by  hypothesis  P  becomes  0,  and  therefore  also  iZ  «  0,  in  other  words  x  —a 
will  divide  P  without  remainder. 

f  It  may  be  worth  while  to  remark  that  equations  which  can  be  solved  after  the 
manner  of  the  preceding  may  be  constructed  by  assigning  values  to  the  quantities  a,  i,  e 

in  the  fbUowing  fbrmula, 

^  (4r«+a)«-6(*+c)«, 

which  aaramct,  when  arranged  accoiding  to  powers  »r  jr,  the  form 


48  ALOEBaA. 

Ex.  1.  2^7*  +  ar  +  1  —  J7*  +  5, 

^  +  Sd7  -  4, 

9     9  25 

4       4  4 


« 


3 
2 

^h 

- 

— 

2 

1  or- 

4. 

2 

1 

4, 

/v 

— 

1*0, 

Ex.  2. 


2J7  +  47  -  1  ■■  447  (47  —  1), 
447*  —  447  -  S47  —  —  1, 
447*  —  74?  »  —  1, 

""    4   "  "4' 
7a      4&      49      VS      88 
""T'^64"64"64"64' 

7iv/s5 
8 

Ex.  5.  47'  +  247  +  3  a  4.r  +  I9 

47*  -  247  «  -  2, 

47*  -  247  +  1  «  -  1, 

or  -  1  »  i  v^  -  1, 


4^»  1  i  V/-  1- 

Ex.  4.  «•  +  24^  «  8, 

47*  +  247*  +  1  «  9, 

a?3  +  1  -  ±  3, 
a^a-lJ.3«2or-4, 

47  »  v/2^  or  -\/  4. 

A  particnlAr  case  i«  Uut  in  which  bm2a;  and  the  fonn  then  beeomet 

4r*  -  4a4;x  +  a' -  Sac*  >  0  ( 
by  giving  to  a  and  e  different  values  we  may  construct  an  infinite  raiiecj  of 
the  method  of  solving  which  might  not  be  at  first  sight  obvious. 

For  example,  let  o*  a  •  I,  and  we  have  the  equation 
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ON  SIMULTANEOUS  EQUATIONS. 

73.  We  have  seen  how  it  is  possible  to  find  the  value  of 
m  which  satisfies  a  given  simple  or  quadratic  equation ;  but 
sometimes  the  problem  is  presented  of  finding  two  wahnowti 
quantities  Jivm  two  equations;  two  equations  which  are  thus 
given  to  determine  two  quantities  or  and  y,  involved  in  both, 
are  said  to  be  simultaneous. 

74.  The  simple  rule  for  the  solution  of  such  equations 
is  to  find  the  value  of  one  of  the  unknown  quantities  (y),  in 
terms  of  the  other  («)  from  one  equation,  and  substitute  the 
value,  so  found,  in  the  other ;  we  shall  thus  have  an  equation 
involving  w  only  for  determining  /r,  and  this  may  be  a  simple 
equation  or  a  quadratic^  according  to  circumstances. 

The  process  just  described  is  not  always  in  practice  the 
inost  convenient;  it  is  manifest  that  it  does  not  signify  in 
wbi&t  manner  the  quantity  y  is  got  rid  of  between  the  two 
equations,  and  we  may  therefore  give  this  rule ;  Eliminate,  (i.e. 
get  rid  of)  y  between  the  two  equations,  and  obtain  a  from  the 
result.  The  ingenuity  of  the  student  will  frequently  be  exer- 
cised in  determining  the  most  convenient  mode  of  elimina^ 
iion. 

75.  It  is  not  difficult  to  see  that  two  equations,  and  no 
more,  are  necessary  for  the  determination  of  two  unknown 
quantities ;  in  like  manner,  three  equations  will  be  necessary 
and  sufficient  to  determine  three  unknown  quantities ;  and  so 
•on.  The  name  simultaneous  is  applied  to  any  such  system  of 
equations,  however  many  there  may  be* 

Ex«  1.         Given     ajf-^by^c    (l)  1 

a'w  +  b'y^c'  (2)1 
to  find  X  and  y. 

Multiply  (1)  by  b\  and  (2)  by  (,  and  the  equations  be- 
come 

at'a?  +  66  y  -  b^c, 

a'bm  -f  66  y  «  6c  • 

4 
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Subtract  one  of  these  from  the  other,  and  there  results 

{ab'  -  ab)  JT  -  6'c  -  b& ; 

b'c  -  be 


ab'  -*•  ab 


To  find  y  we  have  from  (l) 


y  «  -  (c  -  a*), 
writing  for  a  its  ralue, 

1  aftc'  —  a'bc      ao  —  a'c 
6    a6  -  a  fc       a6'  -^  a  6' 

Thus  we  have  found  both  w  and  y\  the  latter  hpweTer 
might  have  been  determined  more  neatly  by  treating  (l)  and 
(2)  as  we  did  in  finding  ^v,  that  is,  multiplying  the  farmer  by 
a\  the  latter  by  a,  and  subtracting  the  resulting  equationa. 

76.  It  may  perhaps  be  also  worth  while  to  remark,  even 
in  this  early  example,  that,  in  a  system  of  equations  such  at 
(1)  and  (2),  when  w  has  been  found,  y  may  be  known  by  in- 
spection. For  it  is  to  be  observed,  that  in  (l)  and  (2)  m  bean 
the  same  relation  to  a  and  a\  that  y  bears  to  b  and  6';  in  fact, 
if  in  those  equations  we  write  b  for  a,  and  6'  for  a ,  and  lastly, 
interchange  a  and  y,  the  equations  remain  unchanged ;  hence 
we  conclude,  that  the  value  of  y  may  be  obtained  from  that  of 
w  by  writing  b  for  a,  b'  for  a,  and  of  course  a  for  6,  and  ai 
for  6'. 

.-                                           b'c  —  be 
Plow  X  9B • 

ab  --ab 
ac  ^  ae 

which  is  the  same  result  as  before,  though  written  in  a  man- 
ner slightly  different 
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Zl 


Ex.  2. 


a?  -  1      2y  -  1 

2  3 

y +  2 
2af+  1  -^^^ *iO 


0) 


(2) 


These  equations  must  first  be  cleared  of  fractions  and  put 
in  their  simplest  form. 

Multiplying  (l)  by  6,  there  results 

3t«  -  3  +  4y  -  2  «■  6, 

or  3«v  +  4y  B  1 1  (3). 

Multiplying  (2)  by  3, 

6a?+3-y-2-0, 
or  6^  -  y  +  1  o  0 ; 
/.   y^eof^l  (4). 


Writing  this  value  for  y  in  (3), 

34f  +  4  (&»  +  1)  « 

-11, 

274^  «  11  -  4  : 

-7; 

7 
27 

therefore  from  (4) 

^7             14 
y-6x— +1-  — 

27             9 

23 

Ex.  S.                          a;  +  y  »  a 

«y-6 

(1)1 

>    • 

From  (1)  ff^a'-a, 

putting  this  value  f<nr  y  in  (2),  we  have 

or  «*  —  aa? «  —  6. 
C<Hnpleti^g  the  square  according  to  the  rule  of  Art.  68, 


o«     a* 


4        4 
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a 

jf  — — 

2 


» 


..^ 

^y?^ 


and  y  B  o  —  dr 


%.\^- 


Ex.  4. 


/»  +    y  +    tf  «■  0 

(»). 

«  +  2y  +  S«  «  1 

(«). 

&V  +    y  +  3iv  B  2 

(8). 

Subtnu^ting  (l)  from  (2), 

y  +  2jy  -  1  (4). 

Multiplying  (i)  by  2,  and  subtracting  the  result  from  (SX 

-  y  +  jr  =  2  (5). 

Adding  (4)  and  (5), 

i»  -  i; 
therefore  from  (4)  y-i-24r-l-8«-l, 

and  from  (l)  ««-y--jr-il-l->0. 

Ex.  5.  *  +  y  +  ;»-l         (1), 

(6  +  c)  «  +  (c  +  a)  y  +  (a  +  6)  jr  -  0         (2), 

hex  +  c*ay  +  ab»  «  0         (3). 

Multiply  (2)  by  he  and  (3)  by  6  +  c  and  subtract,  then 
{(a  +  c)  6c  -  (6  +  c)  oc  }  y  +  {(a  +  6)  6c  -  (6  +  c)  a6};r  -  0, 

or  (6c*  -  ac*)y  +  {6'c -a6*)jr -0; 

6*  c  -  a 

Simikrly  we  should  find  (see  the  remarks  on  Example  iX 

o»  c  -  6 


*r  «  — 


c*a-6 


8IMULTANEOD8  SaUATIONfl.  58 


therefore  substituting  in  (l) 

■"  -5  r  *  ""  "7  7  *  +  *  *  li 

(a^b  -^  e      6*  c  —  a\ 
r  a  -  6     e'  a-bj 
«|c»(a-6)+a^(6-c)  +  6«(c-a)}  -c*(o-6), 
;»{c»(a-6)  +  a6(a-6)-.c(a«-6«)}  «c»(a-6). 
Dividing  by  a  —  6 

;r  {c*  +  aft  -  c  (a  +  6)}  -  c\ 
or  JT (c  -  a)  (c  -  6)  -  c*; 

•*^'"(c-a)(c-6)^ 
In  like  manner  if « = — ^—  •  and  0  ■■ . 

The  method  employed  in  the  following  example  is  some* 
times  conyenienty  and  is  applicable  to  equations  in  which  the 
sum  of  the  indices  of  the  unknown  quantities  is  the  same  in 
each  term. 

Ex.  6.  *■  +  «y  -  10  (1), 

2«  +  y  -  7  (2). 

In  a  system  of  equations  such  as  this,  we  may  assume 

.•.  ii^{l  +in)  -10; 

and  « (2  +  m)  -  7f 
or  a^ {2+ my  m  49; 

••.  10  (2  +  m)*  -  49  (1  +  m), 

.  49         49 

m*  +  4m  +  4.-m+-, 

,9  81         9        81        441 

"*  ""To"*  ■*■  400  "  To  "*■  400  ■  400' 
9^21       3  8 

m  m ■  -  or  -  - ; 

20  2  5 
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••.  X  ■■ ■■  2  or  5, 

«  +  m 

y  -■  3  or  -  S. 

77.  We  lutve  already  given  instanceB  of  the  solution  of 
a  triple  system  of  equations,  Ex.  4  and  5 :  the  general  method 
of  obtaining  the  value  of  any  one  of  the  unknown  quantities 
at  once  i^om  the  equations,  which  we  are  now  about  to  give, 
is  worthy  of  notice. 

Let  the  system  of  equations  be  as  follows, 

oar  +  6y  +  car  -■  d         (1), 

a'a  +  b'y  +  cz»  ct         (2), 

a''*  +  5'V  +  c'ir-<r'        (3). 

Multiply  (1)  by  6V'-6V, 

(2)by^c-^?^ 

(s)  by  6c' ^  5'c, 

^nd  add  them  all  together ;  it  will  then  be  seen  that  the  co« 
efficients  of  y  and  «  will  be  respectively  zero,  and  we  shall 
therefore  have 

* 

d (h'c"  -  V'c)  +  cT {b"c  -  he")  +  d' {be  -  b'c) 
*  ■  a  (6V'  -  ft'c')  +  a'  {b"e  -  6c")  +a"  (fee'  -  b'e)' 

And  the  values  of  y  and  z  may  be  written  down  in  like  man- 
ner. A  little  practice  will  make  the  student  familiar  with  this 
method,  which  is  called  that  of  Cross  MuUiplieatum  from  the 
manner  in  which  the  multipliers  of  the  three  equations  are 
formed. 

We  will  illustrate  the  method  by  applying  it  to  a  set  of 
equations  already  solved. 

or  +  y  +   «  -  0,  (i) 

a-  +  2y  +  s»  •  1,         («) 

to  +    y  ^3z  m^.         (s) 

The  multipliers  will  be  seen  to  be  3,  —  s,  and  1  respectively : 
hence 

-2  +  «      ^ 
m 0, 

3-2  +  31 
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the  multipliers  for  y  are  -  3,  -  1 ,  and  2 ;  and  those  for  x,  -  3, 
i;  and  1 ;  hence  Wd  hate, 

-  1  4-4 
^       -3 -2  +  2  ' 

and  i^  m a  1 ; 

-3+3+3 

which  are  the  results  already  obtained. 

78.  Sometimes  a  system  of  equations  may  be  given 
which  are  not  really  sufficient  to  determine  the  unknowii 
quantities,  in  consequence  of  not  being  indepmdmty  that 
is  to  say,  in  consequence  of  any  one  of  the  equations  being 
deducible  from  the  rest.  This  dependence  is  not  always  to 
be  detected  by  inspection,  but  will  become  apparent  if  we 
endeavour  to  solve  the  equations* 

Ex.  Let  it  b^  required  to  determine  ^,  y  and  x  from  the 
following  system :  * 

2jr  +  3y  +  ;ir  a  11  (i), 

tf?  -  y  +  2«  -  5  (2), 

«  +  9y-4j»a7  (3). 

Multiplying  (2)  by  3,  and  adding  the  result  to  (l)^  we 
have 

£kr  +  7iif  «  26  (4)* 

Agaiui  multiplying  (2)  by  9  and  adding  (3), 

lOar  +  I4jir  «  52  (5). 

The  two  equations  which  we  have  thus  obtained,  viz.  (4) 
and  (5),  are  identical,  and  therefore  the  given  system  is  not 
sufficient  to  determine  w^  y  and  z ;  in  fact  those  three  equa- 
tions are  equivalent  io  only  two  independent  equations,  any 
one  of  them  being  derivable  from  the  other  two. 

The  preceding  examples  must  serve  for  the  elucidation 
of  the  method  of  solving  equations ;  the  illustrations  of  the 
process  might  be  indefinitely  extended,  but  a  familiar  ac- 
quaintance with  the  most  convenient  methods  can  only  be 
acquired  by  the  practice  of  actual  Solution  on  the  part  of  the 
student  himself. 
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ON  PROBLEMS  WHICH  MAY  BE  RESOLVED  BY  MEANS 

OF  ALGEBRAICAL  EQUATIONa 

79.  A  vast  variety  of  questions,  wbich  present  great  and 
perhaps  insuperable  difficulty  to  a  mind  unaided  by  the  art  of 
symbolical  reasoning,  are  rendered  extremely  simple  by  re- 
ducing them  to  algebraical  equations. 

80.  The  most  general  rule  which  can  be  given  for  the 
solution  of  such  questions  is  this :  Denote  the  unknown  quan- 
titles  of  the  problem  by  symbols  (^,  y,  «r,  &c.)  and  then  express 
the  conditions  of  the  problem  in  terms  of  those  symbols ;  we 
do  by  this  means,  in  fact,  express  by  algebraical  sentences  or 
equations  the  ordinary  written  sentences  in  which  the  problem 
is  given.  The  equations  thus  constructed  must  be  solved 
according  to  the  methods  which  have  been  previously  dis- 
cussed ;  the  equations  may,  for  aught  we  can  tell  by  inspection 
of  the  problem  i  priori^  rise  to  a  degree  above  the  second,  but 
of  course  we  shall  confine  oiur  attention  here  to  those  problems 
which  produce  either  simple  equations  or  quadratics. 

Ex.  1.  Divide  the  number  l6  into  two  parts  such  that 
their  difference  shall  be  equal  to  half  the  number  itself. 

Let  a  represent  one  of  the  parts,  then  will  l6  -  #  re- 
present the  other  and  l6  -  Sor  will  represent  the  difference 
of  the  two ;  but,  by  the  question,  this  difference  is  equal  to 

16 

—  or  8; 

2 

.%   l6-8af«    8, 
2»  >■    8, 

47-4    one  of  the  parts, 
l6  -  4r  >■  12    the  other  part. 

Ex.  8.  Two  pipes  will  separately  fill  a  cistern  in  a  hours 
and  6  hours  respectively ;  in  how  long  a  time  will  they  fill  it 
together  ? 

Let  xhe  the  number  of  hours  required. 

Call  the  whole  content  of  the  cistern  1 ;  then  since  the  first 
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pipe  pours  in  i  (or  the  whole  quantity  required  to  fill  the 
cistern)  in  a  hours,  it  pours  in  -  in  one  hour,  and  therefore 

-  in  ^  hours. 
a 

Similarly,  the  second  pipe  pours  in  -  in  the  same  time ; 

therefore  they  together  poiu*  m  -  +  -. 

But  this  quantity  is  the  whole  content  of  the  cistern,  or  l ; 

/.-+-«  1, 
a     0 

1  ah 

and  m  « 


1      1      a+&' 

in 

Ex.  5.  JC%  money  exceeds  f  s  and  IT'S  by  £a  and  ih  re- 
spectively, and  that  of  B  and  O  together  is  £c :  find  the  sum 
possessed  by  each. 

Let  so  m  the  sum  possessed  by*^ ; 

.•.  4; -a- B, 

andar-&>B C; 

therefore  by  question, 

24r  >■  a  +  6  +  c, 

a-^b  +  e 

X -4  s, 

2 

-a+6+c      ^ 
2 

^      a-  6  +  c      _, 

»  -  5  « Cs. 

2 

Ex.  4.  Divide  £a  among  three  persons,  so  that  the  first 
may  have  m  times  as  much  as  the  second,  and  the  third  n 
times  as  much  as  the  first  and  second  together. 
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Let  a  ^  the  sum  allotted  to  the  seoond ; 

•'•fiM?  ■■ • firsty 

and  n(j7  +  mx)  >■ third; 

•*.  w  4*  mx  +  n  (jr  +  inx)  ■>  a, 
ar  (1  +  m)  (1  +  n)  -  a, 

a 


w  ^ 


(l+fii)(l  +  n)' 
ma 


fTlJf  ■■ 


(1  +fii)(l+n)' 
na 


n  ( J7  +  wkr)  a 

I  +n 

Ex.  5.  Divide  the  quantity  a  into  two  parts,  such  that 
the  product  of  the  whole  and  one  of  the  parts  shall  be  equal 
to  the  square  of  the  other  part. 

Let  <v  >■  one  part ; 
.*•  a  -  or  ••  the  other ; 

•%  by  the  questioni 

CM? «  (a  -  ^p)* 

-a'  -  %aa  +  tf^ 

so^  -  ScM7  —  -  a* ; 

completing  the  square, 

«'  -  Sewf  H ■ a'  -i  — ; 

4         4  4 

.'.  « •  * a, 

«—   a. 

We  must  take  the  negative  sign,  because  —  —  a  is  greater 

than  a ; 

3-v/5 
.•.«- a, 

v/5  -  1 

a  —  4f  — a. 
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Ex.  6.     The  sum  of  two  numbers  is  a,  and  the  sum  of 
their  cubes  b ;  find  the  numbers. 

Let  X  «  one  of  the  numbers ; 

/.  a  -*  ^  «  the  other ; 

•*.  by  the  question, 

jr*  +  (a  -  .«)'  —  6, 

or  a;"  +  a'  -  Sa^of  +  Soa*  ^afl  ^b^ 

b-a" 

3a 

dr-flwp+— «— - — +-r; 
4  Sa         4t 


a  ^  /b'-CL^      a» 

.\  a?-  -  ±  V +  — f 

«  ^      «a         4 

a  .  /6-  a?     o*^ 
2  3a  4 


a  /6  —  a*      a* 

Hence  the  two  numbers  are  -  +  \/ +  - , 

2  Sa  4 

,  a       ^  /6-a3      ^« 

and \/ +  — . 

2        ^      Sa         4 

Ex.  7*  There  are  three  magnitudes,  the  sum  of  the  first 
and  second  of  which  is  a,  that  of  the  first  and  third  by  and 
that  of  the  second  and  third  c ;  find  them. 

Let  the  magnitudes  be  represented  by  x^  y»  z  respectively; 
then, 

adding  these  equations  and  dividing  the  result  by  2, 

«  +  y  +  »-  — • 

2 

--.                0  +  6  +  0           a  +  6-<? 
Hence  w  « c— , 

2  2 

a+6+c     ,     a-6+o 
^  «  2        ' 

a+6+c  -a+6+c 

jffa as  ^ . 

2  '2 
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Ex.  8.     Required  four  magnitudes  the  products  of  wiiidi 
taken  three  together  are  aS  6%  o',  and  cP. 

Call  the  magnitudes  w^  y,  z^  and  u. 

Then  yzu  —  a*,  fl?-8ru  «  6»,  wyu  «  c%  «yj(r  —  cP. 

Multiplying  these  equations  together,  we  hare 

m/zu  B  a&cdC ; 
a&ce2      ahcd 


•  • 


.•.  0? 


yzu         a' 


a&cc2  a&(x{  o&cd 

y--^-'     ^-"^'     "-"^ 


ON  RATIOS. 

81.  Ratio  is  the  relation  which  quantities  of  the  same 
kind  bear  to  each  other  in  respect  of  magnitude. 

Thus  6  is  twice  as  great  as  s,  and  2  is  twice  as  great  as  I ; 
therefore  we  should  say  that  the  ratio  of  6  to  3  is  the  same 
as  that  of  2  to  1 ;  or  we  may  write  for  shortness^  sake, 

6  :  S  ::  2  :  1. 

In  speaking  of  the  ratio  of  two  quantities  a  :  6,  a  and  h 
are  called  the  terms  of  the  ratio,  and  a  is  distinguished  ai 
the  antecedent,  b  as  the  consequent. 

82.  It  is  easy  to  shew  that  the  terms  of  a  ratio  may  be 
multiplied  or  divided  by  any  (the  same)  number,  without 
affecting  the  value  of  the  ratio.  For  distinctness^  sake  let 
us  consider  a  and  b  as  representing  two  lines,  then  by  the 
symbol  a  we  mean  to  denote  a  line  a  times  as  great  as  a 
certain  standard  line  {txfoot  for  instance),  and  by  6  a  line  6  times 
as  great.  The  lines  in  question  are  then  in  the  proportion 
of  the  numbers  a,  6 ;  but  if  we  had  taken  a  line  only  half  as 
long  (six  inches)  for  the  sUndard,  the  lines  would  have  been 
represented  by  2a,  and  26 ;  but  their  ratio  of  course  is  not 
altered ; 


• . 


a  :  6  ::  2a  :  26. 
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In  like  manner  it  would  appear  that  a  :  b  ::  3a  :  Sh,  and 
generally  that  the  terms  of  a  ratio  may  be  multiplied  by  any 
number  without  affecting  the  value  of  the  ratio. 

Conversely,  the  terms  may  be  divided  by  any  number. 

83.  Hence  it  follows  that  we  may  represent  ratios  alge^ 
IraicaUy  by  JraetionSf  of  which  the  antecedent  is  the  numerator 
and  the  consequent  the  denominator.  a  .  '  ■ 

For  by  what  has  been  said  the  ratio  of  a  :  6  is  the  same     .    r  t. 
as  the  ratio  of  r;  :  i ;  now  l  is  a  given  quantity,  and  there- 

0  Cr     •       . 

/ 

II  '■ »'  1 

fore  we  may  take  the  fraction  r-  as  the  symbol  of  the  ratio     '        ' 

O  K     ,    1       I 


-- :  1,  and  therefore  as  the  representative  of  the  ratio  a  :  b. 
o 

In  facty  the  ratio  a  :  6  may  be  conceived  to  mean  that  a 
is  as  many  times  as  great  as  6,  as  -  is  as  great  as  l»  and 

0 

therefore  the  magnitude  of  the  fraction  -  measures  the  mag* 

6 

nitude  of  the  ratio  of  a  :  6. 

Henceforth  therefore  we  shall  represent  the  ratio  a  :  6 

by  the  fraction  -. 

CL 

If  a  is  greater  than  6,  the  ratio  r-  is  called  a  ratio  of 

6 

greater  inequality. 

Ifamb^  the  ratio  is  called  a  ratio  of  equaUty. 

If  a  is  less  than  6,  a  ratio  of  less  inequality. 

84.  A  ratio  of  greater  inequality  is  diminished,  and  of 
less  inequality  increased,  by  adding  the  same  quantity  to  each 
of  its  terms. 

Let  -  be  any  ratio,  and  let  «  be  added  to  each  of  its 
6 

terms;  then 

a  +  ^  ..  « 

is>  w<T, 

6+ 4r  6 


1  ^' 


•  V 
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Acci>rding  m 

(a  +  «r)  6  18  >  or  <  a  (6  +  #)f 
or  as  &^  18  >  or  <  a:r, 
or  OS  6  is  >  or  <  Oy 
I.e.  as  the  ratio  is  one  of  less  or  greater  inequality. 

85.  IlatioH  are  compounded  by  multiplyiiig  together 
their  corrcHponding  terms. 

TliiiH  V  compounded  with  -  becomes  — . 
h  a  oa 

According  to  the  method  of  treating  ratios  adopted  in 

iMK^Iid'H  (*l(MncntH,  when  there  are  any  number  of  magnitudes 

of  tlio  Hanie  kind,  the  first  is  said  to  have  to  the  last  of  them, 

the  ratio  compounded  of  the  ratio  which  the  first  has  to  the 

h<!COiHl,  and  of  the  ratio  which  the  second  has  to  the  third, 

and  of  the  ratio  which  the  third  has  to  the  fourth,  and  so  on 

unto  ihc  lust  magnitude.     For  example,  if  a,  6,  c,  d  be  four 

inagnitudcH  of  the  same  kind,  the  ratio  of  a  :  d  is  said  to  be 

compounded  of  the  three  ratios  aib,  bzceid.     It  will  be 

easily  Hccn  that  tliis  definition  coincides  with  that  which  has 

juHt  been  given  of  the  method  of  compounding  ratios;  for 

a  h 

representing  the  ratio  of  a  :  6  by  -,  and  that  of  6  :  c  by  -« 

6  c 

the  ratio  compounded  of  the  two  ratios  a  :  b  and  6  :  e  will  be 

according  to  our  definition  represented  by  —  x  -  or  by  -,  that 

be  c 

is,  by  a  :  c  which  is  the  compound  ratio  according  to  Euclid's 
definition. 

80.  A  ratio  is  increased  by  being  compounded  with  another 
of  greater  inequality,  and  diminis/ied  by  being  compounded  with 
one  of  less.  ^         i^         i^ 

Por  - 


^  compounded  with  ^  becomes  — ; 

but     ■  is  >or  <  ? 
bd  ^   5» 
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according  as  3  is  >  or  <  l, 

a 

or  B8  c  ia>  or  <d, 
which  proves  the  proposition. 

ON  PROPORTION. 

87.  Proportion  is  the  equality  of  ratios ;  and  therefore, 

algebraically,  four  quantities  are  said  to  be  proportional,  when 

the  fraction  expressing  the  ratio  of  the  first  and  second  is 

equal  to  that  expressing  the  ratio  of  the  third  and  fourth ; 

d      c 
that  is,  a  :  6  ::  e  :  d  when  .  >■  3  • 

0      d 

88.  ijf  a  :  b  ::  c  :  d,  then  ad  «  be. 
For,  as  we  have  just  seen, 

a     c 

and  .*.  ad^bc. 

89.  ijf  a  :  b  ::  c  :  d,  then  a  Ji  b  :  b  ::  c  ^  d  :  d. 

a^b      c^d 

90.  jjT  a  :  b  ::  c  :  d,  then 

ma  lib  nb  :  pa  i'*  qb  ::  mc  ili  nd  :  pc  <fi  qd. 

For,--^; 

ma     me 
*  *   n6      fid  * 

ma  m^  .  . 

916  fia 
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ma  ^nb  mc  ^nd 

nb  nd      • 

ma  ^nb  ni      6 

mc  ^nd  nd      d* 
in  like  manner  it  may  be  shewn  that 

pa  ^ob  b 

pc  ^qd  d* 

ma  Ar  nb  pa  ^  qb 

*'  mc  ^  nd  pc  ^qd' 

91.     ij^  a  :  b  ::  c  :  d  ::  e  :  f ::  &c.,  then 

a  :  b  ::  a  +  c  +  e  +  ••• :  b  +  d  +  f  +  .•. 

•*•  ad  »  be, 
af^be, 

&c.  ->  &e. 
•*•  by  addition, 

ad  +  a/+  ...  a  ie  +  frtf  +  ... , 

••.  ab  +  ad  +  a/+  ...  a  &a+  be  +  6«  +  ••. » 

or  a  {6  +  d+/+  ...}  -  5  {a  +c +  «  +  ...}; 

a      a-k-  c  -¥  e'\- 


.  • 


h      6+d+/+ 


92.  A  variety  of  other  propositions  in  proportion  may 
be  demonstrated  in  like  manner  as  the  preceding.  The 
greatest  simplicity  is  introduced  by  this  method  of  repre- 
senting ratios  by  fractions,  and  it  will  be  instructive  to 
inquire  into  the  reason  of  the  much  more  complicated  pro^ 
cesses,  which  Euclid  has  found  it  necessary  to  employ  in  the 
fifth  book  of  his  Elements. 

Euclid's  definition  of  proportion  is  this :  Four  quantities 
are  said  to  be  proportional,  when  any  equimultiples  whatever 
being  taken  of  the  first  and  third,  and  any  whatever  of  the 
second  and  fourth ;  if  the  multiple  of  the  first  is  greater  thao 


PROPORTION.  65 

that  of  the  second,  the  multiple  of  the  third  is  greater  than 
that  of  the  fourth,  if  equal  equal,  and  if  less  less.  Now  this 
definition  is  an  immediate  consequence  of  the  algebraical 
representation  of  ratio ;  for  suppose  a  :  b  :i  e  :  d^ 

then^.£, 

and^.?^, 
qb      qd 

and  if  jtHi  is  >  g6,  je>c  is  >  qd^ 

if  pa  ^qbf  pe^  qdy 

and  it  pa  <  qby  pe  <  qd, 

which  is  in  accordance  with  Euclid's  definition. 

And,  conTcrsely,  from  Euclid'^s  definition  may  be  deduced 

the  algebraical  rule  of  proportion ;  that  is,  we  can  shew  that 

a      c 
if,  by  that  definition,  a  :  6  ::  c  :  d,  then  must  7—3. 

6      d 

For  let  a,  6,  c,  d  be  four  quantities  such  that  if  any  equi- 
multiples pa,  pc  be  taken  of  a  and  c,  and  any  equimultiples 
qb,  qd  of  6  and  d,  if  pa  be  >  qb,  pe  ia  >  qd,  if  equal  equal, 
and  if  less  less. 

Then  since  we  may  choose  p  and  9  as  we  please,  we  can 

pa 
make  —  as  nearly  equal  to  1  as  we  please ;  we  cannot,  it  is 

true,  fiilways  make  it  precisely  equal  to  1,  because  p  and  q 
are  to  be  whole  numbers,  and  the  ratio  of  a  to  6  is  not  neces- 
sarily expressible  by  the  ratio  of  two  whole  numbers ;  but 

pa 
nerertheless  we  can  make  the  fraction  ^  as  near  to  unity  as 

qb 

we  please^;  we  may  therefore  suppose  that  we  have  taken  p 

and  a  such  that  ^  «  1,  since  this  equation  can  be  satisfied  to 

any  assignable  degree  of  accuracy ;  in  other  words,  —  can  be 

made  to  differ  from  l  by  a  quantity  less  than  any  assignable 
quantity. 

^  Btfipote,  Uk  ffEimple,  we  haTe  tuch  a  quantitj  m  yj%  then  we  can  make  -  y/2 

100000 
n  near  to  milty  aa  we  please;  for  V?"l  '41421 ...,  and  therefore,  ^^y^l  V^"^  nearlf, 

and  we  ean  make  die  afrproxfanation  at  much  nearer  at  we  pleate  by  takhig  a  greater 
aanbcrof  ^gattM  ia  the  tfaare  root. 

5 
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but  hj  definition  wc  most  in  this  case  have  also 


Pf_ 

^ 

■  1 ; 

qd 

•  t 

.    P« 

pe 

•  9*" 

qd' 

a 

c 

or  T  ■ 

~.  • 

6 

d 

Hence  it  appears  that  Euclid's  definition  of  proportion  and 
the  algebraical  follow  each  from  the  other ;  but  wherein  is 
the  propriety  of  Euclid's  peculiar  definitioa  ?  In  this,  that 
the  algebraical  test  is  not  applicable  to  geometrical  quanti^ 
ties;  we  can  represent  addition  and  subtraction  geometrically, 
but  not  divUion^  and  therefore  it  is  necessary  in  geometrical 
investigations  to  adopt  some  definition  which  involves  only 
the  notion  of  addition  and  of  a  comparison  of  magnitudes 
with  reference  to  greater  or  le98, 

ON  VARIATION. 

98.  When  one  quantity  y  depends  upon  another  r,  in 
such  a  manner  that,  if  w  is  changed  in  value,  the  value  of  jf 
is  changed  in  the  same  proportion,  then  y  is  said  to  vary 
directly  as  dr,  or  shortly,  to  vary  as  w. 

For  instance,  wc  know  by  Euclid,  vi.  1,  that  if  we  double 
the  base  of  a  triangle  the  vertex  remaining  the  same,  we 
double  the  area,  and  that  in  whatever  proportion  vre  alter 
the  base  the  area  is  altered  in  the  same  proportion,  hence 
we  should  say  that  (the  altitude  being  given,)  the  area  of  a 
triangle  varies  as  the  base. 

The  phrase  y  varies  cm  ^  is  written  thus,  y  oe  «. 

The  student  will  observe  that  the  word  vary  is  here  used 
in  a  peculiar  technical  sense,  and  that  it  does  not  imply  mere 
change  of  value. 

04.  It  will  be  seen  that  we  have  here  introduced  the 
notion  of  quantities  entirely  different  from  those  hitherto 
conHidcrcd ;  hitherto  we  have  had  to  do  only  with  quantities 
which  have  some  determinate  value,  but  the  relation  between 
y    and  or  implied    in  the  fact  of  y  varying  as   «  doea  ikA 
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determine  either  »  or  y,  but  only  a  relation  between  them. 
Quantities  of  this  kind  we  call  vcariahle  quantities,  to  dis- 
tinguish them  from  others  the  value  of  which  is  determinate 
and  which  we  call  constant. 

95.  The  relation  expressed  by  y  «  «  is  equivalent  to 
the  equation  y  «  Cv>  where  C  is  some  constant  quantity ;  for 

-  is  the  ratio  of  y  to  «,  and  the  preceding  equation  expresses 

that  this  is  constant,  or  always  the  same  whatever  values  w 
and  y  may  have ;  and  this  is  the  same  thing  as  saying,  that 
when  one  is  increased  the  other  is  increased  in  the  same 
proportion. 

96.  If  we  have  any  two  corresponding  values  of  A  and  y 
given  we  can  determine  the  quantity  C\  thus,  suppose  y  ozx 
and  it  is  given  that  when  ^7 «  1,  y  s  2,  {hen  we  have 

but  2  «  Ci, 

«•.  y  s  2#. 

97.  When  two  quantities  are  connected  by  the  relation 

y  s  ^,  y  is  said  to  vary  inversely  as  w. 
w 

And  when  three  quantities  x^  y,  z  are  connected  in  such  a 

manner  that »  «  Cmy^  z  is  said  to  vary  jointly  as  x  and  y. 

98.  If  y  <^  X,  and  z  «  y,  then^  z  oc  x. 
For  let  y  -  Ca?, 

ss^Cy\ 
*•.   z  -■  CCf.  9^ 
and  CC  is  constant ;  .*.  ;v  «  x. 

99.  If  y  ^  X,  and  z  also  oc  x,  then  \/yz  «  x. 
For  let  y  «  C^, 

.'.     yz  «  CCa^t 

\/yz  «  \/lcC.a, 

and  s/cC  is  constant,  .*.  \/y;»  oc  #. 

6—8 
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Manj  other  propositions  may  be  demonstrated  in  like 
manner  with  perfect  facility.  We  shall  conclude  with  the 
following  proposition. 

100.  If  z  be  a  quantity  depending  upon  two  oiheret  x  emi 
y,  in  euch  a  manner  that  when  x  is  eonstawt  and  j  €Mawed  to 
vary  zocj,  and  when  y  is  constant  and  x  aUawed  to  vary  £  ee  x, 
then  when  x  and  y  both  vary  z  will  «  xy. 

Let  z»  u.xyy  where  u  is  a  quantity  which,  for  anything 
we  know  at  present  to  the  contrary,  may  inrolve  «  lur  y  or 
both. 

Then  when  <r  is  constant  and  y  variable  jr « y ;  Irat 
M^ux,y^  therefore  uw  does  not  inTolve  y,  or  u  does  not  in- 
volve y. 

In  like  manner  u  does  not  involve  «,  therefore  it  is  con- 
stant, or  «  «  ay. 

We  may  illustrate  the  preceding  proposition  as  foIIowR: 
When  the  base  of  a  triangle  is  given  the  area  oe  the  altitude, 
and  when  the  altitude  is  given  the  area  «  the  base ;  hence 
when  neither  is  given,  the  area  «  base  x  altitude. 

The  same  method  of  demonstration  is  applicable  to  the 
following  more  general  proposition : 

If  z  be  a  quantity  depending  upon  n  others^  in  such  a  mail- 
ner  that  when  any  n  ^  I  of  tliem  are  constant  z  varies  ols  the 
remaining  one ;  then  when  all  the  n  quantities  vary^  z  varies  as 
their  product. 

ON  ARITHMETICAL  PROGRESSION. 

101.  Dbf.  Quantities  are  said  to  be  in  arithmetical 
progression,  when  they  increase  or  decrease  by  a  common 
difference. 

Thus  a,  a  +  cf,  a  +  Sd, is  an  arithmetical  aeries. 

102.  To  sum  an  arithmetical  series. 

Let  a  be  the  first  term,  d  the  common  difference  of  the 
terms ;  then  the  second  term  will  be  a  +  d,  the  third  a  *f  Sd, 
and  generally  the  n^  term  will  be  a'\-{n''  1)  d. 

Let  S  be  the  sum  of  n  terms,  then 

^.a+  a  +  d  +  a  +2d+ +a -h  (n-  i)  tf; 
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wriiiiig  thd  tenns  in  the  reverse  order,  we  have 
«9.a-i-(ii-])il4>a-l-(n-2)d  +  a  +  (n-d)<I+  ••..••  +a; 
adding  together  these  two  equations, 

£^.M4.(n-  !)<{+  8a  +  (fi-  l)cl-f  Sa  +  (n- l)d • 

+  2a  +  (n  -  1)  d, 

»  [fta  +  (n  -  1)  d}  n,  since  there  are  n  terms ; 

.\  iJ- {«a  +  (n-l)d}-, 

X 

which  b  the  expression  for  the  sum  required. 

The  expression  for  S  may  also  be  written  thus :  let  2  be 
the  loit  term,  i.e.  2  «  a  -i-  (n  -  i)  d,  then 

5.(«  +  05.     . 

Cor.    Any  three  of  the  quantities  a,  d,  ii>  and  iS",  being 
given,  the  fourth  may  be  found. 

Ex.  1.    Find  the  sum  of  10  terms  of  the  arithmetical 
series  8,  5,  8,  •• 

Here  a-s,    d  «  d,    n«lO; 

/.  i9«  (4  +  9  X  8)5 

«dl  X  5-155. 

Ex.  S.    There  is  an  arithmetical  series  the  fourth  term 
of  which  is  9  and  the  seventh  15 :  find  the  series. 

The  formula  for  the  n^  term  is  a  +  (n  -  i)  d,  therefore 
in  this  example  we  have 

a  +  Sd  «  9» 
a  +  6d  «  15. 

Subtracting  the  first  of  these  equations  from  the  second, 

.\  a«9-6«3; 
and  the  aeries  is  8,  6,  7f  9 

Ex.  5.  Insert  n  arithmetical  means  between  a  and  5. 
This  is  in  other  words  to  form  an  arithmetical  series  of  n  +  8 
terms,  of  wluqh  the  first  shall  be  a  and  the  last  &. 
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Let  d  be  the  commoa  difference^  tliea  we  miist  IiaTe 

a-^  (n  +  l)dmb; 

.'.  a  — . 

n  +  1 

Hence  the  terms  required  will  be 

6  -  a  6  -  o     _ 

a  +  .  a  +  2 ,  ac. 

n  +  1  a  +  1 

Ex.  4.  Find  an  arithmetical  series  in  which  the  seventh 
term  is  three  times  as  great  as  the  second,  and  the  fourth 
exceeds  the  second  bv  four. 

If  a  be  the  first  term,  d  the  common  difference,  we  haTC 
the  conditioDS 

a  +  M  «  3  (a  +  cO» 

a+3d«>a+d  +  4, 

or    ^a  m  Sdj 
Sci-4; 
.-.  d  «  2,  a  B  S, 
and  the  series  is  3,  3,  7,  9,  &c. 

OS  GE03IETRICAL  PROGRESSION. 

103.  Def.  a  series  of  quantities  are  said  to  be  in 
geometrical  progression  when  each  term  of  the  series  is  equal 
to  that  which  precedes  it  multiplied  by  some  constant  factor, 
t.  e.  some  factor  which  is  the  same  for  all  the  terms,  or  in 
other  words,  when  the  ratio  of  any  two  successive  terms  is 
the  same. 

Thus  a,  ar,  ai^,  ar\ is  a  geometrical  series. 

104.  To  sum  a  geometrical  series. 

I-.ct  a  be  the  first  term,  r  the  common  ratio  of  the  terms ; 
then  the  second  term  will  be  ar,  the  third  ar*,  and  geiieraUy 
the  n'**  term  will  be  ar^^K 

Let  S  be  the  sum  of  n  terms,  then 

tVa  a  +  ar  +  or*  -h +  or**' 
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multiplying  by  r  we  have 

riJ"  err -f  or*  + +  ar^"^  -^ar^; 

subtracting  the  former  of  these  equations  from  the  latter, 
we  have 

(r-l)-?- ar'-a; 


r- 1 

which  is  the  expression  for  the  sum  required.  The  result 
may  be  easily  verified  by  actual  division. 

'  Cor.     Any  three  of  tlie  four  quantities  a,  r,  n,  S  being 
given,  the  fourth  may  be  found. 

105.     The  formula  of  the  preceding  article   may  be 

written  thus; 

^         a  ar* 

Sm ; 

1 -r      1 -r 

the  first  term  of  this  expression  remains  the  same  whatever 
value  be  given  to  n,  the  second  increases  or  decreases  as  n 
increases  according  as  f  i$  greater  or  lesa  than  1.     Suppose 

r  to  be  less  than  1 ;  then  if  n  be  very  great, »  will  be 

1  -»r 

a 

very   small,    and  S  will  not   differ  much  from  ;    by 

I  —  r 

making  n  still  greater  S  will  become  still  more  nearly  equal 

to  ,  but  however  large  n  may  be,  is  a  quantity 

1  —  r  l-r 

which  S  will  never  precisely  reach,  though  it  may  be  made 

to  approxinmte  to  it  by  less  than  any  assignable  quantity. 

Hence may  be  spoken  of  as  the  limit  to  which  the  aeries 

approaches  indefinitely  when  the  number  of  its  terms  is  in« 
definitely  increaaed ;  tiie  limit  of  the  series  is  more  cem]]x>nly 
expressed  by  the  phrase  the  "  sum  of  the  series  continued 
ad  infinitum^*'  a  phrase  which  though  not  strictly  accurate 
may  be  conveniently  used  if  the  sense  attached  to  it  be  care- 
fully borne  in  mind. 
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When  a  limit  can  thus  be  found,  to  which  the  sum  of  c 
series  continually  approaches  as  the  number  of  its  terms  is 
increased,  and  from  which  its  value  can  be  made  to  differ 
by  less  than  any  assignable  quantity,  the  series  is  said  to  be 
a  convergent  series.  Thus  we  should  say  that  in  a  geometrical 
series  the  condition  of  convergency  is  that  r  shall  be  less 
than  1 ;  if  r  be  greater  than  1 ,  the  series  will  be  divergent 

106.  An  example  of  a  geometrical  series  continued  ad 
infinitum  occurs  in  arithmetic,  in  the  case  of  recurring  decimals: 

3         S  S 

thus  the  recurring  decimal  .33$ —  —  +  — •  +  — ;  +  ••«•••  t 

3 

and  the  sum  of  this  series  is  ^— ^ «  -  «  ~ , 

1  -i.      *      ^ 
"  10 

But  more  generally 

107.  To  find  the  vulgar  JraeHon  earreepcnding  to  a  f/iem 
recurring  decimal 

Let  the  decimal  be  represented  by  A.BRRB^ 

where  A  is  the  integral  part,  B  the  nonrecurring  decimal  part, 
and  R  the  recurring ;  and  suppose  B  to  contain  p  digits,  and 
R  to  contain  q  digits. 

l-^iSmA.BRRR ; 

/.  ^^''^S^ABR.RR 

and  KfSmAB.RR ; 

.-.  (lO'+f  -  iQP)  5' .  jiBR  -  AB, 

and  S  -  ^^^  "  ^^ 

^^iX  /J^^..*!l!..!"'"  **^  '°  **"»  *^  *»»•  geometricJ 
•  itfah^ji ' 

2 ''tf*^-' '-4nrLJL^S^'i.'^'*  f^  •«»»«•««- far  ^ 
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In  this  case  a  «  i,  r»S,  ii»lO; 

2»0-.  1 

/.  S  m  «  2»»  -  1  «  1023. 

2-1 

Ex.  S.     There  is  a  geometrical  series  of  which  the  second 
term  is  6  and  the  fourth  54 ;  find  it 

Here  ar  «  6, 

ar*  «  54 ; 


•9, 

r«  J^S 

• 

9 

6 

.\  am « 

^3 

A8; 

.•.  the 

series  is 

or- 

2,  6,  IS,  54,.. 
2,  6,  -  18,  54,., 

» •  •  •  •  •  a  # 

Ex.  3.  Insert  n  geometrical  means  between  a  and  6. 
This  is  in  other  words  to  construct  a  series  of  which  the  first 
term  is  a,  and  the  (n  +  2)^  term  6. 

Therefore  we  must  have 
and  the  geometrical  means  required  are 

4)^-  -0^ ©"■• 

Ex.  4.  JPind  the  sum  of  the  series  i  +  ^  +  ^  +  •••  od 
ta^itliiiii. 

In  this  case  a  mi^rm^; 

V.iff- r-2. 

Ex.  5.  Find  the  mlgar  fraction  corresponding  to  the 
recurring  dedmal  2.46262 


1000  S  -  fliGzM, 

10  5-  24.62; 
.\ti90S  m  2438, 

S4S8       1219 

and  S  —  " . 

990       495 

OS  IIARMOXICAL  PROGRESSIOX. 

I  OH.  I)k^.  a  Bcries  of  quantities  are  said  to  be  in 
ttttftuontrhl  progrcHMion,  when  any  three  sacoeasiTe  terms  are 
H/r  f/Uh'/l,  lliat  Uio  first  is  to  the  third  as  the  diflbeoce  be- 
rpffi  u  i\to  fimt  itnil  the  second  is  to  the  difference  between 
fhA  mftt,w\  iiihI  third. 

'I  \iun  if  a,  h,  e  iircs  in  harmonical  progresamn. 

/I  :  c  ::  a  —  6  :  6  -  c. 

TU  rvrlproralii^  of  quatUtties  in  harnumioal  prognuUm  mn 

ht  Hflllimtllml  prof/reMiion. 

Litl.  n,  A|  /;  lio  quantities  in  harmonical  proggeaaUmg  th— 
I//  /lixfiifiiioiii 

a      a-  b 

■  ■  •  r • 

c      6-c 

fc  -  c      a  -  6 
or  -      -     , 

0  a 

1111 
or     -.«---, 

iv)i««  li  III  ovim  that  the  diderence  between  -  and  r-  is  the  same 

a         0 

a«  1/4'!  wi'Mu  .  uiid    .  or  that  -,  7,  -  are  in  arithmetical  pro- 

//  0  a   0  c 

gri'Mioii. 

CoH,  lliMiro  w(!  may,  if  we  please,  take  it  as  the  defiu- 
lion  oi'  qiiiiiititi(*H  in  harmonical  progression  that  their  reei- 
liro'.'ttU  an:  in  arithmetical. 

*  Tb«  r§dff^§emt  of*  quaiititjr  U  unliy  divided  hf  th*t  qoantl^ :  thiu  ~  b  lb*  !«•<• 
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109.  A  series  of  quantities  in  harmonical  progression 
admits  of  no  simple  summation. 

110.  The  three  kinds  of  progression  which  have  been 
treated  of,  may  be  brought  under  one  point  of  view  as  follows : 

If  a,  b,  c  are  in  arithmetical  progression,  we  have 

a  —  6      a 

b  --c      a ' 

If  in  geometrical, 

a  —  6      a 


b-'C      6* 

If  in  harmonical^ 

a  —  b      a 

6  —  c      c' 

ON  PERMUTATIONS  AND  COMBINATIONS. 

111.  The  different  ways  in  which  any  number  of  quanti- 
ties can  be  arranged  are  called  their  permutations. 

Thus  the  permutations  of  the  letters,  a,  b,  c  taken  two 
together  are  ab,  acy  &a,  be,  ca,  cb. 

The  combinations  of  a  number  of  quantities  are  the  col- 
lections which  can  be  made  of  them  without  regard  to 
arrangement 

Thus  the  combinations  of  a,  b,  c  taken  two  together,  are 
a6,  ac,  be:  ab,  ba^  which  were  two  permutations,  form  only  one 
combination^  and  so  of  the  rest. 

112.  To  find  the  number  of  permutations  qfn  things  taken 
r  together. 

Let  {nPr}  denote  the  number  of  permutations  of  n  things 
a,  6,  c,  d,... taken  r  together. 

Then  it  is  manifest  that  the  number  of  permutations  of  n 
things  taken  I  together  is  n,  or  {nPl}  «  n. 

Again,  to  find  the  number  of  permutations  of  n  things 
taken  two  together,  we  observe  that  a  may  be  placed  before 
each  of  the  n  —  l  other  letters  6,  c,  d...,  thus  forming  n  -  1 
permatations  in  irfaicfa  a  standa  first ;  the  same  may  be  said 


i»»»-»  •»<  ?  I 


/  ■';     »  f   —  r  1  —  •'   II 

'^  <  ij."?  1.*^  n  ▼'mm.  t  ^g^y^fr 

»*^  •  -  -       «  1    1  —  .     1  —  i: ^  —  -^•. 

1  lA    jr*/'>/un4r  ^r-.f:c  a    in.  insiCEXise  «i£ 


>A-,' v.- ,*-i,v/^.^  ui*:i  r  -  :  ^>zeciier.  of  vmxik.  accorffi^g  to 

*4/'.  "/  \-.>?*^   j.<^rrai-tAiioxii  we  may  place  a.   ti 

M^;y/(  <c  4i/Au/Jjt  /mt :  the  same  may  be  said  of  &»  c;  d^  and 
«/,^-/«5  »/«;  n  '/  tr.iim ;  therefore  we  shall  hare 

inPr\  -n}:ii-l-P;r-l}}; 

;'n  -  2,  P  V  -  2;}  -  ^n  -  2}  }(n  -  S)P(r  -  S)}. 

ice.  «  &c. 
{''»-r^.2;P2}    -(n-r  +  2)  {(fi-r  +  l)Pl| 

•  (n  -  r  +  2)  (n  -  r  +  1), 
I  viriri;  it  is  manifest  that  |(n  -  r  -i-  l)  Pi  {  «  n  —  r  -i-  l]. 
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Kow  multiplying  together  the  corresponding  sides  of  these 
equations  and  leaving  out  the  common  factors,  we  have 

{nPr]  ^nin--  l)(n-2) (n  -  r  +  2)(n -r  +  1). 

Cor.    If  r  a  ii»  we  have 

{nPn]  ^n{n''  l)(n- 2) 2.1. 

Ex.  1«  find  the  number  of  permutations  of  7  things 
taken  4  together. 

In  this  case  n  «  7,  r  »  4. 

.-.     {7P4}  -7.6.5.4-  840. 

Ex.  2.  Find  the  number  of  permutations  of  5  things 
taken  all  together. 

•••    {5P5}  «  5.4.3.2. 1  »  120. 

Ex.  3.  Determine  the  number  of  triliteral  words,  which 
can  be  formed  of  8  consonants  and  1  vowel,  the  vowel  being 
always  the  central  letter. 

It  is  evident  that  the  number  required  «  {^P^}  «  8  •  7  »  56. 

113.  To  find  the  number  of  permutoHona  o/n  things  taken 
nil  toffether^  when  a  are  of  the  same  kind. 

Let  m  be  the  number  required. 

Then  since  all  the  a  quantities  enter  into  eae&  permutation, 
if  we  suppose  them  all  different,  each  permutation  would  be 
resolved  into  {a Pa}  permutations,  and  therefore  the  whole 
number  of  permutations  would  be  |aPa|  times  as  great;  but 
in  this  case  the  number  of  permutations  would  be  that  of  n 
things,  all  different,  taken  all  together,  or  {nPn}  ;  hence  we 
have 

m{aPa}  «  {nPn], 

nin-  1) 2.1 

or    «  «  — 7 ^ . 

a{a-  1) 2.  1 

Cor.  In  like  manner,  if  there  were  a  quantities  of  one 
kind,  fi  of  another,  7  of  another,  &c.  we  should  have  for  the 
number  of  permutations 

n(n-  1) 2. 1 

J  •2,..a.  1  .2«..j3.1  .2...y.  &c' 
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Er.  Determine  the  number  of  different  arnuigements  of 
the  letters  forming  the  word  effect. 

In  this  example  ns6,  a^s,  /3«2; 

-  ,  .     -       6.5.4.3.2.1 

.'.  the  number  required  «  «  i80. 

1.2.1.2 

114.  To  find  tfie  number  of  combinations  iff  n  things  idbm 

r  together. 

Let  {nCr]  denote  the  number  of  eombinations.  Then 
since  the  order  of  the  quantities  is  not  regarded  in  a  combi- 
nation, each  combination  of  r  quantities  may  be  resolved  bj 
permuting  them  into  {rPr]  permutations.     Hence  we  have 

{nCr}  X  \rPr]  «{n/V}, 

€    ^  ^      n(n-  1) (n-r  +  1) 

or   {nCr}  -  — ^^ ^ . 

Ex.  1.     Find  the  number  of  combinations  of  9  things 

taken  5  together. 

In  this  case  wQ,  r  ^5; 

c^i       9.8.7.6.5 
.-.     {nCr]  -  ^— ;; 126. 

Ex.  2.  How  many  different  sums  of  money  can  be 
formed  by  selecting  3  coins  from  a  heap  containing  a  sove- 
reign, a  half-sovereign,  a  crown,  a  half-crown,  a  shilling,  and 
a  sixpence  ? 

n  Bi  6,  r  *»  3; 

.*.    the  number  required  ■■  [GCs]  m  -^ — —  «  20. 

115.  The  number  of  combinations  of  n  things  taken  r 
together  is  the  same  as  that  ofn  things  taken  (n  ^  r)  together. 

In  other  words,  \nCr\  ^  \nC  {ti  ^  r)} . 

Now  \nCr}  -  "^""^^ (n-r^l) 

^         ^  1.2 r 

{«C(»-r)}-"^"-^^ /^-^'> 

*      ^         ^^       1.2 (H-r) 

,  \nCr}  «(n-l) (n  -  r  +  l)        1.2 {n-^r) 

"{wC(/i-rj]  "  Vn r  'n.(n-l) (r  +  l) 


. 
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n(n  -  1) (n-  r  +  1)  (n  -  r) 2. 1 

1 .2 r(r  +  I) (n-  l)n 

-  i; 

or  {nCr\  »  {nC(n-r)}. 

115  (bis).  Another  mode  of  proving  this  proposition  is 
as  follows.  Whenever  r  of  the  n  quantities  are  taken  to  form 
a  combination,  n  -^  r  are  necessarily  omitted,  and  these  may 
be  supposed  to  be  formed  into  a  combination  which  may  be 
called  with  reference  to  the  former  a  complementary  combina- 
tion. Hence  each  combination  of  r  quantities  has  its  comple- 
mentary combination  of  n  -  r,  and  therrfore  the  number  of 
the  two  sets  of  combinations  is  equal. 

Suppose  for  instance  that  we  have  the  five  letters  a,b,e,dye; 
if  we  form  the  combination  abc,  there  will  be  a  complementary 
combination  de ;  for  abd,  there  will  be  ce,  and  so  on.  There- 
fore for  each  combination  of  S  letters  there  is  a  complement* 
ary  combination  of  2  letters ;  in  other  words  {5CS)  «  (5C2). 

116.  To  find  the  value  of  r  for  which  the  number  o/com^ 
binationa  ofn  things  taken  r  tOff ether  will  be  greatest. 

„^   ,  ^1    .  c   ^  »      n(n-l)(n-2) (n-r  +  1) 

We  have  seen  that  {nCr\  m:  ^ ii J. !^ i, 

X    •    A    .    •7*........f 

,     ,        r    ^,         v»       n(n-l)n-2 (n  -  r  +  2) 

«.d  that  {«C(r-l)},  ^^^ ^^_^^ .  so 

that  [nCr]  ^{nC  (r  -  1)} .   Hence  if  we  suppose  r  to 

become  l. 2. S... successively,  the  number  of  combinations  will 

continue  to  increase  as  long  as  is  greater  than  1, 

f 

and   therefore  if  we  determine  the   value  of  r  for  which 

— — -—  first  becomes  equal  to  or  less  than  l  we  shall  be 

r 

able  to  ascertain  the  value  of  r  for  which  [nCr]  is  greatest 

Suppose  ^""^"*'    •  1 ,  .•.  r ;  if  n  be  odd,  this  will 

be  integral  and  will  be  the  required  value  of  r ;  if  n  be  even,  the 


■?s»Jii^     yil  'vi  "iii  last  Sir  whzck »cmtcr  Iku  I, 

♦wl  Mi#»r^nrA.  -rill  h^  dui  required  valae. 

;t  .tiay  v»  'ih*Hr7«ii  diat  i£«  be odiLinC \  «  l«C J 


yj  A r?u : :  .T  v>  that  di^ eare  two  eqaalmssiiiiam^vbies  ofrBO"). 

i;4  Hift).  The  preeefizn^  proposciaa  xBSf  prriMpn  be 
mwi^  *i\^skr^  r*j  the  foQowinj  consderacioii&. 

r^  -xF^  cakft  »  chin^p  and  fonn  dftem  into  condbinrntiaiiSp 
fti«<if  ^ni(!7,  th^n  two  ti>2«tlier,  then,  three^  ndao  oa.  we  dull 
rvheain  du^  f/>ilr>wia^  series  of  aixmb^ra» 

n'A'i,    ik'n^ly'm^^)  ii,(»-i)(«^e>    »(e^i) 

*      i   i     *        i.i-s       ' i.s.s        •      i.e     •"•'• 

An«l  At  the  ^^Mnnencement  of  tius  series  tihe  taais  wiD 
lYUtr^^ ;  hnt  ja^t  as  they  increase  mt  the  bcgiimiB^  of  fhe 
^rr.^,  ^p  win  they  decrease  at  its  Goodasioa,  sinee  hj  the 
pr<v^j^ti/4i  cf  An  115  the  terms  will  be  tbe  same  st  the 
h^^nTvinif  ai^l  end,  with  the  exception  of  the  Inst  tem  of  all 
or  \nCfk\.  which  has  for  its  ralae  1 

Hence  the  terms  most  attain  a  maximnm  Tahie  and  then 
de^rea^iie ;  and  if  the  number  of  terms  be  odd  (i.  e.  if  a  be  odd) 
there  will  evidently  be  two  equal  maximum  terms^  if  eren 
there  will  be  only  one. 

Thus  the  existence  of  a  maximnm  number  of  combintr 
tion%  is  seen  to  be  an  immediate  result  of  the  proposition 
that  \nCr\  -  {nC(n-r)J. 

F:x.  1*o  find  the  greatest  number  of  combinations  whidi 
can  be  formed  of  9  things. 

J         w  +  1                      n  -  1 
In  this  case  n  -  9,  and  r  -  — -—  -  5,  or  r  « •  4w 

•.  -  -—- — '—  «  126  is  the  greatest  number  of  combinations. 

1.2.3.4 

Let  us  verify  this  result 
{9Ci}  -9. 

l9C2{.^-;-^.36, 
9.8.7 
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C     ^    1       9.8.7.6 
J9C4}  « «  126, 

*  ^    •    1.2.S.4 

{9  C5}  ^^ m  126, 

*  ^        1.2.3.4.5 

c     ^^>       9.8.7.6.5.4 

J9  C6t -  84, 

*  ^       1.2.3.4.5.6 

which  shews  that  {9  C4|  or  {9  C5}  is.the  greatest  number  of 
combinations,  as  determined  by  the  rule. 

ON  THE  BINOMIAL  THEOREM. 

117-  We  have  already  seen  (Art.  46)  that  (a  +  6)' 
B  a'  +  2a&  +  i^,  and  that  (a  +  6)^  «  o^  +  3  a'6  4-  5  ab*  +  6' ;  and 
we  might  find  the  expansion  of  any  other  positive  integral 
power  of  a  +  6  by  actual  multiplication :  the  binomial  theorem 
is  a  formula  for  the  general  expansion  of  (a  4-  by  according  to 
powers  of  6,  and  that  not  only  in  the  case  of  n  being  positive 
and  integral,  but  also  when  it  is  fractional  and  negative. 

118.  To  investigate  the  Binomial  Theorem  in  the  case  of  a 
positive  integral  indew. 

We  have  by  actual  multiplication 

(dr  +  a)  (4f  +  6)  «  «*  +  (a  +  6)  07  +  oft, 
(jr+a) («  +  6)  (^  +  c)  «  «*  +  (a  +  6  +  c) /»*  +  (oft  +  ac  +  &c)^  +  a£c. 

In  examining  the  preceding  expressions  we  observe  the 
following  laws : 

(1)  That  they  consist  of  a  series  of  descending  powers 
of  4P,  and  that  the  first  and  highest  index  is  the  number  of 
factors  forming  the  expression. 

(2)  That  the  coefficient  of  the  first  term  is  unity ;  of  the 
second,  the  sum  of  the  products  of  the  quantities  a,  6,  c,  taken 
one  together ;  of  the  third,  the  sum  of  the  products  of  the 
same  taken  two  together ;  of  the  last,  the  product  of  them 
taken  all  together. 

6 


%  aZjSJZSm, 


*  • 


^Jisr,  Iff  mrnw^  siA^  cms  ttir  ^gim  fir  ■  ficfeoB^  that  is, 


iiar. 


Sec.  «  &e. 


-  jr'-i  -r  5  V  +  S/x"-'  +...+  5/  suppose^ 
where  5/  »  5,  -t-  3  »  a  -f  6  4-  c  4-  •••  ^p  ^  9, 

5;  -  5i  +  75i  ^ab^mc  +...+  fa  4-  9ft  -|> ... 

&e.  «  &c. 

•5,  =»  55,  «  abe..,pqm 

Hence  it  appears,  that  1/  the  assomed  law  be  tme  for  n 
fa/jrtonf,  it  will  be  true  for  11+  1;  but  it  u  tme  for  Arte; 
.\  {€/r  ffAir;  /.  ice,  /.  generally  true. 

Now  let  a  ■•  A  «««...«p. 
Then  .S';  *  a  -i-  a  +  a  +  ...  to  n  terms  «  mo, 

S^  mo^  -^  a'  +...to  as  many  terms  as  there  are  com- 
binations of  n  things  taken  two  together 

n(n  -  1)    ,   ,.   , 

'  a\  (Art.  114) 

1.2  ^  ' 

and  (*  +  a)  (x  -I-  h)  (x  +  c)...(jp  +  p)  becomes  -  (*  +  a)*; 

1         «(n  -  1) 
1.2 
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The   general   term    being  «^"V,  and 

the  number  of  terms  n  +  !•* 

Cor.  1.     (1  +wY^l  +nx  + a?»  +  ...  +w^. 

^  '  1.2 

Cor.  2.  It  appears  from  the  proposition  proved  in  Art. 
115,  that  the  coefficients  of  terms  at  the  same  distance  from 
the  beginning  and  end  of  the  series  are  the  same ;  which  is 
also  otherwise  apparent  from  the  fact  that  {w  +  ay  » (a  +  ai)\ 

4    3  4    5    2 

Ex.   1.     (a  +  by  •  a*  +  4a%  +  — ^  a«6«  +  — — '—  ab^+  b\ 
^  1.2  1  .2.3 

««*-»-  Wb  +  6a*b^  +  4aft3  +  6*. 
Ex.  2.     Und  the  coefficient  of  a^b*  in  the  expansion  of 

(a  +  by. 

8    7    6 
The  coefficient  -     '         -  56. 

1.2.3 

Ex.  3.     Find  the  middle  term  of  the  expansion  of  (l  +  xf. 

The  middle  term  is  the  fourth ; 

,     J      6 .  5  .  4 

.•-  the  term  required  = ^  as  20  ar. 

^  1.2.3 

Ex.  4.     (2a  -  Swy 

«  2  V  -  3  .  «•  .  Sa^Of  +  -^  2  .  3'(M?' '—^—  3  V 

1 .2  1.2.3 

•  Sa^  —  S6a'ar  +  54! aa^  -  27^. 

*  The  foUowiBg  may  perhaps  assist  the  student  in  comprehending  this  proot 
A  little  consideration  will  make  it  appear,  that  in  multiplying  together  n  factors, 
jr-t-a|,  jr-(-ag...«-t-a.,  the  result  must  be  such  that  each  term  shall  be  of  n  dimensions, 
that  is,  the  indices  of  the  factors  of  each  term  added  together  shall  be  equal  to  n.  MHiat 
then  will  be  the  coefficient  of  the  term  iuTolving  jT?  It  will  consist  of  terms  composed  of 
«i  a^  Ac,  such  that  the  sum  of  the  indices  in  each  term  shall  be  n-^r ;  and  since  there  is  no 
reason  why  one  combination  of  these  letters  should  occur  more  than  another,  it  will  consist 
of  aO  terms  satisfying  the  condition  of  the  sum  of  the  indices  being  n-r. 

Now  let  us  suppose  that  ajstOs  =  &c.aa.=:a ;  then  each  of  the  terms  just  mentioned 
will  become  tf*~%  and  the  number  of  them  will  be  {nC(n'-r)}y  since  it  is  obvious  that  this 
b  the  number  of  ways  in  which  we  can  form  out  of  n  letters  combinations  of  the  kind 
deMribed.  Hence  ln(«-f  a)*  the  term  involTing i'  is  {nC(n~'r)]  jp' n*^ or  {nCr}  jp' «■-*••• 
sad  thb  result  it  the  Btaiomial  Theorem  for  a  posittre  integral  index. 

6—2 
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Tbe  Theorem  may  be  applied  to  the  expansion  of  a  tri- 
nomial, as  in  the  following  examples. 

Ex.  5.     (1  -  ar  +  A^y 

«  (1  -  j^y  +  3  (I  -  jf)V  +  3  (1  -  ay)  or*  +  a^ 
^  1  -  Sof  +  Sa^  -  w^ 

+  So;*  -  &F»  +  Sar* 

«  1  -  S^r  +  ftp*  -  70^  +  6i?*  -  So:*  +  «•. 

Ex.  6.     (1  +  or  +  aj^" 

-  1  +n(a7  +  ar«)  +  — i ^(aj  + J?')*  +  -^ P ri(ay +  ««)»+... 

^  '         1.2^'  1 .2.3         ^  ' 

-      w  (n  —  l) ,  .         ,       -. 
«  1  +  n»  +  no;*  +  — ^^ (^  +  24;^  +  a?*) 

1.2.3 


->  1 


I       n(n -  1)1^     f    ,         ^      n(n-l)(n-2)| 


119.  The  series,  which  has  been  proved  for  (l  +  a?)"  when 
n  is  positive  and  integral,  may  be  shewn  to  be  the  true  series 
in  the  case  of  n  being  fractional  or  negative* ;  it  is  to  be 
remarked,  however,  that  there  is  this  important  distinction 
between  the  two  cases,  that  when  n  is  a  positive  integer  the 
series  comes  to  an  end,  but  when  n  is  fractional  or  negative 
the  series  will  be  infinitely  extended.  In  fact  we  have  seen 
that  the  general  term  of  the  series,  when  n  is  a  positive  inte- 
ger, is 


*  Strictlf  speaking,  (1  +4^)*  cannot  be  said  to  be  expansible  in  a  series  proceeding 
by  powers  of  s  unless  the  series  be  convergent ;  on  this  subject  see  Art.  123. 
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•  =  ' '        4r  > 

1.2 r 

and  this  becomes  zero  when 

but  if  we  prove  that  the  same  is  the  general  term  when  n  is 
fractional  or  negative,  it  will  be  apparent  that  it  never  can 
become  zero,  and  therefore  the  series  can  never  terminate. 
We  may,  however,  consider  the  series  indefinitely  continued 
even  in  the  case  of  n  being  a  positive  integeri  only  that  after 
a  certain  number  the  terms  will  be  in  reality  evanescent. 

Before  proceeding  to  the  general  consideration  of  the 
Binomial  Theorem  in  the  case  of  a  fractional  or  negative 
index  we  will  take  a  few  particular  examples,  which  will  be 
useful  by  way  of  introduction. 

The  only  series  continued  to  an  indefinite  number  of 
terms,  with  which  we  have  hitherto  become  acquainted,  is  the 
geometrical  series  having  the  common  ratio  of  the  terms  less 
than  unity,  (p.  71}. 

We  saw  in  that  case  that 

1  +r  +  r»+ (1). 


1  -  r 


Now ■  (1  -  »•)** ;  and  the  fact  of  (l  -  r)"'  being  capable 

of  being  expanded  in  a  series  such  as  (l),  may  naturally  sug- 
gest to  us  the  inquiry,  whether  that  series  may  not  be  that 
which  would  result  from  supposing  the  Binomial  Theorem, 
which  has  been  proved  for  the  case  of  (l  -  r)*,  n  being  a  posi- 
tive integer,  to  be  also  true  when  n  is  a  negative  integer.  We 
have  then 

(1  -ry-  1  ^nr-^  -^ V  -  ... 

when  r  is  a  positive  integer ;  write  -  1  in  the  place  of  n,  and 
we  have 
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-  1  +  r  +  r*  + («). 

The  series  (i)  and  (2)  agree;  hence  we  obtain  the  remarkable 
result,  that  (1  —  r)~^  may  be  expanded  in  a  series  proceeding 
by  powers  of  r  by  supposing  the  Binomial  Theorem  to  extend 
to  that  case* 

Next  let  us  take  an  example  in  which  the  index  is  firao- 
tional.  Applying  the  ordinary  method  of  extracting  the  square 
root  to  the  quantity  1  +  o^i  we  have  the  subjoined  operation ; 


l+x    (1+^- 

'  8'" 

-3 

1 

X 

2  +^  - 

a  + 

4 

?) 

4 

.T« 

a? 

«« 

4 

~  8 

+  6-4 

«» 

0* 

8 

~  64 

Hence 

we  have 

/  \i  XX 

(l  +  -r)J-l+---+ (I). 

Now  let  us  see  what  will  result  from  the  supposition  that  the 
Binomial  Theorem  is  true  when  the  index  is  fractional :  we 
have 
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(l+ar)»-l  +nj?-f     \    ^   V  +  ... 

1  •  s 

in  thig  series  write  ^  in  the  place  of  n,  and  there  results 

( 1  +  ^)  i  - 1  +  i  ^  +  i^tz-i^  «•  +  . . . 

1  •  X 

-^+i-T+ ^'^- 

The  series  (l)  and  (2)  agree ;  hence  the  supposition  that  the 
Binomial  Theorem  is  true  in  this  case  leads  to  the  same  result 
as  the  application  of  the  ordinary  method  of  extracting  the 
root. 

We  might  take  other  examples,  but  probably  the  two 
which  have  been  given  will  be  sufficient  as  an  introduction  to 
the  general  treatment  of  the  Binomial  Theorem  in  the  cases 
of  negative  and  fractional  indices.  The  comparison  of  a  con- 
siderable number  of  examples  would  render  it  highly  probable 
that  the  theorem  was  generally  true:  we  now  proceed  to  the 
proof  that  such  is  actually  the  case. 

120.  To  contend  the  Binomial  Theorem  to  the  case  of  fr ac- 
tional and  negative  indicee* 

Let  the  series 

m(m  -  i)    . 

1  +  mjff  + or  +  &c., 

1.2 

(whore  m  may  be  any  quantity  whatever)  be  represented  for 
shortness'  sake  by  the  symbol  /  (m). 

Then,  according  to  the  same  notation, 

^/  N  nin-  1)   - 

f(n)m  1  4.n«4.  -^ — . — :  .r»+ 

•^  1.2 


Our  first  step  will  be  to  determine  the  form  of  the  pro- 
duct /(m)  X  /(n) :  to  do  this  we  observe,  that  by  actual  mul- 
tiplication it  is  clear  that  /(m)  x  /(n)  will  be  a  series  pro- 
ceeding by  ascending  powers  of  w, 

«  1  -h  ^df  +  Bm^  4-  • suppose. 
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It  would  be  possible  to  determine  the  coefficients  J,  B... 
by  actual  multiplication*;  but  we  obtain  them  more  simply 

by  this  consideration,  that  although  the  values  ofA^B, • 

are  altered  by  altering  m  and  n,  yet  their  farms,  that  is,  the 
manner  in  which  m  and  n  are  involved  in  them,  are  €be  same 
whatever  m  and  n  may  be ;  and  therefore  if  we  discover  the 
form  of  the  product /(m)  x/(n}  in  the  case  of  m  and  n  being 
positive  integers^  we  shall  know  its  form  whatever  m  and  n 
maybe. 

But  in  that  case/(m)  -  (l  +  i?)", 

and/(n)«  (l  +  ^)-; 

/./(m)  x/(n)- (!+«)-+• 

B/(m  +  n)  by  the  notation; 

and  hence^  by  the  preceding  reasoning,  we  must  have  lantver- 
sally 

/(/«)x/(n)-/(m  +  n); 

and  in  like  manner  we  shall  have  for  any  number  of  fkidon, 

f(m)  x/(n)  x/(p)  X mf{m  +  n+p+ ). 

This  being  premised,  in  the  formula 

/(m)  x/(n)  x/(p) ~/(m  +  ri+p  + ), 

make«,-«-i,- -?i. 

where  jul  and  r  are  positive  whole  numbers,  and  let  there  be  r 
factors ;  then  we  have 


{/(:-)}•-/<" 


) 


•  (1  4-  ^y  since  /ll  is  a  positive  integer; 


*  In  order  to  obtain  the  required  result  hj  thii  meant,  it  wonld  be 
a  few  terms  by  actual  multiplication,  then  to  assume  the  form  of  the  coefficient  of  #  and 
to  proTC  that  the  form  so  auumed,  if  true  for  j',  will  be  true  for  t^*\ 


THB    BINOMIAL    THEOREM.  89 

.-.  (1 +«)'-/-  -1+-^+ — — -1^+.,. 

\V/  !>  1.2 

which  proves  the  theorem  for  fractional  indices. 
Again,  in  the  formula 

/(m)x/(n)-/(m  +  n), 
let  m  «  —  n,  and  let  n  be  positive ; 

.•./(-n)x/(n)-/(0)«l, 

(since  the  series  1  +iMr+-^ — — ar*+.. .becomes  l  when  n  «  O:) 

1.2  ^ 

r         X  .     v./.      V                    -n(-n-l)   . 
.♦.  (I  +»)-»-/(-  n)  -  1  -  »ur  + ^^ i««  -  &c. 

J   .  Z 

which  proves  the  theorem  for  negative  indices*. 

120  (bis).  As  the  proof  given  in  the  preceding  article  is 
of  a  very  subtle  kind,  and  perhaps  likely  to  create  some 
amount  of  perplexity,  it  paay  be  as  w6ll  to  subjoin  another 
method  of  treating  the  Binomial  Theorem  for  the  fractional 
and  negative  index.  The  method  which  we  are  about  to  give 
depends  upon  the  following  Lemma. 

*  The  Binomial  Theorem,  as  applied  to  the  expansion  of  (l+z)%  whether  n  he 
posidye  or  negatiye,  integral  or  fracdonal,  is  due  to  Sir  I.  Newton.  A  method  of  raising 
a  binomial  to  a  positive  power  without  going  throtigh  the  process  of  actual  multiplication 
was  known  as  early  as  the  beginning  of  the  sixteenth  century,  but  this  method  only 
extended  to  finding  the  snccessiye  powers  by  means  of  tables  calculated  for  the  purpose, 
so  that  in  order  to  imise  a  binomial  to  any  power  all  the  inAsrior  powers  had  to  be  found. 
The  next  step  was  the  method  of  raising  a  binomial  to  a  positire  integral  power,  without 
tlie  interrention  of  the  inferior  powers,  and  this  was  the  point  at  which  the  theorem  had 
anriyed  before  the  time  of  Newton.  He  completed  the  theorem  by  obsenring  that  the 
same  rule  which  senred  to  expand  a  binomial  raised  to  a  positiye  power,  would  also  serre 
to  express  the  root  or  the  reciprocal  of  a  binomial  in  the  form  of  an  infinite  series. 

It  may  be  well  to  remark,  that  the  pi^f  given  in  the  text  is  not  that  which  was 
giyen  by  the  discorerer;  in  fact,  Newton  did  not  himself  giye  any  complete  proof  of  his 
theorem,  bnt  assured  himself  of  its  truth  by  an  inducdTe  process.  Many  have  been  giyen 
since  his  time ;  tibat  in  the  text  is  one  of  those  given  by  Euler,  and  appears  to  be  the 
BMst  elc^gant  whidi  has  been  proposed;  but  the  reasoning  is  somewhat  subtle,  and  will 
require  cweftil  eonsideiBtioii  on  the  part  of  the  studtat  who  wishes  to  master  it. 
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If  J  +  5d;  +  Ca^  +  Dj;»+ ... -0, 

for  all  values  of  x  whatever,  then  we  must  have 

u<  =  0,  B  -  0,  C  -  0,  D  «  0... 

The  truth  of  this  Lemma  is  seen  at  onee  if  we  cooaider  that 
inasmuch  as 

-  u<  -  5a?  +  Gr*  +  Dar*, ... 

we  shall  have  the  value  of  A^  which  is  fixed  and  unalterable) 
given  in  terms  of  a?,  which  may  have  any  value  whatever, 
unless  the  above  equations  be  true.  The  same  thing  may 
be  expressed  thus ;  if  the  equation 

A  +  Bx  +  Cx^  +  •••  ■•  a  +  &v  -I-  cw*  +  ..., 

be  true  whatever  be  the  value  of  x^  then 

This  principle  is  one  of  great  use  in  expanding  algebraical 
quantities  in  the  form  of  infinite  series,  and  before  prooeeding 
to  the  application  of  it  which  we  have  immediately  in  hand, 
we  will  illustrate  its  utility  by  applying  it  to  one  or  two  par- 
ticular examples. 

Let  it  be  required  to  expand in  a  series  proceed- 
ing by  powers  of  x. 

Assume -4  +  Ar  +  Coj*  +  D#*  +  ..., 

1+07 

then  multiplying  by  (i  +  a?), 

X^AjfBx^Of  ^  Djfl  + ..., 
+  -4a?  +  Bofl  +  Csfl  +  ... ; 
or  ^  -  H-  (^  +  B)  »  +  (5  +  O  ^  +  ( C  +  2>)  *•  +  . . .  -  a 
Hence  according  to  our  principle, 

u<  -  1  -  0, 
A-k-  B^o, 
5  +  C  -  0, 
C  +  D-O; 
/.  J-l,  5--^-i-l, 

C--5-  +  1,  2>-i-C-i«-l; 
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»  • 


l  +  M 


l-«+«*-^+  &C. 


Again,  let  it  be  required  to  expand  r rr  in  a  series 

(1  -ar) 

proceeding  by  powers  of  x. 

Assume -^J-hBa  +  Ca^-^...; 

(1  -  ay 

/.  1  +  J7  «  (1  -  2ar  +  aj«)  (^  +  Bo?  +  Op*  +  ...) 

-2u<4r-25a^-  ... 

+  Aa*  +  ... 

«  u<  +  (B  -  2A)  «  +  (C  -  2B  +  if )  «»  +  &C- 

Hence  according  to  our  principle, 

-B  -  2-^  -  1,  or  B  -  2  J  +  1  e  s, 
C-2-B  +  ^-O,  orC-iB--4«6-i-5j 
1  +  w 

(1  -  wy 

These  examples  wiQ  sufficiently  illustrate  tbe  metbod  wbicb 
is  called  that  of  Indeterminate  Coefficients,  and  which  we 
will  now  apply  to  the  expansion  of  (a  +  ai)*  when  n  is  a 
fractional  or  negative  quantity. 

Let  us  assume  that 

(1  +  a?)"  «  -4  +  Ji  or  +  JgS^  +  ...  +  J^  +  ..., 

then  in  the  first  place,  since  this  series  is  true  whatever 
value  we  assign  to  w^  it  will  be  true  when  47  «  0 ;  let  d^  •  0, 
then  we  have 

and  .'.  (1  +  jf)»  -  1  +  Jiw  +  J^^  +  ...  +  A^  +  ...(i), 
and  therefore  also, 

/4r\*f  Of  of  if  \ 

{a  +  ^ymar  fl  +  -j  -aMl  -1- -rf,  -  + -4,  —  +  ...  +  ui,— +...> 
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We  will  next,  by  means  of  the  principle  above  explained, 
determine  the  relation  which  subsists  between  the  coefficients 
of  successive  powers  of  so.  For  this  purpose  write  y  <f  «  for  « 
in  (1),  and  we  have 

(1  +  y  -I-  ^)"  -  1  +  ^1  (y  +  ^)  +  ^« (y  +  jer)'  -I- ...  +  -4,(y  +  »)'+... 

+  ;8f  (^1  +  stA^  +  ...  +  r-4ry'-*  +  ...) 

Again,  write  l  +  y  instead  of  a,  and  m  instead  of  *  in  (2),  and 
we  have 

(1  +  y  +  «»  (1  +  y)'  +  ^i  (1  +  y)""* «  +  ^,  (i  +  y)"-««*  +  .... 

By  our  general  principle  the  coefficients  of  «  in  these  two 
expressions  for  (l  +  y  +  «)'  must  be  equal,  and  therefore 

.-.  Ax  (1  +  yY  -  (1  +  y)  (^1  +  2-i«y  +  ...  +  rA^'^  +  ...) 
or  Ax  (1  +  -rfiy  +  A^  +  ...) 

-  ^  +  (2  J,  +  ^i)  y  +  ...  -I-  (ril,  +  r  -  1  -i,.,)  /-»  +  ... 

Comparing  the  coefficients  of  y^~'  on  the  two  sides  of  this 
equation,  there  results 

r 

We  have  here  the  general  relation  between  each  coeffident 
in  the  series  and  that  which  precedes  it. 

r-S.  ..^,-      ^  -  .1, — ^-^^ , 

and  so  on.    Hence 

It  still  remains  to  find  Ax ;  and  this  wc  must  do  separately 
for  the  two  cases  of  n  being  fractional  and  n  being  n^;ative. 
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IBlrst,  let  n  be  fractional  and  equal  to  - . 

I* 
Then  (l  +  wY  «  (i  +  i»)^  -  i  +  AxX  +  ... 

or,  applying  the  Binomial  Theorem  as  proved  for  a  positive 
integral  index, 

1  +  /x^  +  ...  -  1  +  vAiOf  +  ... ; 


•  • 


or  if  1  B 1^  s  n. 

V 

Secondly,  let  n  be  negative  and  equal  to  -  m. 

1  1 


Then  (l  +  j^)"  -  (l  +  af)' 


(1  +  afy*      1  +  iiM?  +  &c. 

»  1  -  mof  +  ...  by  actual  division, 

—  I  +  tkr  +  ... 

Hence   whether  n  be  fractional  or  negative,   Ji « n,   and 
therefore 

^  '  1.2  1.2.3 

We  have  thus  established  by  a  different  method  from 
that  given  in  the  preceding  Article  the  same  conclusion; 
the  student  will  find  this  second  investigation  worthy  of 
study,  not  as  a  substitute  for  but  as  a  supplement  to  the 
former,  supplymg  him  with  a  new  point  of  yiew  from  which 
to  regard  a  rather  difficult  theorem.  It  may  be  remarked 
that  the  method  of  proof  depending  upon  the  principle  of 
indeterminate  coefficients  may  be  varied  in  its  details ;  it  is 
usual,  for  instance,  to  prove  that  ^i «  n  before  the  relation 
of  Ai  to  Ai9  of  A^  to  Ai,  &c.,  is  investigated ;  the  opposite 
course  has  however  here  been  followed,  because  by  doing  so 
we  exhibit  more  clearly  the  amount  of  assistance  which  is 
yielded  by  the  method  of  indeterminate  coefficients ;  we  see 
that  that  method  suffices  to  give  us  the  relation  of  successive 
coefficients,  but  that  it  leaves  entirely  undetermined  the  co- 
effident  of  the  first  power  of  ox. 
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Wo  now  proceed  to  illustrate  the  Theorem  in  the  case  of 
fractional  and  negative  indices  by  a  few  examples. 

Ex.  1. 

^         '  1.2  1.2.S 

■  1  -  2^  + isr sr  +  &c. 

l.S  1.2.3 

-  1  -  2a;  +  So?'  -  4ar^  +  &c. 

Kx.  2.  (a  +  64^) •*  -  -  [l  +  — ) 

1/     Jm     -.iC-i-iyfcV      -i(-i-i)(-i-2)6^ji»        1 
a|      a  1.2  o^  1.2.8  o^  J 

If      fcof      1  .  2  &•«*      1 . 2  .  3  6  V  1 

■«V'"7  ■*■  1.2  a»    "  1.2.s"^  "*"•••} 


1  /      ft^      6'a?*      Wa^  \ 

-•     1-—  +      , ,-  + .)» 

i%\       a        of        or  I 


which  in  a  rcHuIt  obtainable  by  actual  division;  it  may  be 
obHorvcd,  however,  that  if  the  result  had  been  so  obtained 
wf)  NhouUl  have  had  also  a  remainder^  of  which  there  is  no 
tnufo  in  tho  preceding  scries:  the  fact  is,  that  the  series 
obiainrd  by  the  Binomial  Theorem  can  only  be  considered  as 
numerically  equal  to  the  quantities  expanded,  when  the  aeries 
arc  ii(mverf(fmt  AVhcn  the  convergence  is  very  rapid  the 
Dinomial  'Jlicorcm  may  be  conveniently  used  for  purposes  of 
approximation,  as  will  be  seen  in  the  next  Example. 

Kx.  3.    To  find  an  approximate  value  of  v^iV»  +  jr,  when 
g  Ih  much  smaller  than  A^'. 

By  taking  a  few  terms  of  this  series  we  may  obtain  the  result 
with  a  considerable  degree  of  accuracy. 
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£x.  4.     To  find  an ajqwoxinuUe  valae  of  v50i 

-7(111'  ,^<^-^>^   ,^(i-0(i-«)  »  ,     1 

"  "^  V  ■*■  2  49  "  i  49^  "^  164^  ~  •••  J 
/    .0S0408   .000416   .000008     \ 

''['*—» r-+-F6— "j 

-  7  (1.010204  -  .000052  +  ...) 

-  7  (1.010152)  -  7.071064, 

which  18  correct  to  five  places  of  deemuds. 

Ex«  5.     The  following  example  is  giyen  on  account  of  its 
bearing  upon  the  theory  of  logarithms.    (See  page  102,  Note.) 

/.  .^     ,      1  fn\m      )  1  Vm""   Am      /    ,  , 

m  1.2  m        1.2.3 

1  -  m   ,      (1  -  mVl  -  2111^   , 
1.2  1.2.S 

Leiir-  I, 

x=  1  -  m      (1  -  mVl  -2«) 

.-.  (l+m)*-*l  +  l  + +  ^ ^^^ ^+... 

'  1.2  1.2.3 

If  we  suppose  m  to  be  indefinitely  small,  the  second  member 
of  this  equation  becomes  equal  to  the  series 

1             1 
1  +  1  + + +  ...; 

1.2       1.2.3 

tlie  Talue  of  this  series  may  be  eaaly  calculated  and  will  be 
found  to  be  equal  to  2.7182818  approximately.  This  is  a 
number  of  continual  occurrence  in  mathematics,  and  is  usually 
denoted  by  the  letter  e ;  we  have  therefore 

e  «  the  value  of  (l  +  m)^  when^m  «  0. 
Now  make  m  »  n^. 


But 
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/.  e  -  the  value  of  (l  +  nai)  **  when  m  •  0,  or  whenn«0; 

1 
.•.  e'  =  the  value  of  (l  +  nw^  when  n  -  0. 

1                  1  -  n  .     (1  -  n)  (1  -  ««)   . 
(1  +  nay  1 1  +  a?  + --a*  + ^  +  ... 

«  1  +  fl?  + + +  ...  when  n  «  0. 

1  .2       1.2.S 

We  may  in  like  manner  express  a',  where  a  is  any  number 
whatever,  in  a  series  proceeding  by  powers  of  *.  For  let  L 
be  such  a  quantity  that 

then  o^  -  e^  «  1  +  io?  + +  z— --  +  ... 

1.2      1.2.3 

The  explanation  of  the  method  of  finding  the  quantity  L  would 
carry  us  beyond  our  present  purpose. 

121.      To  find  the  greatest  term  in  the  e^ansion  ofil-^  ')'* 

The  (r  +  i)^^  term  of  the  expansion  is  formed  from  the 
r^^  by  multiplying  it  by  the  quantity » ;   so  long 

therefore  as  r  is  such  as  to  make  this  quantity  greater  than  1 

the  terms  will  increase,  but  when  it  becomes  less  than  l  the 

terms  will  decrease.     We  have  therefore  to  determine  the 

9i  —  t*  +  1 
value  of  r  which  will  make «  less  than  l;  but  in 

r 

doing  so  it  must  be  observed,  that  it  is  the  numerical  value 
which  must  be  less  than  I,  and  therefore  there  will  be  two 

cases   to   considei^  according   as  — '^. is    positive    or 

negative. 
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first,  let  it  be  positiTe.     Then 

«  — r  +  1 


X  will  be<l, 

r 

provided  (t»  +  i)  «  <  r  (l  +  jp). 


orr>(»+  1) 


1  +  « 
If  therefwe  we  take  r  equal  to  the  whole  number  next 

greater  than  (n  +  l) 1  the  eorreqponding  term  will  be 

the  greatest 

Secondly,  let be  n^^tive,  then  will be 

podtire,  and  we  shall  have 

r  -  n—  1 

r 

ided  -  (n  +  l)«<r(l  -  jr), 

4r 


or  r>  -(n  +  l) 


and  the  value  of  r  required  will  be  the  whole  number  next 

greater  than  -  (ft -f  1) . 

1  —  « 

JjA  na  now  determine  the  circumstances  under  which 
each  of  these  rules  will  apply. 

M— '  r  +  1 
1.    Suppose X  positiYC,  then  must 

i»  +  ibe>r 

>(»  +  !) A  fortiori, 

orn  -f  1  >  0 ; 

te.  a  must  be  either  positive  or  a  negative  quantity  less  than 
unity. 

«^    Suppose X  negative,  then  must 
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n  +  1  be  <  r 


<  -  (n  +  1) +  1, 

1  -  « 

I  since  r  is  the  integer  next  greater  than  -  (n  +  i) > , 

orn  +  1  <  1  -  or, 

n<- df, 
or  n  must  be  negative. 

Ex.  1.     To  find  the  greatest  term  in  the  expansioa  of 

In   this   case  n  -•  8,  jy «  - ,    .%  (n  +  l) m  9  x  ->  «•  -, 

4  "^         ^  1  + «  5      5 

or  the  second  term  is  the  greatest. 

ff 

Let  us  verify  this  result ; 


(-i) 


•  8       8.7      1        8.7.6    1 

7   7 

-1+2+1+-+ 

4       8 


in  which  series  the  second  is  evidently  the  greatest  term. 
Ex.  d.    To  find  the  greatest  term  in  the  expansion  of 


(-1) 


In  this  case  n  -  -  12,  ^-  - ; 

5 

or  the  third  term  is  the  greatest. 
To  verify  this  resulti 

-"  12      12.  IS  1       12.13.14  1 

a  1  —  —   + — + 

5         1  .  2    5»  1.2.35' 


H) 
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k1 

5 

78 

364 

+ 

125 

»l 

500 
125 

590 
-^l£5 

364 

125 

Tcrifies  theresolL 

122.     It  does  not  alwmjs  happen  that  the  Talue  of  (l  -i-jr}* 
can  be  calculated  apptOTimafelj  by  taking  a  considerable 

nmnber  c£  terms  of  the  series  i  +iijr-i- J^  -I- ; 

1 .2 

in  other  words  it  is  not  always  true  that  this  series  is  con- 
yergent.  It  will  be  desiraUe  therefore  to  ascertain  the  con- 
dition of  the  conTeigenqr  of  the  series,  which  may  be  done 
as  follows. 

Lict  P  represent  the  p^  tenn,  and  M  the  som  of  the 
terms  after  the  p^ ;  so  that 

— {=^'-^^^?r^'-* } 

-{r-^-.)-(=7^-)(;-Ti-y--} 

Now  suppose  p  to  be  taken  very  large,  then  the  quantities 

,  — ■ — , become  TCiy  small,  and  we  shall  have 

P       P+i 
approximatdy, 

a  geometrical  series  of  which  the  sum  cannot  be  calculated 
unless  m  be  less  than  unity,  (Art  105).  Consequently  the  con* 
dition  of  convergency  for  the  binomial  series  is  that  s  shall 
be  a  proper  fraction. 

It  may  be  noticed  that  the  method  of  Art  I2i  will  some- 
times asrign  a  greatest  term  to  the  series  although  the  con- 
dition of  convergency  may  not  be  satisfied ;  in  this  case  how- 
erer  it  will  be  A>iiiid  that  the  terms  decrease  after  the  term 
80  found  and  then  again  increase  and  the  method  of  the 
article  referred  to  <mly  determines  the  condition  of  the  (r  + 1)*^ 

7—2 
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term  being  less  than  the  r^  without  introducing  the  condition 
that  there  shall  be  no  greater  term  afterwards. 

For  instance,  in  the  series  for  / 1  +  -  j  »  we  find  that  for 
the  greatest  term 


OnH 


*->n+Tl^-^>i; 

4      8 

and  we  perceive  that  the  second  term  is  greater  than  the 
third ;  but  after  the  third  the  terms  again  increase,  and  there 
is  in  reality  no  greatest  term. 

ON  LOOABITBHS. 

123.  Dbp.  The  logarithm  of  a  number  N  is  the  value 
of  or  which  satisfies  the  equation  af^N,  where  a  is  some 
given  number. 

Thus  if  a  be  10,  the  logarithm  of  100  is  2,  that  of  lOOO 
is  3 ;  and  that  of  any  number  between  100  and  1000  wiU  be 
greater  than  8  and  less  than  3,  so  that  it  may  be  represented 
by  2  followed  by  places  of  decimals. 

If  we  give  a  any  value,  as  10,  it  is  possible  to  find  the 
values  of  «  corresponding  to  all  values  of  N,  that  is,  to  find 
the  logarithms  of  all  numbers  to  the  boie  10 ;  suppose  these 
found  and  registered  in  tables,  these  will  be  tl^  eommoa 
tables  of  logarithms ;  we  shall  see  of  what  use  they  may  ha 
made  from  the  following  propositions. 

123.  The  logarithm  of  the  product  of  two  ntim&div  ie  the 
mm,  and  the  logarithm  of  the  quotient  ie  the  deference  </  the 
logarithms  of  the  numbers. 

For  let  a*-  iV,  nfmN'f  where  NN*  are  any  two  nombenb 
and  9  y  their  logarithms  to  the  base  a, 

then  €f^9^  ffir, 
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but  bj  d^nitum  #  +  y  is  the  logarithm  ct  NN^  to  base  a, 
or  (as  we  usually  write  it)  «  +  y  «  log^'iV'; 

/.  log^JV  -  log^+  log^. 

In  like  manner 

N 
and  .••  log«  j^«log^-  log^. 

126.  The  logariihm  of  any  power  of  a  number  ie  the 
logarithm  of  the  nunlber  muU^Med  by  the  indem  which  eafpreeaee 
the  power. 

Suppose  oT^N^ 

then  al^mlfp, 

or  jMP  —  iogjf^  by  definition, 
but  w  m  log^; 

In  like  manner 

logJV>  -  -  log^. 

126.  Henee  it  appears  that  by  means  of  a  table  of 
logarithms,  muUiplicaHon  may  be  performed  by  addition, 
divinon  by  subtraction,  involution  by  multiplication,  and  ewh 
luiiom  by  dirisioii. 

For  suppose  that  we  possess  such  a  table,  and  that  we 
wish  to  multiply  tctgether  two  numbers  N  and  iV'.  We  look 
for  the  logarithms  of  these  two  numbers,  add  them  together, 
and  then  look  amoqg  the  logarithms  for  the  sum  thus  found, 
the  number  corresponding  to  that  logarithm  will  be  NN": 
tnd  so  of  the  other  operations.  From  this  it  will  be  easily 
understood  that  the  use  of  logarithms  greatly  facilitates  long 
calcolatioiis* 
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127.  To  explain  the  advantage  qf  ehoaeing  10  a$  tke  bam 

of  a  system  of  logarithms** 

Suppose  we  have  any  two  numbers  in  which  the  digits 
are  the  same,  but  which  differ  from  each  other  in  the  positioii 
of  the  unit's  place :  for  example,  137  and  18700.    Then 

13700  «  137  X  100  -  137  x  10^; 

••.  logio  13700  «  logjo  137  +  «. 

Hence  the  logarithms  of  the  two  numbers  in  question  differ 
from  each  other  only  in  this,  that  the  larger  one  has  8  added 
to  it,  the  decimal  parts  of  the  two  being  the  same.  And  we 
may,  in  like  manner,  conclude  that  the  decimal  parts  of  the 
logarithms  of  all  numbers  having  the  same  digits,  but  a  dif- 
ferent unit's  place,  are  the  same.  Hence,  if  we  have  a  nde 
for  assigning  the  integral  part  of  a  logarithm,  the  tables  need 
not  contain  the  logarithms  of  all  numbers,  but  only  of  those 
in  which  the  digits  are  different. 

The  integral  part  of  a  logarithm  is  called  the  charaetit' 
tstic,  the  decimal  part  the  mantissa. 

128.  To  find  a  rule  for  ascertaining  the  eharaeterisiie  ^ 
the  logarithm  of  any  number. 

We  have  logio  10* »  2,  and  log,o  10*  ■  3 ;  hence  the  loga- 
rithm of  any  number  between  100  and  1000,  i.e.  of  any  number 

*  Logarithm!  calculated  to  the  base  10  are  sometimes  called  Brigga*  togaiidm^ 
fiom  the  name  of  their  inTentor.  The  first  dcTiser  of  the  method  of  logariihiiM  hovttv 
was  not  Briggs,  but  Napier,  baron  of  Marcheston  near  Edinbuigh,  who,  la  1S14,  ftb- 
lished  what  he  called  Canon  mirabiUs  Lo^farithmorum^  Tht  bate  ot  Napicr*a  ijttMi  il 
the  Talue  of  the  series 

,     ,        1  1  1 

1  +  1  +  . — :;  + 


1.2*  1.2.3      1.2.3.4" 

which  maj  be  easily  Khewn  to  be  equal  to  2.7182818 ,  and  which  la  tho  actaal  caU 

culatioQ  of  logarithms  and  in  manj  mathematical  procesatt  ii  tht  moat  fWiTfpinn  btM; 
it  is  usually  denoted  bj  the  letter  e.    (See  p.  95,  £z.  5.) 

Briggs'  logarithms  roaj  be  easily  deduced  from  Napler*i|  foff  ii  Nh9  uiy  nmWv 
we  hafc  by  definition, 

JV-  ICHiA 
•*•  taking  logarithms,  log,iSr-Bkig,^J^x  log,19, 

•••^••-^'iiio'**'*'^- 

Hence  Briggs*  logarithms  may  be  deduced  from  Napitr*i  by  nnlUplyiBg  tha  Uttm  bf 
the  quantity  j— yr  >  which  is  a  quantity  easily  calculated,  and  is  ealM  iht 
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of  flirae  digitsi  is  between  8  and  s,  and  therefore 
the  chnmeterifltic  is  8 ;  similariy  for  numbers  of  four  digits 
the  oharacteristic  is  3;  and  generally  the  characteristic  is 
one  less  than  ihe  number  of  digits.  If  the  number  be  decimal 
we  must  have  a  n^^ye  characteristic,  for 

logit  1-0, 

»nd  log„yJ^  « logM.  01  «  -  2 ; 

hence  the  logarithm  of  a  number  between  l  and  .i  is  less  than 
0  and  greater  than  —  l,  and  may  therefore  be  rejMesented  by 
—  1  -I*  a  mantissa ;  in  like  manner  the  logarithm  of  a  number 
between  .1  and  jOl  will  be  —  2  +  a  mantissa ;  and,  generally, 
the  characteristic  will  be  one  greater  than  the  number  of 
cyphers  whidi  precede  the  first  significant  figure.^ 

129.     Onlkeuie  qflojfanthmic  tabUs. 

Since  by  the  preceding  article  we  know  at  once  the  cha- 
racteristic of  the  logarithm  of  any  proposed  number,  it  is  usual 
in  tables  to  give  only  the  mantisRa  of  the  logarithm,  leaving 
the  characteristic  to  be  supplied  by  the  calculator.  Suppose, 
for  instance,  we  required  the  logarithm  of  3.7192 ;  looking  for 
the  number  57198  in  the  tables,  we  find  the  figures  57044g^ ; 
hence  we  conclude,  that  the  logarithm  required  is  .5704495. 
If  the  number  had  been  S7l.98i  the  logarithm  would  have  been 
8.5704495 ;  and  for  .037198,  the  logarithm  would  be  2.5704495, 
or  *  8  -f  Jf704495 ;  and  so  in  other  cases. 


are  usually  calculated  for  5  figures, 
but  the  logarithms  of  numbers  of  6  figures  may  be  found  very 
simply  if  we  assume  this  principle,  that  the  difference  between 
the  logarithms  of  two  numbers  not  diffSering  much  from  each 
other  is  proportional  to  the  difference  of  the  numbers.  For 
example,  the  mantissa  of  the  number  365120  is  5624356,  that  of 
165130  is  56124475,  and  the  difference  between  these  is  119 ; 

*  The  principle  tif  making  the  mantiflfs  always  poiitiTe  is  eTidentl j  only  cooTentional : 
the  kfaritfam  of  a  nwmbcr  between  .1  and  .4l  (for  example)  might  as  easily  be  denoted  b  j 
- 1  «■  a  innBtiMfc  ■■  by  —  S  -I-  n  mtntJiM. 


now  suppose  ire  wish  to  find  the  mantisaa  of  the  number 
S65IS4,  then  since  the  difference  for  lo  is  119.  vre  assume  that 

4 
the  difTerence  for  4  will  be  — ■  x.  II9,  or  48  nearly. 

Or  more  generally,  we  assume  that 

log,„  (A^  +  n)  -  logioA--  ^  {log„  iN+  10)  -  log^N]. 

We  say  assume,  but  in  a  complete  treatise  on  the  subject  the 
proposition  would  be  not  assumed,  but  proved. 

To  render  the  process  of  finding  the  logarithm  of  a  number 
of  6  digits  more  easy,  tables  are  supplied  with  auxiliary  tables, 
called  tables  of  proportional  parts.  These  are  simply  the  re- 
sults of  the  formula  —  {log  {N  +  10)  -  logmiVj  reduced  to 

numbers  for  each  value  of  n  from  i  up  to  9.  A  separate  table 
is  not  required  for  the  difference  between  each  pair  of  loga- 
rithms, because  in  looking  through  logarithmic  tables  it  will 
be  easily  seen  that  the  difference  remains  the  same  for  a  con- 
sidcrable  number  of  logarithms.  Thus  in  the  example  just 
now  taken,  the  table  of  proportional  parts  ii 
the  margin,  but  this  table  serves  for  all  numbers 
from  36*850  up  to  3fi7830.  These  tables  of  pro- 
portional parts  render  the  process  of  finding  loga- 
rithms of  numbers  of  6  figures  very  easy,  since  we 
have  only  to  inspect  the  table  and  ascertain  at 
once  the  quantity  to  be  added  to  the  logarithm 
given  in  the  table. 

130.  The  preceding  articles  contain  so  much  of  the 
theory  of  logarithms,  as  is  necessary  to  render  their  utility 
obvious  and  the  mode  of  using  them  intelligible  j  the  actual 
calculation  of  them  would  involve  us  in  series  with  which  the 
student  is  not  at  present  acquainted,  and  for  which,  if  be 
be  desirous  of  pursuing  the  subject,  he  is  referred  to  other 
treatises- 
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1.  The  science  of  plane  Mgcmnnetry^  according  to  the 
strict  meaning  of  the  words,  treats  of  the  mtaaurmnent  of  ploM 
triangles;  we  may  however  consider  the  name  as  applicable 
to  the  more  general  subject  of  the  measurement  of  plane 
angles^  of  which  the  measurement  of  triangles  forms  an  im- 
portant part. 

2.  The  term  angle  will  be  used  in  this  subject  in  a  more 
extended  sense  than  that  which  is  attached  to  it  in  Eudid^s 
elements,  for  an  angle  according  to  Euclid's  definition  cannot 
exceed  two  right  angles^  and  indeed,  according  to  our  ordinary 
conception  of  an  angle  or  corfi«r,  it  is  manifest  that  there  can 
be  no  such  thing  as  an  angle  exceeding  that  limit :  but  there 
is  no  such  restriction  in  Trigonometry;  in  that  science  the 
magnitude  of  an  angle  is  unlimited.  To  make  this  under- 
stood, let  BOA  be  a  fixed  ^ 
straight  line,  and  OP  a 
line  which  rerolTCS  about 
O,  and  which  at  first  co- 
incided with  OA.     Then 

we  say,  that  when  OP  is  ^ 

in  the  position  represents  B  . 

ed  in  the  figure,  it  has  described  the  angle  A  OP;  but  this 
mode  of  conceiving  an  angle  admits  of  extension  to  angles  of 
any  magnitude,  for  we  may  suppose  OP  to  revolve  beyond 
OB  and  so  describe  an  angle  greater  than  two  right  angles, 
or  more  generally,  we  may  suppose  it  to  describe  an  angle  of 
any  magnitude  whatever. 

3.  The  same  thing  may  be  put  in  a  slightly  different 
point  of  view,  by  considering  the  point  P  to  trace  out  a  circle 
with  centre  O.  Then  it  is  proved  by  Euclid,  (vi.  33),  that  in 
the  same  circle  the  angle  standing  on  any  arc  is  proportional 
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ftoooran^  to  ilie 


—  I  » ' - 1 


to  the 

amgltg,  cf  vUcb  the 

portant  pnt^ 

iriDbe 
tkat  vlnck  is  ■HaciiiJ  to  it  in  Eixlidli 
Ibr  a  n«^  aeeovdiB;  to  Eodid's  deinition  euMt 
exceed  two  ngjkftmngjkm^madinic^mocoidh^ 
coDoeption  of  an  ampk  or  conMr,  it  is  numifest  that  there  can 

that  limit:  but  there 


^  1  *•  .  ;.  I 


no  sndi  tUng^  as  an 

no  sodi  lesUiclion  in  Trigonometiy ;  in  that  science  the 
magnit^idg  of  an  ang^  is  nnliiniirJL  To  make  this  und^^ 
stood,  let  AO^be  afixed 
straight  line,  and  OP  a 
line  whidi  refolves  about 
O,  and  wfaic^  at  first  eo- 
ineided  with  OJ.  Then 
we  saj,  that  when  OP  is 
in  the  positicMi  rqnesent-  -»  ^  ^ 

ed  in  the  figure,  it  has  described  the  angle  JOP;  bat  this 
mode  of  ccMiceiraig  an  angle  admits  of  extension  to  angles  c^ 
any  magnitnde,  for  we  may  suppose  OP  to  revolve  beyond 
OB  and  so  describe  an  angle  greater  than  two  right  angles, 
<Mr  more  genersUy,  we  maysuppose  it  to  describe  an  angle  of 
any  magmtode  whatever. 

3.  The  same  tiling  may  be  put  in  a  slightly  different 
point  of  view,  by  considering  the  point  P  to  trace  out  a  circle 
with  centre  O.  Then  it  is  proved  by  Euclid,  (vi.  SS),  that  in 
the  same  circle  the  angle  stsnding  on  any  arc  is  proportional 
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In  this 

case, 

F 

10 
F  ^ 

"  10  " 

27.1544 
>  2.71544 

t  24.43896 
60 

26.SS760 
60 

20.25600 
.%  E  -  24®  26^  20"  S56 

Ex.  2.  To  find  how  many  grades,  minutes,  &c.,  are  con- 
tained in  the  angle  ^2fi  if  5i". 

Here  we  must  reduce  lY  5i"  to  the  decimal  of  a  d^^ree. 

60)  51 
6o)  17.85 

.2975 

/.  E  -  23.2975 

It 

—  B   2.588611 
9 

^     E 

.-.  £  +  —  -25.886111 

9 
/.  F-25«'88'6r'ir' 

Another  mode  of  measuring  angles  will  be  giyen  liere* 
after.     (See  Art.  52). 

ON  THE  USE  OF  THE  SIGNS  +  AND  -  TO  INDICATE  THE 

DIRECTIONS  OF  LINES. 

6.  The  primary  use  of  the  sig^s  +  and  —  is,  aa  we  hare 
seen  (Algebra,  Art.  5),  to  denote  addition  and  sabtraetion; 
nevertheless,  we  found  that  these  signs  immediatdy  intro* 
duced  the  notion  of  negative  quantities,  and  we  illustrated 
the  meaning  of  a  negative  quantity  by  a  debt»  which  may  be 
looked  upon  as  a  quantity  to  be  subtracted. 


ut 


«f  ^tt 


7.    A 

Mt  Ebciijf  to 

die  onpnal 

tfafe  of  mUa&m  Mid  gabliactioo,  Ihr  misKHw 

and 

And  if  we  lake  the  wigam  -i*  and  ~  as  kaTinp  this  mcaaii^ 
we  ahall  aee  at  eaee,  tikat  mmaog  other  qoafitiea^  thej  pio- 
perij  dtfrijgnatfi  0|Hioaitk»  in  dirtetim  iriien  appfied  to  fines. 
Aa  an  riamide,  let  ns  eonsider  what  will  be  the  meaning 
of  a  negatife  am^g.     Suppose  the 
line  OP  bj  its  reiointioo  about  O 
and  mpmudt  £ama  OA  to  deseribe 
the  ang^  AOP^  and  let  an^es  de- 
aeribed  in  this    wnmnnr  be  consi- 

Then  if  the  fine 
from  QA  and 
describe  Ihe  ang^  AOF^  this  angle 
w3  be  ptopeiljr  aeemmled  negatite. 
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The  same  explanation  would  apply  to  negatiye  oref, 

8.     In    what  follows,  C 

we  shall  consider  that  if 
AOB,  COD,  are  two  lines 
at  right  angles  to  each 
other,  then  lines  drawn 
parallel  to  AOB  are  po- 
sitive if  to  the  right,  ne-  ^ 
gative  if  to  the  left  of 
CDf  aiid  lines  drawn  pa- 
rallel to  COD  are  positive 
if  drawn  above  AOB^  and 
negative  if  below  it.  ^ 

We  shall  see  immediately  the  great  advantage  of  the 
preceding  conventions. 


o 


ON  THE  TBIOONOMETBICAL  FUNCTIONS  OF 

AN  ANQLE. 


Fig.  L 


Fio.  IL 


f 


ir—k 


Fio.  m. 


Fio.  IV. 


f 


9.  Let  the  line  OP  revolving  from  the  initial  pontio^ 
OA  about  O  describe  the  angle  AOP;  from  i>  let  fitD  tlie 
perpendicular  PN  upon  the  line  AOB,  then  the  ratio 
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(i)     ----  is  defined  to  be  tlie  am  of  tlie  mqdte  AOP. 


(2) 


W 


ON 
OP 

PN 
ON 


ON 
W     pj^ eaUmgaU 

i    N  OP 

(5) 


OiNT 


,^     OP 

(6)     pTy coiecon^ 


ON 
(7)     ^"-Qp • versedgme 


Hie  ratios  to  which  we  hare  just  assigned  names  are 
caUed  the  trigonometrical  JimeHons  of  the  angle,  that  is, 
quantities  which  depend  upon  that  angle  for  their  iralue,  and 
(conyersely)  which  being  given  determine  the  yalue  of  the 
angle. 

For  shortness*  sake  we  usually  denote  an  angle  bj  some 
ringle  letter,  as  for  instance  A ;  and  we  write  the  names  of 
the  functions  above  defined  thus,  sin  A,  cos  A,  tan  Ay  cot  A, 
sec  A,  cosec  A,  vers  A*. 

10.     The  meaning  of  these  names  f,  and  the  relations  of 

*  It  is  loiDetiinet  con?ement  to  denote  hj  a  single  symbol  the  angle  whose  sme  is  an j 
gifCD  quantity;  the  following  is  the  notation  osually  adopticd;  sin'^x,  cos~*dr,  tan-'x, 
&e.  are  symboli  taken  to  represent  respectiTely  the  angle  whose  sine  is  «,  the  angle 
whose  cosine  b  jr,  the  angle  whose  tangent  is  Jt,  &c.  The  reasons  for  choosing  this  nota* 
tioB  it  is  not  necessary  to  discuss  here. 

f  In  the  older  treatises  on  Trigonometry  it  was  usual  to  define  the  line  PN"  to  be  the 
ibie  of  the  angle  PON  or  of  the  arc  AP^  ON  to  be  the  cosine,  and  so  on.  The  dis« 
sdtantagc  of  this  method  is  that  in  order  to  make  an  angle  determinable  from  its  sine,  it 
k  Bid  MSI/  to  state  what  b  the  radios  of  the  drde  in  which  the  lines  are  drawn.  If 
however  we  soppose  the  radios  of  the  circle  to  be  uid^  thb  method  of  definitioQ  wlU 
csiidde  with  diet  ghm  In  the  text. 
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the  trigonometrical  functions  to  each  other,  will  be  seen  more 
distinctly  from  another  mode  of  defining  them. 


*  J  » t 


* '  Suppose  the  point  P  at  the  extremity  of  the  revolTiiig  line 
OP  to  trace  out  a  circle  of  radius  r.  At  the  point  J,  whidi 
is  the  initial  position  of  P,  draw  the  tangent  TA  7^,  and  let 
OP  be  produced  to  meet  JT  in  T;  also  draw  PN  perpen« 
dicular  to  OA ;  then  we  may  define  the  trigonometrical  fane* 
tion  of  the  angle  POA  or  A,  thus : 


•     .     PN 

Bin  Am , 

r 

tan  Am [m---,  by  similar 

r   \     ON 


esj. 


vers  A  • 


AN 


With  regard  to  the  three  other  functions  we  may  obserre 
that  the  complement  of  an  angle  is  its  defect  of  a  right  angle, 
and  that  eaeine  merely  signifies  sine  of  the  eomplemeni^  eo- 
tangent  tangent  of  the  complement^  and  coeecant  secant  of  the 
complement.    Hence  these  functions  need  no  new  definition  • 


but  if  ve  talks  .M)C  a  ei^c  jngtf  xhl^tx^f  ais  "aBUGxc  i  x^. 
and  PJf  pftuwArnfiir  i^  OC  jdI  nmmcft  -J^P  %  snass  CF' 


•TV 


cr*    pjr    cjr 


•■  j< 


COF 


or"     vf*    OP 


OM     Fy 


jp 

r 


the 

adf  fionifiar  vith 


flb^^ -l-cos^J  »  I*,  tam^  ^ 


eonA 


1  cos^  1 


eos  A  sokA  an  J. 


12.     Furtbermore,  if  ooe  of  the  tri^ocroiDeCzkal  jm^ 
be  giTea,  it  is  not  Afficoh  to  extaeja  dl  tbe  rest  in  tcnns  cf 
it     For  mmplei  let  it  be  lequiied  to  express  all  tbe  fimc* 
tioos  in  tenns  of  the 


We  hare  cos  J  — A\/i  -sii^i 

sin^ 
tan^  «  A  -"7 —    T-r-. » sec  J  «  * 


\/\  —  sin'^  1 

cot^  «  A -, — - — ,C06ec^ 


sin^  sin^ 


tiM  n>^,  o^^,  &c  lepRKBis  (SB  J>*,  (CM  J)*.  &c  €r  the  «f«Mrv  of 

liiJyCM^fAcL      It  appcm  «  tkc  wImIc  t»  be  the  BMM  CQBTCDiCBt  BOtaCMD»  llMUfll 
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13.  Let  US  here  inquire  by  the  waj  what  is  the  meaning 
of  the  ambiguity  of  the  ^gn  in  the  preceding  example. 

The  reason  will  appear 
thus:  let  AOP  be  the 
angle  of  whicn  the  sine  is 
given;  take  BOP^  ^  JOP, 
then  it  is  evident  that 
sin  JOP^  m  sin  JOP,  and  ^ 
therefore  the  given  sine  may  as  well  belong  to  AOP^  as  to 
AOP.  But  it  is  not  true  that  cos  JOP^  m  cos  AOP;  for  ON, 
ON'  are  drawn  on  opposite  sides  of  O,  and  therefore  if  one 
is  positive  the  other  is  negative:  hence  we  have  cos  A  OP^ 
«  -  cos ^ OP;  and  therefore  in  the  above  set  of  formulaa,  we 
must  take  the  upper  or  lower  sign,  according  as  we  suppose 
the  given  sine  to  belong  to  AOP  or  AOP^. 

14.  The  difference  between  a  given  angle  and  two  right 
angles  is  called  its  supplement.  The  preceding  remarks  shew 
us  that  the  sine  of  an  angle  is  the  sine  of  its  supplement,  and 
that  the  cosine  of  an  angle  is  the  cosine  of  its  supplement  with 
the  sign  changed. 

15.  To  trace  the  sign  of  sin  A,  cos  A,  tan  A,  mc  A,  a#  A 
increases  from  0*  to  36(ft,     (See  the  figures  of  Art  9-) 

PN 
By  our  definition,  sin  A  «  -— ,  and  has  therefore  the  same 

sign  as  PN,  since  there  is  no  reason  why  OP  should  ever 
change  sign. 

Hence  sin  A  is  positive  when  A  is  between  0^  and  180^, 
negative  when  between  ISO^  and  36o^. 

ON 
Cos  A  -      - ,  and  has  therefore  the  same  sign  as  ON. 
OP  ^ 

Hence  cos  A  is  positive  when  A  is  between  0^  and  90*, 
negative  when  between  90°  and  270*9  and  positive  when 
between  270*  and  36(f. 

PN 
Tan  Amm~~    and  is  therefore  positive  when  PN  and  ON 
ON 

have  the  same  sign,  negative  when  they  have  contrary  signs. 
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Hence  ton  A  is  positive  when  J  is  between  (fi  and  90^  or 
between  180^  and  270^;  negative  when  it  is  between  90®  and 
180*,  or  between  270^  and  86(fi. 

OP 
Sec  A  »  jr^,  and  has  therefore  the  same  sign  as  cos^. 
ON 

In  like  manner  may  be  determined  the  signs  of  cot  A  and 

cosec  A.     Vers  A  is  always  positive. 

The  sign  of  chd  A  may  be  deter- 
mined thus.  Let  AGP  be  the  angle  A, 
AP  the  subtending  arc ;  join   AP^  then 

AP 
chd  A  —  -j-r .     Now  draw    OQ,    perpcn- 

dicular  to  AP^  and  therefore  bisecting  it ; 
then  OQ  also  bisects  the  angle  AOP^  and  o 

therefore  each  of  the  angles  AO(i^  POQ  m  -  ; 

..  J      AP       AQ         .A 
.\chdA  --77;«2-T-r  =  28m--. 
AG       AG  2 

A  A 

Hence  chd  A  has  the  same  sign  as  sin  —  :  but  sin  —  is  posi- 
tive while  —  is  between  0*  and  180^  or  A  between  (fi  and  S60^, 
2 

and  negative  while  ^  is  between  1 80^  and  S6(fi,  or  A  between 

36c^  and  720^.  Therefore  chd  A  is  positive  while  the  revolv- 
ing line  makes  its  first  revolution,  negative  while  it  makes  its 
second,  and  so  on*. 

*lf  we  adopt  the  mode  of  defining  the  trigonometrical  functionB  given  in  Art.  10, 
and  consider  the  radius  of  the  circle  to  be  always  a  positive  quantity  as  it  must  be,  the 
change  of  sign  ci  each  of  the  functions  will  depend  upon  that  of  a  single  line,  namely, 
the  sine  upon  PJNT,  the  tangent  upon  A  7*,  and  so  on ;  and  it  is  very  easy  from  this  mode 
ef  definition  to  determine  the  change  of  sign  of  those  functions  for  which  the  single  line 
in  question  is  drawn  perpendicular  to  some  fixed  line,  for  we  have  only  to  assume  the 
lonctions  to  be  positive  in  the  first  quadrant,  and  then  consider  them  to  be  positive  or 
negative  in  the  rest,  according  as  they  are  drawn  in  the  same  direction  as  in  the  first  or 
in  the  opposite.  To  this  class  belong  all  the  functions  except  the  secant,  cosecant,  and 
cfaofd;  and  U  will  perhaps  be  useful  to  shew  how  the  general  principle  of  using  the 
negative  sign  as  indicative  of  direction  applies  in  these  less  simple  cases. 

1.  Speaking  of  the  radios  of  the  circle  as  unity,  we  may  say  that  the  secant  is  the  line 
drawn  from  tb«  ccntn  through  the  extremity  of  the  arc  to  meet  the  line  touching  the 
circle  at  the  beginning  of  the  first  quadrant ;  now  if  this  definiticm  be  strictly  followed  in 
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16.      To  determine  the  change  of  magnitude  of  sin  A^cos  A, 
tan  A,  see  A,  cot  A,  cosec  A,  while  A  increases  from  (fi  to  SQOP. 

Retaining  the  same  figures  as  in  the  last  article,  it  will  be 
seen,  that  as 

A  increases  from  0*  to  90^  ON  decreases  from  OP  to  0, 

PN  increases  from  0  to  OP, 

A 90^  to  180°,  ON  increases  from  0  to  OP^ 

PN  decreases  from  OP  to  0, 

A 180°  to  270<>,  OiV  decreases  from  OP  to  0, 

PN  increases  from  0  to  OP^ 

A 270«  to  S60«  ON  increases  from  0  to  OP, 

PN  decreases  from  OP  to  0. 
Hence  observing  the  changes  of  sign^  as  already  explained, 
it  is  easy  to  deduce  the  following  table  for  the  changes  of  sign 
and  value  of  the  functions. 


A  between 

0«...90« 

90°  ...  180" 

180°  ...  270" 

270"  •..860° 

sin^ 

0...  1 

1  ...  0 

0...  -1 

-  1  ...0 

cos^ 

1  ...0 

0...  -  1 

-  1  ...  0 

0...  1 

tan^ 

0...  +00 

-00    ...0 

0...  +00 

-00  ...  0 

sec^ 

1    ...    +  00 

—  00    ...  —  1 

—  1    ...    —  00 

+  00    ...    I 

cot^ 

+  00  ...  0 

0...  -00 

+  00  ...  0 

0...  -00 

cosec  A 

+  00    ...   1 

1    ...    +00 

—  00    ...    —    1 

—   1   ...    —00 

the  second  quadnnt,  that  is,  if  in  the  figure  of  Art.  10  we  join  OP*  and  produce  it,  we 
shaU  never  make  it  meet  the  line  touching  the  circle  at  ^ ;  therefore  we  must  suppose  it 
drawn  in  the  reverse  direction  and  must  account  it  negative. 

2.    Similar  remarks  apply  to  the  cosecant. 

S.  The  chord  is  the  portion  of  the  chord  drawn  through  A  (fig.  Art.  10)  and  the 
extremity  of  the  arc,  intercepted  by  the  circle ;  now  if  we  suppose  an  indefinite  line  to 
revolve  round  one  extremity  A,  it  is  evident  that  a  certain  portion  of  it  will  be  inter- 
cepted by  the  circle  while  the  line  revolves  through  two  right  angles,  that  is,  while  OP 
revolves  through  four  right  angles,  but  after  that  if  the  line  continue  to  revolve  no  por- 
tion wiU  be  intercepted ;  consequently  there  will  be  no  chord  from  360>  to  720*  unlets  we 
anppose  the  above  revolving  line  to  be  produced  backwards,  and  the  chords  so  formed  wiU 
be  rightly  accounted  negative. 

The  preceding  conclusions  are  in  accordance  with  those  in  the  text. 

Another  mode  of  considering  this  question  is  to  regard  the  revolving  line  as 
indefinite  on  both  sides  of  the  point  about  which  it  revolves,  and  then  the  positive  and 
negative  intercepted  lines  may  be  discriminated  by  observing  on  which  side  of  the  fixed 
point  of  revolution  the  intercepted  portion  lies ;  if  it  lie  on  the  same  side  as  that  which 
was  intercepted  in  the  case  of  the  first  quadrant  it  wiU  be  positive,  if  otherwise  oegatiTe. 
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The  student  is  recommeoded  to  make  himself  as  familiar 
as  possible  with  the  results  of  the  preceding  table:  and  it  may 
be  obserred,  to  aid  him  in  doing  so,  that  if  he  becomes  well 
acquainted  with  the  changes  of  the  sine  and  cosine,  those  of 
the  other  functions  are  at  once  deducible. 

It  will  be  remarked  that  the  trigonometrical  functions 
change  sign  in  passing  through  0  and  oo ,  and  for  no  other 
values*. 

17.  The  values  of  vers  A  and  chd  A  have  not  yet  been 
g^ven.     They  are  of  no  great  importance,  as  those  functions 

may  always  be  replaced  by  l  -  cos  A,  and  2  sin  —  respectively ; 

they  are  however  as  follows : 


A  between 

(fi...9(fi 

9(fi...  lS(f 

180»...270« 

270^...  S60» 

xersA 

0  ...  1 

1  ...2 

2...  1 

1  ...0 

A  between 

(fi...  180^ 

180»...860» 

S6(f  ,..54€P 

54(y>...7«0« 

chord  A 

0  ...  2 

2...0 

0  ...  -  2 

-  2  ...  0 

We  have  already  seen  that  sin  ^  «  sin  (180^- ^4)  and 
that  cos  -i  -  -  cos  (ISO*  -  A)  (Art.  14) ;  we  shall  now  prove 
more  general  propositions  of  the  same  kind. 

18.      To  prove  that^  n  being  any  integer^ 

Wn  A  »  >ii  «tn  (4n .  90^  ik  A)  -  ik  sin  {(4n  +  2)  90^  if  A}. 

It  is  manifest  that  none  of  the  trigonometrical  functions 
(except  the  chord)  are  altered  by  supposing  the  angle  to  be 
increased  by  any  number  of  complete  revolutions  of  the  re- 
volving line ;  that  is  to  say,  sin  A  <■  sin  (4n .  90^  +  A,) 

*  This  is  Mimetimes  a  very  conTenient  principle  upon  which  to  determine  the  valuei 
for  wMtHi  m  trigoocMnetrical  quantity  changes  its  sign.  For  example,  let  it  be  required  to 
decennine  the  Talues  of  A  for  which  sin  ^  +  cos  ^  changes  from  +  to  — ,  or  from  —to  •s  A 
fittk  coosideratioo  wiU  shew  that  fat  A^  IW,  sin  ^  +cos^  «=  0 ;  and  that  the  same  is 
true  far  A  s916*.  Ccmsequently  fnm  0*  to  136^  the  quantity  is  ponitive,  from  IW  to  815<^ 
it  it  negBtfve,  and  again  from  S15*  to  360*  positi?e.  Let  the  student  discuss  in  the  sami4 
maoncr  tan  A  —  cot  A» 
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Again,  if  we  take   FOA  -  -  POA,  it  is  evident  that 

•'.  sin  j<  >-  -  sin  (—  A) 

-  -8in(4n.90^--4) 
by  what  precedes. 


Again,  if  we  produce  PO,  P^O,  to  P",  F'  it  may  be  seen  that 

sin  (180^  -  ^)  -  sin  A^ 
and  sin  (180^  +  ^)  •  -  sin  ^. 
Hence  AnAm  ^ sin (2.90* if  A) 

-  ^sin  {{^^9)9^^  A}. 

Other  propositions  may  be  demonstrated  in  like  manner: 
as  for  example, 

cos  ^  -  cos  (720*  -*•  Jt), 
cos  ^  -  -  cos  (540*  i  A)^ 
tan^  <-  ik  tan  (180®  ^  A). 


ON  FORMULA  INVOLVING  MORE  THAN  ONE  ANGLR 

19.  Given  the  sines  and  cosines  of  tuH>  angles^  to  find  the 
sine  and  cosine  of  their  sum  or  difference. 

Let  POQ,  QOM  be  any  two  angles,  which  call  A  and  B 
respectively. 

From  any  point  P  in  OP  draw  PQ  perpendicular  to  OQ. 
And  from  P.  Q  draw  PJV,  QM  perpendicular  to  OM,  and  QR 
peipendicular  to  PIT. 


TORiniLiB  nnroLviNo  korb  than  onb  akolk. 


121 


It  will  be  seen  that 
QPB  -  90*  -  PQR 
^RQO^QOM'Bi 
then  em  (A  +  B)  » tin  PON 
PN     PB+QM 

"op'     op 

pq  pb    oq  qm 
"  op'  pq  ■*■  op'oq 


—  sin  j<  cos  £  +  cos  ^  sin  ^ (i). 

ON     OM-QR 

op" 


Again,  coe  ( J  -f  ^5)  -  cos  PON 


OP 


OQ  OM     PQ  QR 


OP'OQ      OP'PQ 
—  cos^  cos  J?  -  sin  ^  sin  B (8). 

For  the  sine  and  cosine  of  the  difference  of  tiro  angles  we 
must  make  a  new  construction. 

Let  POQ  ->  A,  QOM'B  as 
before,  then  POM  -  A  -  B. 
From  any  point  M  in  OM  draw 
the  lines  MP,  JIfQ  perpendicu- 
lar to  OP  and  OQ  respectively, 
ON  perpendicular  to  OP,  and 
MR  to  QN.  It  is  evident  that 
MQR  -  J. 


Then  sin  (^  -  ^  -  sin  POM 


PM     QN-  QR 


OM          OM 
QN  00^     QR^  MQ 
"  OQ'  OM"  MQ'  OM 
mtiaA  cos  B  -  cos  A  sin  B (s). 

.      .             r^      «            ««.,     OP      ON  +  MR 
Again,  cos(^  -  ^  -  cos  POJtf  -  ^ ^^^^ 

ON  OQ  MR  MQ 
"  OQ'  OM"*" MQ'  OM 
m  c<M  A  COB  B + tan  A  sin  B (4). 
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20.  It  will  be  observed,  that  the  preceding  f<mnul»  have 
been  proved  by  means  of  figures  which  suppose  both  A  and 
B^  as  well  2a  A-^-  B  and  ^  -  A,  to  be  each  less  than  a  right 
angle ;  nevertheless  we  are  justified  in  concluding  that  the 
same  formulae  will  hold  in  all  cases,  provided  the  proper 
signs  be  given  to  the  quantities  which  enter:  and  herein 
consists  one  great  advantage  of  the  mode  of  denoting  the 
directions  of  lines  by  their  signs,  that  when  any  formula 
has  been  established  for  a  standard  case  in  whfch  all  the 
lines  are  positive,  the  same  may  be  safely  assumed  to  be 
true  in  all  other  cases*. 

As  an  example  of  what  has  been  here  remarked,  it  may 
be  observed,  that  the  formulie  (3)  and  (4)  just  proved  may 
be  deduced  from  the  formulsd  (1)  and  (2)  by  changing  the 
sign  of  the  angle  B.     For  we  have  from  (l), 

sin  {A  -k-  B)mBV[iA  cos  B  +  cos  A^B\ 

now  write  -  B  for  jff,  and  we  have 

sin  (^  -  i?)  B  sin  A  cos  (-  B)  +  cos  j<  sin  (-  B) 

«  sin  ^  cos  B  —  cos  A  sin  B^ 

which  agrees  with  (3) ;    and  similarly  (4)  may  be  deduced 
from  (2). 

But  still  fmrther,  (2)  may  be  deduced  firom  (l) :  for  we 
have 

cos(^  +  jB)  -  sin  {(9(f  -A)^B] 

-  sin(90*  -  A)  cos  (-  B)  +  cos  (90^  -  -i)  sin  (-  J?) 

i-  cos  A  cos  J3  -  sin  ^  sin  B. 

Hence  it  appears,  that  the  only  formula  which  it  is  quite 
necessary  to  establish  by  reference  to  a  geometrical  figure,  is 
the  fundamental  formida  (l). 

21.  By  making  B  m  A  vre  obtain  the  following  formulie : 

sin  2  A  mm  2  sin  A  cos  A, 
cos  2  A  m  cos*  A  -  sin*  A. 

*  The  student  win  find  it  a  oscful  exercise  to  demonstrmtt  mnj  of  the  fennul* 
(1)>  (')•  (S)«  (4)  in  peniculsr  CMes  in  which  the  precedinf  cooditioos  u*  not  (Vilfllicd  t 
OS  fee  instaac*.  when  il  U  >  9<r»,  B  <  90*,  end  .4 -t- B  <  180*.  In  doing  so  let  him  draw 
•  Nw«  adariod  to  the  particolar 
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which  last  formula,  in  consequence  of  the  relation 

co^A  +  ein*  A  —  l, 
may  be  put  under  either  of  the  following  forms, 

cos  2A  »2  COB*  A  -  1, 

cos  2^  i-  1  -  2  sin*  A. 
Also,  conversely,  we  have  the  following  useful  formulae, 


J         .     ^   /l  +  cos  2^ 
COS  A  -  A    \/ 


•      J       ^    ./1-COS2A 

sm  ji  «  ik  \r 


We  may  observe  that  the  sign  ^^  necessarily  attaches  to 
these  two  formulse;  and  when  the  limits  between  which  A 
lies  are  known,  the  proper  sign  may  be  given.     Thus, 
if  ^  lie  between  0^  and  90^, 


/l  +cos2^ 


cos  A  "  -¥   \/ ,  sm  A 

2 


if  J  lie  between  gcP  and  180^ 


/l  +  cos  2^ 


cos  A^  -^  \J ,  sm  A 


if  J  lie  between  18(^  and  270^, 


A         ^  /l  +  cos  2^        .      ^ 

COS  A  ^  \J ,  sm  A 

2 

and  if  A  lie  between  2700  and  S60^ 


.  /i  -f  cos  2^ 


COS  A  ^  y/ ,  sm  A 


^'J'-- 

-COS2il 

i     'V 

2 

.\/^- 

-  COS  2  A 

T      V 

2 

\/^- 

-  COS  2-^ 

V 

2 

-a/'- 

-  COS  2^ 

We  have  expressed  sin  A  and  cos  A  in  terms  of  cos  9,  A ; 
we  may  also  obtain  expressions  for  them  in  terms  of  sin  2^, 
as  follows : 

1  4-  sin  2^  «  CQ^ A  -f  sin* j<+  2  sin^  cos^  «  (cos^  +  sin  j<)', 
1  -  sin  2^  «»  cos'  A  +  sin*  if  -*  2  sin  ^  cos  A  «  (cos  J  -  sin  A>^\ 
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and 


/.  C08 A+  BinA^^ \/l  +  8in 2-rf, (     ,  ^ 

J f**«vo)- 

COS  J-'BinJmAxx/i^  sin  2^,J 

cos  J  «  ik  ^  \/i  +  sin  2  J  A  ^  x/l  -  sin  2J, 
sin  ^  a  ik  ^  v/l  +  sin  Sitf  if  ^  \/l  -  sinSJ, 


the  expressions  required. 

'  There  is  greater  difficulty  in  determining  the  proper  signs 
to  be  used  in  this  case  than  in  the  preceding ;  but  the  follow- 
ing considerations  will  lead  us  to  the  point  which  we  desire*. 

From  0^  to  45^ ,  sin  A  is  positive,  cos  A  is  positire,  and 
cos  Ah  >  sin  A;  therefore,  looking  to  the  equations  (a),  we 
see  that  the  upper  sign  of  each  radical  must  be  taken. 

'      From  45®  to  155*,  for  like  reasons,  cos  J  -f  sin  il  is  positive, 
and  cos  ^  -  sin  ^  negative. 

From  135®  to  225®,  cos  A-^-sinA  is  negative,  and  cos^-^sin  J 
negative. 

From  225®  to  315^,  COS  A  +sin  A  is  negative,  and  cos  ^-sin^^ 
positive. 

From  315®  to  36o^  C03A  +  sin  A  is  positive,  and  cos  J  -sin^^ 
positive. 

Hence  we  have  the  following  table  of  signs : 


0®to45® 

45®  to  135® 

135®  to  225® 

225®  to  315® 

S15®to360^ 

cos  if 

+       + 

+ 

-            - 

-            + 

+           + 

sin  A 

+      - 

+         + 

+ 

—            — 

+ 

22.      To  express  tan  (A  i  B)  in  terms  of  tan  A  and  tan  B. 
We  have 

"^  ^      COS  {A  A  B) 

sin  A  cos  B  ^  cos  ^sin  B 
cos  AcosBf^T^AsinB 

*  The  sigDi  of  thete  radicali  m^j  alto  be  detennincd  opoo  tbo  principk  ntod  is 
the  note  upon  page  119,  that  it,  the  principle  that  the  radieala  wiU  cfaaafe  their  tifot 
when  the  qaantitiet  beneath  them  become  mo. 


Makhi^  H  «  4,  w  oiiiaB  ife  fiiiKi&i. 

Heneeako 

cot(4* J)«  ^^^^^  «   ^^ > 

,      - 1 

and  cot 2^  »    ^ ,  t- » 

23.     TliefiDllam^finnfe  are  of  great 
Betrical  iuiftiiigatini 

WeluiTe 

^--^  +  nr"'  ' — i 5-- 

.     ^       .    4  +  *        J-B            A^B  .    A^B 
.  BmA^BOk COS -fcoa sm , 

.    „      .    A^B       A^B           A^B  .    A^B 
fgnB^  am coa —  ooa- sm , 

2  2  2  2 

A-^B        A^B       .    A^B  .    A^B 
G06^-eoa— Y~G06 — sm— ^sm  — — , 

A^B        A^B       .    A^B  .    A^B 
cobB  «eoa eoa +  am am • 

2  2  2  2 

am4  +  8iiijB->2sm coa (i) 

2  2  ^  ^ 

ain^  -  8iniB  —  2coe sin 

2                    2 
GOa4  +  C08iB«'2COS COS (s) 

.   A^B  .    4  -B 
ooaJ?-co84«28m — - — sin  • (4) 

2  2  ^  ^ 
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24;  The  formulae  which  have  been  investigated  in  the 
last  few  articles  may  be  easily  extended  to  functions  of  three 
or  more  angles.    For  instance, 

An{A  +  B  +  C)  »  Bin  (J  +  B)  cos  C  +  cos  {A  -f  A)  sin  C 

•  (sin^  cosjB+ cos  Jsin  0)cos  C+  (cos^cos  J9  -sin^sin  J9)sin  C 

«  sin^cos  J?cosC 4- siujBcos^  cos  C 

+  sin  C  cos  A  cos  jB-sin^sinJSsinC. 

Similarly  we  may  express  cos  (A-^-B^C),  tan  {A  ^  B  +  C)^ 

&c.,  in  terms  of  the  trigonometrical  functions  of  the  simple 
angles. 

In  like  manner  we  may  express  sin 8  A,  cos  8  A. 
sin  3  ^  «  sin  {A  +  2  A)  '»  sin  A  cos  2  ^  +  cos  ^  sin  2  ^ 

■  sin  ^  (1  -  2  sin*  A)  •¥  2  sin  A  cos'  A 
a  sin ^  {l  -  2  sin* ^  +  2  -  2  sin*  A\ 

■  S  sin  if  -  4  sin'  A ; 

COS  8 A  «  cos  (A  '\-2A)m  cos  A  cos  2  ^1  -  sin  ^  sin  2  il 
•  cos  A  (2  cos*  j<  -  1)  -  2  sin*  A  cos  A 

m  COS  A  |2C0S*^  -  1  -2  +  2COS*^| 
•  4C08'j<  -SCOS.^. 


It  will  be  convenient  for  purposes  of  reference  to  collect 
in  one  table  the  formulse  which  have  been  investigated. 

8in(^  +  i3)  •  sin  ^  cos  A  +  cosJ  sin£, •*-«0) 

cos(^-f  J?)  >-cos^cos  J3  -  mnAsinBj (2) 

8in(^  ^  B)  m  sin  <^cos  J?  -cos^sin^, (s) 

cos(A  -  J3)  •  cos  if  cos  B  + sin  if  sin  J3, (4) 

sin2j  *  28in^cosJ,orsinitf«2sin~cos  —  (5) 

2         2^' 

cos2^-i  cos*  if-  sin*  -4-  2cos*J- 1  - 1  -  2sin*^, 


^A      .  ^A  ^A  .  ^A}    (6) 

orcos<^«cos* — sin*— 2C08* — '-'  _a-.«i    i     v  / 

2  2 


"-i-i-i-2sin"-4,^ 

M  .  .A} 

2  2J 
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COS  J  -  A  V  > v) 

2 

-— "/^^ .,., 

COS  J-  -k^  v/l  +8m2j  A  J\/l  -  sin  2  J, (9) 

sin^-  A  i  \/l  +  sin  2^1  T  i  Vl  -  sin  StA, (lO) 

tan  A  ik  tan  B 


tan  (A^B)^ jr = 

^  '     1  T  tan  ^  tan  £ 


(11) 


,      A 
2  tan  — 
2  tan  J  .        .  2  ,,^v 

tan  2  J T—r-j  .  or  tan  -4  -  .  f   ...(l«) 

1  -  tan'  A  ,     i     i  -« 

1  -  tan'  — 
2 

.  ^  .,      «v      cot  A  cot  B  T  1  ,,  -V 

cot  (J  A  S)  -       ,p^      ,    .  , 03) 

cot  B  Ji  cot  ^ 

,^A 

..  .  cot 1 

^      ^       COt'-i-  1  .     .  2 

cot2j -— - ,  or  cot  J  »  .    , (14) 

2  cot  A  ^     X  -^ 

2  cot  — 
2 

•  ^       •»     ^  •    A -¥  B        A^B 

smA  +8in 5-  28in cos -, (15) 

•  ^      -    n     «^     A  +  B  .    A -^ B  .^ 
sin^  -  8in^«2cos sin , (16) 

2  2 

A^B        A^B 

cosil  +co8i^-i2cos cos , (17) 

2  4  ^ 

v«             j^.A-^-B.A^B  . 

cmB  -  cos  J  «28in sin  — - — , (18) 

2  2 

sin  3^  •  3  sin  J  -4  sin' J, (19) 

C085J  •  4COS^  J  -  3C08jtf (20)      , 
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DETERMINATION  OF  THE  NUMERICAL  VALUES  OF 
THE  TRIGONOMETRICAL  FUNCTIONS  OF  ANGLES. 

25.  The  value  of  the  trigonometrical  functions  of  certain 
angles  may  be  expressed  with  great  facility  and  simplicity, 
that  of  others  must  be  found  by  a  laborious  course  of  calcu- 
lation.  A  few  which  present  the  most  simple  iuYesUgation 
are  here  given. 

To  find  the  value  of  rin  45^ 

In  general  sin'  A  +  cos'  J^l. 

Let  J  —  45® ;  .*•  cos  A  m  cos  45®  —  sin  45® ; 
.•.  2  sin'  45®  •  1, 
sin*  45® -i, 

sin  45®  •  —7= ; 

the  positive  sign  of  the  radical  is  taken,  because  we  know  that 
sin  45®  is  positive. 

Hence  also  cos-  45^  •  — 7=t  ,  and  tan  45®  •  cot  45®  •  l. 

To  find  the  value  of  sin  30®. 

cos  SO®  -  sin  60®  -  2  sin  SO®  cos  SO® ; 
•*•    2  sin  SO®  «  1, 
sin  SO®  «  ^. 

Also  cos  3(fi  -  ^1  -sin«  so®  -  — ,  and  tan  S0»        ^ 


2  •• — ^   ^r 

The  values  of  sin  45*  and  sin  SO®  may  be  obtiuned  very 
simply  by  a  geometrical  figure,  thus : 
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Let  ACB  be  an  isosceles  triangle  and  having  a  right  angle 
at  C.     Then  each  of  the  angles  J  and  B  A 
is  an  angle  of  45^. 

.       ,     BC  BC 

/.  Bin  45^  a  -—-  m  =— 

^B     s/a(^  +  BC 

BC  1 

"  s/^BC     \/2' 

Again,  let  ^^C  be  an  equilateral 
triangle,  and  draw  BD  perpendicular  to, 
and  therefore  bisecting  AC.  Then  since 
the  angles  A^  B,  C»  are  equal  to  each 
other  and  together  equal  to  180*,  each  of 
them  is  60*,  and  therefore  JBD^  which 
manifestly  is  half  of  ABC,  •  S€R. 


.*.  sin  30*  m 


AD 
AB 


To  find  the  value  of  sin  18*. 

Sff>=90*-54*'; 
.•.  sin  Sff*  -  cos  54^. 

We  have  seen  (Art  24)  that  cos  SA  '^4  cos"  A  -  S  cos  A ; 
also,  36^  ^2  X  18^  and  54*  •  8  x  18^ 

.-.  2  sin  18*  cos  18*  •  4  cos"  18®  -  8  cos  18*, 

2  sin  18*  -  4coa«  18*  -  s  «  l  -  4sin«  18*, 

sin  18*      1 

~2       "4* 


sin«  18*  + 


Completing  the  square, 


.  .    ^     sm  18*      1       1       1 

gin«  18*  + +  —  m  -  +  — 

^      2  16     4      16 


5 
16' 


sin  18*  • 


-l  +  \/5 


the  podtiye  rign  is  given  to  the  radical,  because  we  know  that 
am  18*  18  positive. 

9 


/.  /r*  +  rJ7  +  —  B  — 
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This  result  may  also  be  deduced  from  the  figure  used  in 
Euclid,  IV.  10 ;  for  let  BAD  be  the  triangle  constructed  inthat 
proposition,  and  C  the  point  in  AB  such  that  AB.BC  «  AC^\ 
then  by  the  nature  of  the  triangle  BAD, 

angle  BAD »36^; 

BD      AC* 

.\  2  sin  18''  -  chd  S&  -  chd  BAD  -  -— r  -  —=  • 

AB      AB 

Let  AC  «  .r,  AB  «=  r,  then  sin  18®  -  —  , 

2r 

and  r{r''x)»a^, 
r*      5r* 

4  "  T 

or  0?= J-Z. —  r; 

.'.  sin  18®-  "  ^  "*"  ^    ,  as  before. 

4 

By  means  of  the  preceding  values,  we  may  investigate  a 
variety  of  others.  For  instance,  if  it  were  required  to  find 
sin  12^,  we  should  have 

sin  12®  «  sin  (SO®  -  18®), 

«  sin  S(fi  cos  18^  -  cos  30®  sin  18®; 

and  consequently  sin  12®  becomes  known.  In  short,  we  can 
find  the  values  of  the  trigonometrical  functions  of  any  angles, 
which  arc  combinations  of  those  which  have  been  discussed. 

26.  The  values  of  the  trigonometrical  functions  of  all 
angles  from  i'  up  to  90^  may  be  calculated  by  methods  not 
here  explained,  and  arranged  in  tables  for  the  purposes  of 
practical  application.  Still  more  useful  are  tables  containing 
the  logarithms  of  these  values  ;  the  student  who  is  desirous  of 
understanding  the  mode  of  constructing  such  tables  is  referred 
to  the  treatise  of  Snowball  or  HymerSt  or  any  other  complete 
treatise  on  Trigonometry. 


ui 


ON  THE  SOLXnnOX  OF  TSIAXGLES. 


27.  A  triangle  cunMHin  of 
three  angles :  three  of  these  being  gxrcn,  the  ochers  maj 
be  found,  unless  the  three  amffla  be  the  three  grren  parts,  m 
which  case  nothing  further  can  be  fovxnd.  The  angles  of  a 
triangle  are  not  in  fact  mdependemi  pnrtMj  their  sum  being 
always  two  right  angles ;  it  mar  be  saud,  that  if  three  iaAyea- 
dent  parts  be  giren,  the  others  maj  in  general  be  found. 

28.  Before  we  engage  oorselTes  with  the  sdntzoii  of  a 
triangle,  we  must  inrestigate  certain  formuls  connecting  the 
parts  of  a  triangle. 

We  shall  denote  the  aisles  of  a  triangle  hj  A^  B,  C,  the 
sides  respectirelj  opposite  to  them  bj  a,  b,  c, 

29.  The  sides  of  a  triamgle  are  preportkmal  to  tke 
of  the  appasUe  angles. 

Fig.  L  Fio.  IL 

A  A. 


Let  ABC  be  a  triangle.  From  any  angukr  point  A  let  fall 
the  perpendicular  AD  on  the  opposite  side  (fig.  I),  or  that 
side  produced  (fig.  2). 

Then  in  the  first  case,  AD  ^eAn  B^bwiC  \ 
m  the  second,  AD «csinAs(8in(l8(f  —  Q^ftsinC; 

therefore  m  both,  — - —  « . 


In  like  manner. 


sin  ^      sin  A      sin  C 


whidi  proves  the  theorem. 
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30.     To  express  the  cosine  of  an  angle  of  a  triangle  in 
terms  of  the  sides. 

With  the  some  figures  as  in  the  last  proposition,  we  hare 
in  fig.  1, 

am  BD  +  2>C-c.cos^  +  (cosC, 

in  fig.  2, 

a  mBD^DCmecMB  '^  6  cos  (180*  -C)-c  cos  A +  6cosC; 

therefore  in  both  cases, 

cos  B     cos  0      a' 
6  c        aho* 

.    ...  cos  C     cos  A       V 

in  like  manner, + ■  — ; — 

0  a         abo\ 

,  cos^     cos^       c^ 
and + 


b         abe* 

adding  the  last  two  of  these  equations  and  subtracting  the 
first,  we  have 

6«  +  c*  -  a« 

cos  A  m , 

2bo 
which  is  the  expression  required*. 

*  It  mMf  be  ronarked  that  the  fonniiU  of  this  article  ia  dedndble  firom  tboae  of  the 
piccediiig,  and  eoDTenelj.    That  aiinming  that 

ain^     rinB     tinC 

and  that  ^  +  0+C«18O*, 
we  have  tin  ^«  tin  (0  +  C)  a  tin  C  ooi  0  +  ain  B  coe  C I 
.*.  a  B  0  coe  ^  4- &  coe  C, 
which  is  the  ftmdamental  eqnatioo  in  the  text ;  the  remainder  of  the  promsa  is  of  count 
the  same. 

To  deduce  the  formula  of  Art  S9  from  that  of  Art  90^  it  will  be  seen  that  in  Art  St 
the  following  formula  is  proved, 

where5-^±|±^, 
aini<       2 


^«F-i>«'-2ir 


31.     Tm 


.   A 


A. 

s 


¥^ 


^y 


•,  -i-^^ 
«.-?- 


l-eoB^     2fe-P-c> 


«  — t  -t-e 
m  +  b  —  € 

A 

s 


^.v^ 


(^-6)(J-0 


In  like 


A 

s 


l+eos^     9i«  +  y+e'-ai* 


4be 


jk  +  ef-^      im  +  b  +  e)(b  +  e-a) 
4be 

S(S-a) 

be        ' 


J 

S 


Hence  also  we  hare 


■xifc  at  the 


for 


•in^ 


iufiilrci  «9  ^  «  fjimiictriedlj,  and  thcfcfott  we  abooM 


me  icnlt  if  we  had  lApujacd      .      or  in  tame  of  e,  4^  and  t • 

afaiil     afaiB     iinC 
H««  It  fcllwwe  Am  — — -  «— I— «  — r- . 
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32.     To  express  sin  A  in  terms  of  this  9ide$^ 

This  is  done  at  once  by  means  of  the  expresdons  jost 
proved :  for 

A        A 

sin  ij  B  2  sin     cos  — , 

2  2 

=  ^  \/S{S^a){S'-b){S^e). 

00 

This  expression  has  the  advantage  of  bein^  adapted  to 
logarithmic  computation,  that  is  to  say,  it  consists  of /acton. 
The  formula  for  the  cosine  (Art.  30)  has  not  this  advantage. 

33.      To  prove  the  following  formula^ 

A-B     a-b       C 

tan ■■ 7-  cot  — . 

2  a  +  b        2 

We  have,  by  Art.  29, 

a     sin  A 
6      sin  JB ' 

a-b      sin  i4  -  sin  ^ 


« • 


a  +  6      sin  ^  +  sin  j9 


A  +  B  .    A^B 
2  COS sm 


2  2 

,  by  Art  2S, 


.    A^B       A'-B 

2  sm cos 

2  s 

A'-B 


tan 


2 


tan • 


but  ^  +  5  -  ISC'*  -  C, 


^^^      90'-^, 


2  S 


^^      ^  +  5         .C 
and  tan  — - —  ■  cot  j  • 


Having  estaUwhed  the  tawrJiug 
ow  proceed  to  the  Bohrtioo  of  trangles^ 


34.     Lei  two  amgka  mmd  Oe  mU  fctecn  doi  (A,  C,  b^  fe 


The  other  angle  is  known  at  once. 
Again,  we  hare 


C 


a^h 


smB 

which  determine  a  and  c. 

35.  2><    Iwo  OMffkt  amd  m  dde  opporiie  to  ome  of  tkem 
(A,  C,  a)  be  givetu 

As  before,  the  third  angle  is  known,  becaose 

B^lWfi-A^a 

sin  B 
Also,  .       6 -a-; — -, 

sin^ 

sin  C 

sin^ 

which  determine  b  and  c. 

36.  Xe<  <tm>  eides  and  the  included  angle  (C,  a,  b)  be  ffioen. 
We  determine  the  other  angles  thus, 

A+B^  180^ -  C. 

Again,  by  Art.  S3, 

^     A^B     a-6       C 

tan — - — rcot— , 

S  a^b       s 
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which  determines  J  -  JB :  thus  J  -^  B  and  A-^B  Bxe  both 
known ;  and  therefore  A  and  B,  which  are  — - —  +  — - — 

and respectively,  are  also  known. 


To  determine  e  we  have 


sin  C 


sm^ 

37.     There  is  another  mode  of  solving  the  triangle  in  this 
case. 

Smce  cosC« ; • 

2ab 

we  have  c*  «  a*  +  6*  -  2ab  cos  C; 

and  this  equation  in  fact  determines  c,  but  in  its  present  state 
it  would  be  practically  of  no  use  because  it  is  not  adapted  to 
logarithmic  computation;  we  can  however  modify  it  in  such 
a  manner  as  to  render  it  suitable,  as  follows : 

c*  •  a*  +  6*  -  2a6  cos  C 

m  (cf  +  V)  (cos*  —  +  sin* -J  -  Soft  [cos* sin*  —  J 

C  C 

«  (a  -  by  cos*  —  +  (a  +  6)*  sin*  — 

X  X 

.(a-»,.co..f{..(i±|)'w£}. 

Since  the  tangent  of  an  angle  may  be  of  any  magnitude, 

there  will  be  an  angle  the  tangent  of  which  is  — rtan  -; 

0—0        » 

let  Q  be  such  an  angle,  so  that 

tan  Q  m tan  — , 

a  -  6        2 

(J 

or  that  log  tan  0  « log  (a  -f  &)  -  log  (a  -  6)  +  log  tan  — . 

The  value  of  d  is  found  by  looking  in  the  tables  and 
finding  an  angle  which  has  for  its  logarithmic  tangent  the 
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preceding  qnantifyy  and  may  therefore  be  now  supposed  to 
be  known. 

Also  we  have 

c*  -  (a  -  by  cos*  -(1  +  tan^e) 

Q 

-  (a  -  6)*  cos"  —  sec'  0, 

C 

cos  — 

or  c-(a-6)— -, 

CO8  0 

which  equation  determines  c. 

The  sides  a,  b,  c  being  all  known,  A  and  B  ntay  be  de- 
termined by  any  of  the  expressions  given  in  Arts.  (30),  (31),  (32). 

It  may  be  noticed,  that  tan  d«  cot ,  or  0-90® — ; 

C 
cos  — 

hence  e  ^  (a  —  b)  — — — ,  a  result  which  may  easily  be  de- 

,  A" B 
sm 

2 

monstrated  directly.  Hence  it  appears  that  the  preceding 
process  is  equivalent  to  finding  A  -B,  which  was  also  the 
first  step  in  the  other  method  of  solving  the  triangle. 

38.  Having  spoken  of  a  formula  being  adapted  to  hga- 
riihxnie  eamputaiion,  we  will  explain  what  is  meant  by  the 
term.  A  formula  is  said  to  be  so  adapted  when  it  consists 
entirely  of/actarSt  or  quantities  multiplied  together;  the  factors 
may  however  consist  of  more  than  one  simple  term,  as  for 
instance  in  the  preceding  article,  a  -  6  is  one  of  the  factors 
of  our  final  expression.  When  a  formula  then  consists  of 
factors,  the  calculations  by  logarithms  may  be  effected  by 
mere  addition  and  subtraction,  but  if  otherwise,  logarithms 
can  scarcely  be  applied  at  all.  Let  us  consider,  for  example, 
how  e  could  be  calculated  from  the  formula, 

c^  •  a*  +  &•  -  2ab  cos  C, 

without  the  process  which  has  been  given.    The  three  terms 
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a\  &',  and  9ab  cos  C,  would  necessarily  be  calculated  sepa- 
rately, and  there  would  be  a  fourth  operation  for  determining 
c,  when  the  value  of  c*  was  known ;  thus  the  process  would 
be  extremely  tedious.  In  practice,  therefore,  no  trigono- 
metrical formula  can  be  considered  as  being  of  any  utility, 
unless  it  is  adapted  to  logarithmic  computation. 

The  process  of  adapting  a  formula  to  logarithmic  com- 
putation, which  has  been  introduced  in  the  preceding  article, 
is  one  of  very  frequent  use.  The  angle  0,  which  has  been 
employed  to  assist  the  calculation,  is  called  a  avbaidiary  angle. 
It  will  be  seen  that  the  possibility  of  facilitating  calculations 
by  this  means,  arises  from  the  fact  of  our  possessing  tables 
containing  all  the  trigonometrical  functions  of  the  same  angle, 
so  that  as  soon  as  one  function  of  an  angle  is  known  all  the 
others  become  known;  for  instance,  in  the  case  we  have  been 
considering,  as  soon  as  a  certain  quantity  was  fixed  upon  as 
representing  the  tangent  of  an  angle,  the  cosine  of  that  angle 
was  known  by  inspection  of  the  table,  and  the  calculation  was 
spared  by  which  it  would  have  been  necessary  to  determine 
the  cosine  from  the  tangent.  The  adaptation  of  formulas  to 
logarithmic  computation  is  a  matter  not  of  rule,  but  of  inge- 
nuity, and  frequently  a  formula  may  be  adapted  in  various 
ways  equally  good;  we  must  however  be  careful  to  ascertain 
that  the  supposition  we  make  involves  no  absurdity;  for 
instance,  we  may  not  assume  a  quantity  to  be  equal  to  cos  0, 
(d  being  the  subsidiary  angle«)  unless  we  have  ascertained  that 
the  quantity  is  not  greater  than  unity;  and  so  in  other  in- 
stances. 

Wc  subjoin  a  few  examples  of  the  adaptation  of  formuls 
to^logarithmic  computation. 


Ex.  1.     0?  -  \/a  +  -v/a'  -  fc*  +  v/a  -  -v/a»  -  6^,  where  6  is 
less  than  a. 

Assume  6  «  a  sin  d,  which  equation  determines  6 ; 
/.  x  -  y/a  +  a  cos  0  +  y/a  -  a  cos  Q 

Sa    cos-  -i-sm 


f       e       .    0\ 
(cos-  -i-Bm-) 
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«  «  y/a  sin  ( -  +  45*  j , 

which  form  is  adapted  to  logarithmic  computatioii. 

Ex.  2.     4P  «  cosacos/3 +  sina8in/3eo8'y 

B  cosacos/3(l  +  tan  a  tan /3  cos  7). 
Assume  tan  a  tan  /3  cos  7  «  tan  0 ; 

•'.  4>«  cosacos/3  (1  +  tand), 

cos  0  +  sin  0 


cos  a  cos /3 


cosO        ' 
sin  (0  +  45«) 


.v/icos«co8^       cosd       ' 
which  is  in  the  form  required. 

39.  We  may  here  make  a  remark  respecting  the  tables 
of  logarithmic  trigonometrical  functions^  which,  if  we  had 
troubled  the  student  with  a  complete  account  of  the  forma- 
tion of  such  tables,  would  have  found  a  more  fitting  place 
elsewhere. 

It  appeared  from  the  account  of  logarithms  given  in  the 
treatise  on  Algebra,  (page  lOS,  Art.  128)  that  the  logarithms  of 
numbers  less  than  unity  have  negative  characteristics.  Now 
all  sines  and  cosines  are  less  than  unity,  (except  sin  90^  and* 
cos  90*,)  and  therefore  their  logarithms  have  negative  charac- 
teristics; but  it  is  not  convenient  to  register  such  quantities 
in  tables,  and  therefore  it  is  usual  to  add  10  to  each  of  the 
logarithmic  functions,  and  thus  the  characteristic  —  1  is  re- 
placed by  9.  This  is  merely  matter  of  convenient  arrange- 
ment, but  it  entails  the  following  precaution,  that  when  the 
logarithms  of  numbers  and  those  of  trigonometrical  functions 
occur  in  the  same  equation,  10  must  he  subtracted  from  each 
logarithmic  function  of  an  angle. 

For  instance,  suppose  we  had  the  equation 

bmasinC, 
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in  which  a  and  C  are  given  and  6  is  to  be  found;  we  should 
take  the  logarithms  thus« 

log&  « log  a  -f  log  sin  C  -  10, 

instead  of 

log  6  -i  loga  -f  log  sin  C. 

Or  we  may  make  the  distinction  between  the  two  kinds 
of  logarithms  more  manifest  by  a  difference  of  notation,  and 
may  write  the  preceding  formula  thus, 

logio  6  -  logio  o  +  -t  sin  C  -  10, 

where  log,o  indicates  the  logarithm  of  a  number  to  base  10, 
and  L  the  logarithm  of  a  trigonometrical  function  to  the  same 
base  when  10  has  been  added  to  it. 

40.  Let  two  sides  and  an  angle  opposite  to  one  of  them 
(a,  b,  A)  be  given. 

To  determine  JB,  we  have 

sin  JB«  -sin  J; 
a 

C  is  then  known  from  the  formula 

and  e  from 

sin  C 
c^a—. — -. 
sm^ 

41.  The  solution  of  the  triangle  in  this  case  however  is 
not  without  ambiguity;  for  the  equation 

sm  £  «  -  sm  J, 
a 

does  not  determine  one  angle  but  two,  because 

sin^-iSin(180(>-£), 

and  the  question  is  whether  there  is  any  test  to  guide  us  in 
choosing  one  of  the  values  rather  than  the  other. 

Now  180°-JB-J  +  C,  and  therefore  B  and  180^ -JB 
cannot  both  be  less  than  A ;  but  the  greater  side  is  opposite 
the  greater  angle,  (Euclid,  1. 18)  consequently,  if  6  helessihnn 
a,  B  must  be  less  than  A,  but  the  two  values  of  B  determined 
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cannot  both  be  less  than  J,  therefore  we  know  which  to  choose. 
On  the  other  hand,  if  6  be  greater  than  a,  B  must  be  greater 
than  At  but  both  of  the  values  determined  may  be  so,  there- 
fore the  solution  is  ambiguous. 

42.  The  same  results  may  be  obtained  very  simply  by 
geometrical  considerations. 

Let   CAB   be  the  given  angle,  c 

AC  the  given  side;  with  centre  C 
and  distance  a  (the  value  of  the 
other  given  side)  describe  an  arc  of 
a  circle,  which,  if  a  be  less  than  6 
will,  (as  in  the  figure)  cut  the  straight 
line  AB  in  two  points  B,  S  on  the 

9ame  side  of  A.     Now  each  of  the  A  b  b' 

triangles  OAB^  CAB'y  has  all  the  data  of  the  question,  and 
therefore  the  solution  is  ambiguous.  If  a  had  been  greater 
than  6,  the  points  BB'  would  have  been  on  opposite  sides  of 
J,  and  there  would  have  been  only  one  triangle  answering 
the  given  conditions. 

43.  It  may  perhaps  be  not  without  use  to  give  a  third 
mvestigation  of  the  ambiguous  case  in  the  solution  of  triangles. 

We  have  the  formula, 

o'  —  6*  +  c*  -  26c  cos  Af 
or  c'  -  2bc  cos  ^1  «  a*  -  6*. 

In  this  equation  a,  6  and  A  are  given,  and  we  may  there- 
fore  find  c;  completing  the  square, 

c*  -  2beQ0sA  +  6' cos* J  ^a^  --b^  AvPA  ; 
/.  e  «  6  cos  A  «fc  -x/a*  -  ¥  sin*  A. 

We  have  here  two  values  of  c,  and  if  both  values  are 
admissible  the  solution  is  ambiguous;  but  the  only  thing 
which  can  limit  their  admissibility  is  their  sign;  hence  the 
solution  18  ambiguous  if  both  values  of  c  are  positive^ 

Le.  if  6  cos  .^  >  \/<^  -  6*sinM, 
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or  6*  cos*  A>a*  "b^  sin*  A^ 

or  6*  (cos*  A  +  sin'^)  >  a* ; 

or  b>  a\ 

which   is   the   same  conclusion  as   that  at  which   we  have 
arrived  before. 

44.     Let  all  the  aides  be  given. 

This  case  may  be  solved  by  any  of  the  formulse, 

2       ^  6c 


^      ^  /S(S-a) 
cos  —  -  \/  —i L, 

i       ^         be 


2         ^         A\A'  -  a) 


sin  ^  =  ^  \/S(5-a)(5-6)(5'-c). 


6c 

45.  We  have  now  considered  all  the  cases  of  oblique- 
angled  triangles.  In  practice,  the  triangles  to  be  solved  are 
frequently  right-angled,  in  which  case  the  solution  is  much 
simplified.  One  application  of  the  methods  of  solving  trian- 
gles is  to  the  finding  of  the  heights  and  distances  of  inaccessible 
objects;  in  problems  of  this  kind  we  suppose  the  magnitudes 
of  certain  lines  and  angles  to  be  measured  by  means  of  proper 
instruments,  a  description  of  which  however  would  not  be 
appropriate  here.  We  subjoin  a  few  simple  examples  of  the 
method  of 

FINDING  HEIGUTS  AND  DISTANCES. 

Ex.  1.  A  river  of  unknown 
breadth  runs  between  an  observer 
and  a  tower  on  its  opposite  bank ; 
find  the  breadth  of  the  river  and 
the  height  of  the  tower. 
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Let  AB  be  the  tower,  BC  the  bremdth  of  the  riTer;  let 
the  angle  BCA  be  obserred,  and  then  let  the  observer  retreat 
in  the  direction  of  the  line  BC  to  Z>,  measuring  the  distance 
CDs  And  obscrring  the  angle  CD  A. 

Let  JCB  =  a,  CD  J  =  /3,  CD  ^  a, 
AB^x,    BC  ^y. 
Then  y  »  «  cot  a  from  the  triangle  ABC^ 
and  y +  a  «xcotj3 J£i>, 

subtracting  the  first  of  these  equations  from  the  second 

a  =  jr  (cot  )3  -  cot  a)  ; 

a  sin  a  sin  i3 

cot  ^- cot  a        sin(a-/3)' 

cos  a  sin  /3 


X  cot  a  a  a 


sin  (a  -  fi)  * 


Kx.  S.  From  the  top  of  a  tower,  a  person  obsenres  the 
angle  of  depression  of  two  distant  points  in  the  horizontal 
plane,  the  distance  of  which  from  each  other  he  knows,  and 
also  the  angle  subtended  at  his  eye  by  the  line  joining  the 
two  points;  required  the  height  of  the  tower. 


Let  AB  be  the  tower, 
C7,  D  the  two  points ;  then 
the  angles  observed  are 
BCA,  BDA,  CBD,  which 
call  a,  j3,  7  respectively; 
also  let  CD « a,  and  let 
the  height  of  the  tower 
s  jr. 


Then  in  the  triangle  BCD^  BC  «  x  cosec  a,  BD  ^  x  cosec/3 ; 
.".  a*  «  «*  coBec*a  +  ip* cosec*  /3  -  2«-  cosec  a  cosec  /3  cos  7, 
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and  w 


\/cosec*  a  +  cosec*  )3  -  2  cosec  a  cosec  /3  cos  7 . 

Ex.  3.  From  a  station  B  at  the  base  of  a  mountain,  its 
summit  A  is  seen  at  an  elevation  of  60*^;  after  walking  one 
mile  towards  the  summit  up  a  plane  making  an  angle  of  30^ 
with  the  horizon,  to  another  station  C7,  the  angle  BCA  is  ob- 
served to  be  135^     Find  the  height  of  the  mountain. 

From  the  triangle  ABd  we  have 
sin  BCA 


AB^BC. 


sinJS^C' 


BC- 


sin  BCA 


sin  {BCA  +  ABO) 


BC.-. 


sin  135« 


sin  (135«  +  30*) 


sin  45® 

BC  •—i — —1  f 

sin  15® 


and  the  height  of  the  mountain  >  il^sin  60^ 

sin  &fi  sin  45® 


mBC. 


sin  15® 


— » 


But  sin 60P-^,  an 45®--^- 

sin  15®  -  sin  (45®  -  30®)  »  sin  45®  cos  90^  -  cos  45®  sin  90^ 

\/8-  1 


—    » 


and  AC-  1760 yards; 


2\/2 


x/i 


/.  the  height  -  1760 .    jl  ^    .  S80  (3  +  \/s), 

V  3  - 1  ^  ^ 

->  880  X  4  . 7  nearly  -  4136  yards. 
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We  shmll    here  rabjoin  a  few  propositioDS  rdatiiig  to 
triangles. 

46.      To  fiind  the  area  of  a  triangle  in  terwu  of  the  eidee. 

"Let  ABC  be  the  triangle ;  from  A  draw  the  perpendicohu* 
AD  on  the  opposite  side  BC.    Then 

EC  yi  AD     axAsinC 
the  area  « « ; 


but  (by  Art.  32)  sin  C^-^y/si^S-^  a)  {S  -  6)  (^-.  c) ; 

therefore  the  area  »  \/S{^a  -  a){S-h)[S  -  e). 

47.      To  find  the  radius  of  a  circle  inscribed  in  a  triangle. 

Let  ABC  be  the  tri-  a 

angle ;  bisect  the  angles, 
and  let  O  be  the  point  in 
which  the  bisecting  lines 
meet,  then  (by  Euclid,  if. 
4),  O  is  the  centre,  and  if 
we  draw  OD,  OE,  OF, 
perpendicular  to  the  sides  ^ 
J3C,  AC,  AB^  respectively,  any  one  of  these  will  be  the  radius 
of  the  inscribed  circle.     Call  the  radius  r ;  then 

area  of  A  ABCm  A  BOC  +  A  AOC  +  A  AOB, 


ra 


rh 


re 


"^  S 


•  • 


In  like  manner  it  will  be  found  that  if  a  circle  be  described 
toDching  BC  and  AS.  AC,  produced,  its  radius  will  be 


10 
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and  similar  expressions  will  hold  for  the  radii  of  the  other  two 
circles  which  can  be  described,  touching  one  side  of  the  tri* 
angle  and  the  other  two  produced.  These  three  circles  are 
sometimes  called  the  escribed  circles. 

48.  To  find  the  radius  of  a  eirele  dremnseribed  aboiU  a 
triangle. 

Bisect  the  sides  in  the  points  Z>,  E^  JP,  and  from  the 
points  of  bisection  draw  perpendiculars  meeting  in  the  point 
O;  then  (Euc.  iv.  5),  O  is  the  centre  of  the  circumscribed 
circle;  join  OA,  OB^  OC,  and  describe  the  circle  BCA* 
Call  the  radius  J? ;  then  (as  in  Art.  46) 

AB    BC 
area  of  ABC  -  — -^ sin  ABC. 


or  \/S{S^a){S'-b){S^e)  -  ^sb:^,  (Euc.  iii.  «0), 

■  —  smuiOjEa  — ,-— ; 

S  %     fLB 


.-.  J?- 


abe 


V5(.S-a)(5'-6)(5-c)* 


49.    To  find  the  eireumference  and  area  of  a  regular  polggom 
inscribed  in  a  circle. 


MBCRULAiaQiiii  npFQinrwa. 
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Let  O  be  ibe  centre  ef  tlie  cirde,  AB  on^  of  the  sides 
of  the    polygoiiy  of  wfakA  puppoae  thet  the  mimber  is  n; 


nd  let  tbe  mdius  of  the  circle  be  r.   Join  OA^  OB  and  draw 

0?  perpendicular  to  AB ;  theii  the  angle  AOB  « ,  and 

circumference  of  polygon  >  n .  AB, 


9n.AP^9n.AOmiAOPm5tnrmx 


\9QP 


Again*  area  of  polygopi  -  • .  area  of  AOP,  «  n 


AB.OP 


t  o/y)  180^ 

n  .AOdaAOP  x  JOco8^0P«fir*8in cos  — 


n 


n 


From  these  expressions  we  see,  that  if  the  number  of  sides 
18  given,  the  drcumfereiiee  of  the  polygon  is  proportional  to 
the  radius,  and  the  area  to  the  square  of  the  radius  of  the 
drcnmscribing  circle. 

50.  Tofmd  the  cireumfersnee  asid  area  of  a  regular  polygon 
circumscribed  about  a  circle. 

Let  AB  be  any  <me  of  th«  sides  of  the  polygon,  touching 
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the  circle  at  P,  n  the  number  of  sides,  and  r  the  radius,  as 
before.     Join  OP.    Then  circumference  of  polygon 

I8(y* 
-  n .  u<jB  o  2n .  u<P  =  2n .  OP  tan  u<OP  -  «nr  tan . 


Again,  area  of  polygon  -  n .  area  of  JOB  m  n 


n 
AB.OP 


n.  OP  tan  AOPx  OP  «nr*  tan 


2 
18tf> 
n 


As  in  the  case  of  the  inscribed  polygon,  we  observe  thai 
the  drcum/erence  is  proportional  to  the  radiuB^  and  the  artok 
to  the  square  of  tlie  radius,  the  number  of  sides  being  given. 

51.  If  we  suppose  a  regular  polygon  to  be  inscribed  in  a 
circle,  and  another  of  the  same  number  of  sides  to  be  circum- 
scribed about  it,  it  is  easy  to  see  that  the  greater  the  number 
of  sides  the  more  nearly  will  each  of  the  polygons  approximate 
to  the  other  and  to  the  circle  which  lies  between  Uiem.  In 
fact,  suppose  C,  C,  to  be  the  circumferences  of  the  two  poly- 
gons,  then  we  have  seen  that 


c- 

2nr  sin 

ISOP 
n   ' 

c- 

2nr tan 

180^ 
n 

c 

180^ 
COS 

n 

1 

2300 

Suppose  n  to  be  indefinitely  great,  then  cos becomes 

fi 

cos  0°  or  1,  and  C  «  C. 

Or  let  A,  A'  be  the  areas  of  the  two  polygons,  then 

,  .    180*        ISO* 

A  ^  ntr  sm cos , 

n  n 

n 
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A              ,  180« 
.*.  -7,  -COS    • 

A  n 

and  if  n  be  indefinitely  great,  A  «  A'. 

Consequently,  if  we  suppose  the  number  of  the  sides  to  be 
indefinitely  increased,  the  inscribed  and  circumscribed  polygon 
will  coincide  with  each  other,  and  therefore  with  the  circle. 
We  may  therefore  consider  a  circle  as  being  a  regular  polygon 
having  an  indefinite  number  of  sides,  and  may  extend  to  it 
those  properties  which  we  have  proved  concerning  polygons. 
Now  we  have  seen  that  the  circumferences  of  polygons  are 
proportional  to  the  radii,  and  the  areas  to  the  squares  of  the 
radii  of  the  circles,  whether  inscribed  or  circumscribed,  and 
therefore  we  conclude  that  the  circumferences  of  circles  are 
proportional  to  their  rac2u,  and  the  areas  to  the  squares  of  the 
radii. 

We  have  in  fact,  (taking  the  inscribed  polygon,) 

C  —  2nr  am ,  and  A  ^nrsm cos  —  ; 

n  n  n 

if  n  be  indefinitely  great,  cos l,  and 

/      ,    180^           ^      /      .     180®\    , 
C  «2lnsm jr,    A=  ( n  sm lr% 

What  will  be  the  value  of  n  sin ,  when  n  is  made 

fi 

indefinitely  great  ?    Its  value,  which  is  always  denoted  by  tt, 

might  be  calculated  as  follows  : 

In  general     co8-«  "Tf^^  +cos0; 

.*.  coe  —  -  —7= ,  since  cos  90'  -  0, 

90P       1  ^  /         T 
COB  -r  ■  — ;=V  1  +  — ;=- 
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0«        1        /  1       /  i 


9(f 

By  this  means  We  can  ddculate  the  value  <»f  ood  -^  i  where 

j>  is  as  large  a  number  as  we  please.   Suppose  now  thatn^s^, 
where  p  is  very  large, 

then  ar  -  nsm ■■  a'^'  cos—  sm-^ 


>  gififi 

go*     /  ^ 

2^+'  icos —  V  1  -  coB*-r  » nearly. 


^  ^  a' 


But  thts  and  other  operose  methods  are  superseded  by  modes 
of  calculation  of  a  more  refined  character,  the  introduction 
of  which  however  would  be  unsuitable  to  the  design  of  the 
present  treatise :  the  result  is  that 


TT  »  8.1415926535 


The  quantity  ^  tnay  be  calculated  to  any  degree  of  accu- 
racy, but  it  is  of  the  class  of  quantities  called  ineammensurahUt 
that  is,  it  cannot  be  expressed  by  the  ratio  of  any  two  whole 
numbers  however  great:  in  general  we  may  consider  3.14159 
as  a  suflSciently  accurate  value  of  ir. 

The  fraction  — * ,  or  still  more  nearly ,  are  approxima- 
tions to  the  value  of  ir. 

According  to  the  notation  we  have  adopted, 
the  circumference  of  a  circle  ■»  Sur, 
•  •  •  area  •••••••»•••«  ^  ir^ * 

52.  The  introduction  of  the  quantity  ir  renders  this  a 
proper  place  for  explaining  another  mode  of  mtesuring  angles, 
besides  that  which  has  been  hitherto  used. 

*  This  is  the  value  usuallj  uken  toTqifMeot  ir  for  pnctieal  pnrpotei  in  machJngy* 
The  value  it  too  large,  bat  it  agrita  with  the  trot  te  far  at  two  plactt  of  dtdmala* 
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we  have  considered  the  right  angle  to  be  divided 
into  90  degreeSi  and  have  measured  angles  by  the  number  of 
degrees  they  oontain ;  but  there  is  another  mode  depending 
upon  the  proposition  (Euc.  vi.  33)  that  angles  at  the  centre  of 
a  circle  are  proportional  to  the  arcs  on  which  they  stand,  and 
which  is  of  frequent  use. 

Liet  POA  be  an  angle  at  the  centre  O  of  a  circle,  the 


radius  of  wluch  is  r ;  JPB  a  semicircle  a  irr ;  also  let  the 
length  of  the  arc  JP  a  a.     Then,  by  Euclid, 

S  right  angles     wr  * 

,     w*^  -      2  right  angles    a      ,  ,^ 
.\  angle  POA  -  — — .  - ...  (A). 

Now  supposing  a  and  r  to  be  given,  although  the  angle  POA 
will  be  determined,  yet  its  numerical  value  will  not  be  settled, 
unless  we  make  some  convention  as  to  what  angle  we  shall 
call  unity.  We  are  at  liberty  to  make  any  convention  that 
we  please,  but  we  shall  be  guided  in  our  choice  by  the  con- 
sideration of  what  will  make  the  equation  (A)  the  most  simple, 
and  it  is  manifest  that  the  most  simple  form  will  be  given  to 
that  equation  by  making 


g  right  angles  ^ 


TT 


(B). 


we  sbaU  then  hare,  (denoting  the  numerical  value   of  the 
angle  POA  by  «), 


fl-- (C). 

r 
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Let  us  consider  the  results  of  the  aaBumption  (B).  The 
numerical  value  of  two  right  angles  is  the  quantity  «-,  instead 
of  180°,  as  in  the  former  method,  and  ihe  unit  of  angle,  instead 

of  being  the  ninetieth  part  of  a  right  angle,  Is — 

or  Sf  17*  ♦*"  48'"  nearly*. 

Again,  making  6  •  1  in  equation  (C),  we  have  a^r; 
which  shews  that  the  unit  of  angle  ia  that  angle  wMeh  u  tub- 
tended  by  on  are  of  length  equal  to  radiua. 

63.  Another  mode  of  considering  this  sul^ect  is  the 
following.  Let  POA  be  any  angle, 
and  about  0  as  centre  suppose  any 
two  circles  described  ;  let  PA,  PA 
be  the  subtending  arcs  in  the  two 
circles,  and  draw  PN,  PN"  per- 
pendicular to  OA^ ;  then,  if  the 
radius  of  the  circle  were  given, 
the  arc  PA  would  be  a  proper 
measure  of  the  angle,  and  we 
might  define  PA  to  be  the  arc,  PN  the  sine,  ON  tbe  -cosine, 
&c.  of  the  angle  POA;  but  this  being  inconvenient,  in 
consequence  of    its   being   necessary  to  know  the   radios, 

have  defined  -^--  to  be  the  sine,  -^  to  be  the  cosine,  &c.  of 

POA,  these  ratios  being  independent   of  the  radius,  since 

PN     PN      .ON     ON         ,         ,,  ... 

~~  -  -pT^  and  —  -  -y^;  and  on  tbe  same  principle  we 

should  take  as  the  measure  of  the  angle,  not  the  arc  PA, 

PA 
but         .     Thus  we  are  led,  in  a  rather  different  way  from 


*  Prof.  De  HoTgsn  makm  th>  rallawini;  remwh  vhlch  I  gl>dlj  adopi  -  "  ibt  ttadiol 
muM  rcmnnber  not  lo  canr«ind  Sir  wlih  SW,  u  U  MmetlniM  ina*,  nco  b;  vriicn. 
That  >* -SMU  true  ioiMTUiD  MOM  tindiaiiM.  1,  fn  M  «UJA««  m  I  ^mm^" 
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measure  of  an  angle,  and  this  choice  implies  that  the  nu- 
merical value  of  two  right  angles  is  tti  which  was  our  first 
usumption  in  the  other  case. 

54.  From  the  equation  (C)  (Art.  52),  we  see,  that  if 
r  «B  1,  0  ■■  a;  that  is  to  say,  if  we  suppose  the  radius  of  the 
circle  to  be  unity,  the  numerical  value  of  the  angle  and  of  the 
subtending  arc  are  the  same.  Hence,  if  we  make  this  sup* 
position  respecting  the  radius,  we  are  not  under  the  neces* 
sity  of  making  any  distinction  between  arcs  and  angles,  since 
their  numerical  value  are  the  same. 

55.  It  is  frequently  a  matter  of  indifiercn^e  which  mode 
of  measuring  angles  we  adopt;  but  this  must  be  carefully 
borne  in  mind,  that  in  every  example  either  the  one  or  the 
oiheT  must  be  used  exclusively.  It  will  perhaps  be  found 
generally  advantageous  to  use  that  last  explained,  or  the  drcu- 
lar  measure  as  it  is  sometimes  called*,  as  being  the  more  brief. 

It  is  easy  to  pass  from  one  mode  of  measurement  to  the 
other :  for  suppose  that  0  is  the  circular  measure  of  an  angle, 

then  the  angle  contains  -180  degrees;  and,  conversely,  if  an 

IT 

angle  contains  n^  its  circular  measure  is  — tt. 

^  180 

Ex.  1 .     Find  the  circular  measure  of  25^30 . 

25  .  5 

The  circular  measure  «  — '—  x  3  .  14159 

180 
-  .44^058. 

Ex.  S.     Find    the    number    of    degrees,    minutes,    and 
seconds  in  the  angle  of  which  the  circular  measure  is  2 . 5. 
In  this  case 

2    5 

X  180»«  143M4'20", 


8 .  14159 

the  number  of  degrees,  minutes,  and  seconds  required* 

*  ProC  Dc  MoigAO  distinguithei  the  two  methods  of  measuriDg  ADgles  as  respectif  eljp 
the/r&fM/  wad  the  arwal  methocU 
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56.  We  shall  conclude  this  treatise  with  a  proposition 
of  frequent  application  in  Mathematics,  which  will  however 
require  some  explanation.     The  proposition  is  this,  that  the 

ratio  — ^ — ,  when  9  is  expressed  in  the  circular  measure,  is 
0 

indefinitely  nearly  equal  to  unity  when  9  is  indefinitely  small. 

This  is  sometimes  expressed  by  saying  that  the  limiting  valus 

of  the  ratio  is  unity,  when  d  «  0.     We  are  thus  entering  upon 

a  subject  which  will  be  more  fully  discussed  afterwards,  but 

which  we  have  already  touched  upon  more  than  once ;  the 

meaning  of  the  proposition  at  present  under  consideration 

will  appear  most  clearly  from  the  method  of  demonstration* 

Let  PQ  be  any  arc  of  a  circle 
haying  O  for  its  centre ;  join  PQ, 
and  draw  the  tangents  P3\  QT, 
and  let  OT  intersect  the  arc  PQ 
and  the  chord  PQ  in  A  and  B  re- 
spectively.   Then  it  is  manifest  that 

PAQ  is  >  PBQ  and  <  Pr  +  QT, 

or  that  PA  >  PB  and  <  PT\ 

or  if  POA  «  9,  then  d  >  sin  0  and  <  tan  9. 

Hence  on  the  one  hand,  — ^  <  l. 


XI       .1       ^^^  sin©  ^  .  ,0 

on  the  other,  ——  >  1,  or  — ^—  >  cos  0  >  l  -  2  sm*  -  • 

We  have  here  therefore  two  limits  between  which 


8in0 


Q 

always   lies,  namely,  between   l   and  1-2  sin'  - ;    and    the 

2 

smaller  we  make  9  the  more  closely  do  these  limits  approach 

each   other,  and  if  d   be   indefinitely  small  they  approach 

indefinitely  nearly  together;   in  other  words   the  limiting 

,        ^  sin  0  . 
value  of  — 2~  *^  unity. 


umrmo  taluh. 


16S 


57.    Hence  when  the  angle  is  small  the  value  of  the  sine 

is  approximately  the  same  as  the  circular  measure  of  the 

angle,  and  the  error  in  putting  one  for  the  other  can  never 

0 
exceed  9  0  sin*  -  • 

$ 

Also  versd  -  1  -  cosd -  S sin^-y 


versO 


•  • 


-i 


.   0\ 
sm- 


e 


-i 


when  0  is  indefinitely  small. 

Hence  if  the  arc  be  very  small,  JB  «  JP*. 

Therefore  also  the  difference  between  OP  and  OB,  or  JB, 
is  a  quantilgr  such  that  its  ratio  to  the  arc  is  indefinitely  small 
when  the  arc  is  indefinitely  small ;  and  if  the  arc  be  a  small 
quantity,  AB  may  be  called  a  small  quantity  of  the  second 
order. 

As  a  further  example,  we  may  shew  that  when  0  b 
indefinitely  small,  JT^  AB. 

AT     OT-^OA     secd-i 


For 


AB     OA^OB     1-COS0 


cosd 


1,  when  0  mO. 


Also 


AT--  AB^AT{l  -COS0)- S-^rsin*-, 

and  therefore  if  the  arc  be  a  small  quantity  of  the  first  order, 
A  T  will  differ  from  AB  by  a  quantity  of  the  fourth  order, 
that  is,  by  a  quantity  which  varies  as  0^. 


58.     We  will  conclude  this  treatise  by  proving  that 

0        0        0 
sin  9-0  cos -cos  -i  cos— ...ad  infinitmn. 
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9       9 
We  have  dnd^scos-  rin  ~« 

0        9         9 
«  2* cos-  cos ^  nn  ^» I7  tl^^ same  fonnok; 

X  iBi  ill 

and  in  like  manner  it  will  appear^  that  wfaaterer  be  n 

Bin  0  a  2*  sin  -;  COS  -  COS  -z  COS  -1  •••  COS  —  . 

Now  let  n  become  indefinitely  greats  then  by  the  pre- 

Q 

ceding  proposition  2"8in  -;  becomes  equal  to  9,  and  therefore 

9       9        9 
sin 9  >  0  cos-  cos  -^ cos  —  •••  ad  infinitum. 

2  2*         2* 

It  will  be  understood,  that  in  this  as  in  the  two  preeediDg 
articles  the  angle  9  is  eiq)re8sed  according  to  the  drcokr 
measure. 
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CONIC    SECTIONS. 


'fFiKiTioNS.  A  ri(jkt  cone  is  a  surface  generated  by 
an  indefinite  straight  line,  which  always  passes  through  a 
^ven  point,  and  makes  a  given  angle  with  a  given  straight 
line  passing  through  that  point. 

The  point  through  which  the  generating  line  always  passeSi 
is  called  the  vertav  of  the  cone.  The  given  straight  line 
passing  through  the  vertex,  is  called  the  a-ria  of  the  cone. 

The  common  notion  of  a  cone  is  that  of  a  pyramid  stand- 
ing on  a  circular  base*;  it  is  clear  that  a  cone  as  above  defined 
will  consist  of  two  such  pyramids  of  indefinite  height,  having 
their  axes  in  the  same  straight  line  and  their  vertices  coin- 
cident. 

If  we  conceive  a  cone  to  be  cut 
by  a  plane,  the  curve  formed  by  the 
intersection  will  be  different  accord- 
ing to  the  position  of  the  cutting 
plane.  There  are  however  only  three 
different  modes  in  which  it  is  possible 
for  the  intersection  to  take  place. 

For  distinctness  of  conception, 
let  the  annexed  figure  represent  a 
cone ;  B  is  the  vertex,  CDBCD'  is 
the  intersection  of  the  cone  by  the 
plane  of  the  paper ;  the  cone  is  sup- 
posed to  be  of  indefinite  length  both 
above  and  below  B.     Then 

(1)  The  cutting  plane  may  be 
parallel  to  the  line  BC  and  perpen- 
dicular to  the  plane  of  the  paper,  in 
which  case  it  will  only  cut  one  portion 

'  Enclid'a  dcflnkioD  at  >  cone  ii  u  follovi,  (Enc  Xt,  DtT.  IB);  A  cmi  i(  *  nlid 
fipnc  dnetibed  bj  the  reToluticni  of  iTii^l-uigUd  triangle  kbcml  Mt  of  lb*  ridcicMi- 
Uining  the  light  Uglt,  *hi<h  aide  rimaiiM  &iti. 
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of  the  cone  as  BCD,  and  not  the  other  BCD',  and  the 
curve  formed  by  the  intersection  will  evidently  be  a  curve  of 
one  branch  and  unlimited  in  extent,  since  the  cone  is  sup- 
posed to  be  unlimited.     This  curve  is  called  the  parahola. 

(s)  The  cutting  plane  may  be  inclined  to  the  line  RC, 
nnd  may  cut  the  cone  wholly  on  one  side  of  B,  that  is,  mny 
cut  the  portion  BCD  without  cutting  the  portion  BCff  %  in 
this  case  the  curve  will  be  one  of  limited  extent,  and  of  sa 
oval  form.     This  is  the  ellipse. 

(3)  The  cutting  plane  may,  as  in  the  last  case,  be  in- 
clined to  BC,  but  may  cut  the  cone  on  both  sides  of  B,  that 
is,  may  cut  the  portion  BC D'  as  well  as  BCD;  in  this  case 
the  curve  will  consist  of  two  branches,  each  of  uaIimit«J 
extent.     This  is  the  hyperbola. 

In  these  three  positions  of  the  cutting  plane  are  included 
two  cases,  which  perhaps  deserve  separate  notice ;  namely, 
that  in  which  the  cutting  plane  is  perpendicular  to  the  axis 
of  the  cone  and  the  section  consequently  a  circle,  and  that 
in  which  the  plane  passes  through  the  vertex  and  the  section 
is  two  straight  lines ;  but  these  positions  of  the  cutting  plane 
need  not  be  further  alluded  to,  because  the  circle  may  be 
considered  as  a  particular  ease  of  an  ellipse,  and  the  two 
straight  lines  of  an  hyperbola. 

We  may  say  therefore  that  there  are  only  three  different 
sections  of  a  cone,  the  parabola,  the  ellipse,  and  the  hyptrhola, 
and  it  will  be  our  business  to  study  the  properties  of  these 
Conic  Sections  in  order. 

It  may  be  remarked,  by  the  way,  that  the  Conic  Secttou 
are  curves  of  especial  interest  for  three  reasons;  first,  on 
account  of  the  simplicity  and  elegance  of  their  properties  l 
secondly,  because  of  their  historical  interest  as  cun-cs  kuowa 
and  studied  with  success  by  the  nncients*;  and,  thirdly,  be- 
cause science  has  taught  us  that  they  are  what  may  be  called 
physical  curves,  A  stone  when  projected  describes  a  pnmboU, 
the  planets  move  in  ellipses,  many  comets  describe  paraboU*, 
some  hyperbolas. 

*  The  niHi  uicicni  iksUu  on  ihK  *ubJMt  uuni  1*  tlui  of  ApoUmiDi,  ttf  Poga  ta 
Pam|ih;llii.  Bho  flounihol  io  ih«  n\ga  of  Piolfm)  Eutrgfiei,  ^mui  a.  c.  SMi  Tl« 
iKMkt  uf  Cimlc  Scclioni  tre  ihc  onlr  ooc  of  bin  vorlu  vliicli  liu  come  donD  w  na. 
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Although  we  have  spoken  of  the  Conic  Sections  as  the 
sections  of  a  cone,  which  is  a  mode  of  proceeding  rendered 
appropriate  by  the  name  usually  given  to  the  three  curves  in 
question,  we  shall  find  it  convenient  in  treating  of  their  pro- 
perties to  adopt  other  definitions,  and  we  shall  have  to  shew 
diat  the  curves  so  defined  are  really  conic  sections  according 
to  our  present  notion.  It  is  convenient  to  conceive  of  a 
curve  as  traced  by  a  point  which  moves  according  to  an 
assigned  law ;  thus  we  may  consider  a  circle  as  a  curve  traced 
by  a  pointy  which  moves  under  the  condition  of  being  always 
at  the  same  distance  from  a  fixed  point ;  and  this  is  the  mode 
of  definition  which  we  shall  adopt  in  the  case  of  each  of  the 
conic  sections;  we  shall  call  the  curves  so  defined  by  the 
names  of  the  Parabola,  Ellipse,  and  Hyperbola,  and  after- 
wards prove  that  the  curves  defined  are  the  three  sections 
of  a  cone. 

As  we  shall  have  much  to  do  with  the  tangents  to  the 
conic  sections,  we  will  here  explain  the  proper  notion  of  the 
tangent  of  a  curve.  The  definition  given  by  Euclid  of  the 
tangent  of  a  circle,  namely,  that  it  is  a  straight  line  which 
meets  the  circle  and  being  produced  does  not  cut  it,  may  be 
taken  also  as  the  definition  of  a  tangent  in  the  case  of  a  conic 
section.  A  better  definition  however,  and  one  which  is  ap- 
plicable to  all  curves,  may  be  given  as  follows.  Let  P  be  a 
point  in  a  curve,  JP'  a  •^ 
contiguous  point,  draw 
the  seeani  PP'S,  that 
is  the  line  cutting  the 
curve    in    P  and    P'.  s 

Now  suppose  P^  to  ap- 
proach -P,  then,  when  P*  and  P  are  indefinitely  near  together, 
the  secant  SP^P  will  become  the  tangent  TP.  In  other 
words,  a  tangent  may  be  conceived  of  as  a  secant,  drawn 
through  two  points  in  the  curve  indefinitely  near  to  each 
other. 

NoTK.  It  will  be  understood,  that  in  this  subject  an 
algebraical  notation  is  used  for  the  purpose  of  abbreviatioA 

11 
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only.     Thus  AB .  CD  will  be  merely  a  contracted  form  of 
the  phrase  **  the  rectangle  under  AB^  CD.^* 

Also  it  may  be  observed,  that  in  the  figures  the  dotted 
lines  refer  wholly  to  the  corollaries  of  the  propositions. 


THE  PARABOLA. 


Dbf.  If  a  point  P  moves  in  such  a  manncri  that  its 
distance  SP  from  a  given  point  S  is  always  equal  to  its 
perpendicular  distance  PM  from  a  given  fixed  line  LM^  the 
curve  traced  out  by  P  is  called  a  parabola. 

The  fixed  line  LM  is  called  the  direetris,  and  the  point 
S  the  focus. 

Draw  SL  perpendicular  to  the  directrix,  and  bisect  it  in 
the  point  A :  it  is  manifest,  from  the  definitioui  that  ^  is  a 
point  in  the  parabola ;  this  point  is  called  the  vertejif. 


16S 


It  18  fVniher  manifest,  that  the  conre  will  be  exactly 
mmilar  on  opposite  sides  of  the  line  AS  produced ;  this  line 
b  called  the  ant. 

Hence  it  abo  follows,  that  a  line  PNF^  drawn  through  P 
perpendicnlar  to  the  axis  to  meet  the  parabola  in  P^  will  be 
bisected  in  N:  PNP^  is  called  an  ordinate,  and  the  line  AN 
an  ab$eis$a  of  the  axis. 

The  crdinaie  BC,  through  the  focus,  is  called  the  laius 
reetunL 

Any  line  MPY  parallel  to  the  axis  is  called  a  diameter. 

The  names  abedsea  and  ordinate  are  not  confined  to  lines 
measured  along  the  axis  and  perpendicular  to  it;  they  are 
also  applied  to  lines  measured  along  any  diameter  and  parallel 
to  the  tangent  at  the  extremity  of  that  diameter:  thus  if 
QVQf  be  drawn  parallel  to  the  tangent  PT,  PF  is*  called  an 
abeeisea  of  the  diameter^  and  QVQ^  an  ordinate.  The  pro- 
priety of  this  nomenclature  will  be  seen  hereafter,  when  it  is 
proved  that  the  properties  of  the  lines  PV,  Q  VQ'  are  exactly 
analogous  to  those  of  AN,  PNP. 

If  PT  be  a  tangent  to  the  curve  at  P,  NT  is  called  the 
guhtangent. 

The  normal  PG  is  a  line  perpendicular  to  the  tangent. 
}iG  is  called  the  eubnormaL 


Paop.  I. 


Tke  latue  rectum  BC  »  4AS. 

Draw  BK  perpendicular  to  the  k 
directrix,  and  produce  SA  to  meet 
the  directrix  in  L ;  then 

SB  =s  BK  by  definition,  ^ 

-  SL  -2 J5, 
rince  AS  »  AL  by  definition ; 
/.  BC  -  ftSB  -  4 AS. 
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Prop.  II. 

The  tangent  at  any  point  of  a  parabola  biaeeta  the  angle 
between  the  focal  distance  and  the  diameter  through  the  point. 

Let  P  be  a  point  in  the  parabola,  F^  a  contiguous  point : 
draw  the  secant  TFP,  join  SP,  SP^,  and  draw  PM,  Pit 
perpendicular  to  the  directrix,  and  Pm  perpendicular  to  PU^ 
also  in  SP  take  Sn  equal  to  SP\  and  join  Pn. 

Then  in  triangles  PPm^  PPn  we  have  the  side  PP 
common;  also 

Pm^PM^PM' 

^SP--  SP'  (by  definition  of  parabola) 

«  SP  -  Sn  (by  construction) 

-Pn. 


Moreover  since  SP » Sn,  the  angles  SPn^  SnP  are 
always  equal,  and  therefore,  when  P  and  P  are  indefinitely 
near  together  and  PSn  consequently  indefinitely  small,  each 
of  them  is  a  right  angle.  Consequently  PnP  is  ultimately  a 
right  angle.  Hence  PPm,  PPn  will  be  ultimately  two  right* 
angled  triangles  having  the  hypothenuse  and  a  side  of  the 
one  equal  to  the  hypothenuse  and  a  side  of  the  other ;  and 
the  triangles  will  therefore  be  equal  in  all  respects. 
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Hence  the  angles  P^Pm^  PPn  are  ultimately  equal ;  that 
is,  \¥hen  the  secant  TP  becomes  a  tangent  it  bisects  the 
angle  SPMJ^ 

Cor.  1.  The  tangent  at  the  vertex  is  perpendicular  to 
the      • 


CoR.  2.  The  normal  bisects  the  angle  between  the  focal 
distance  and  the  diameter  at  the  point. 

Cor.  S.  If  T,  G  (see  figure,  page  162)  are  the  intersec- 
tions of  the  tangent  and  normal  respectively  with  the  axis, 
SP  ^ST^SG.     (Eucl.  I.  5.) 


*  If  we  define  the  tangent  to  e  parabola  at  being  a  straight  line,  which  meeta  the 
parabola  and  being  produced  does  not  cat  it,  in  the  place  of  the  propotition  giren  in  the 
text  we  may  substitute  the  following : 

The  straight  Une^  tchieh  bisects  the  angle  between  the  focal  distance  of  any  point 
and  the  diameter  through  that  point  is  a  tangent  to  the  parabola. 


Let  /*  be  the  point  in  the  parabola ;  join  SP\  and  draw 
PM  perpendicular  to  the  directrix ;  draw  FT  bisecting  the  H 

angle  SPM\  FT  shall  be  a  tangent  to  the  parabola.  B 

For  \i  PT  meet  the  curre  in  «ny  other  point  except 
P,  let  it  meet  the  cnnre  in  Q  \  join  5Q,  JIf  Q,  and  draw  QA    ff 
peipcndscular  to  £Jf. 

Then  in  the  triangles  IfPQ,  «S^/*Q»  we  have  MP  =  SP^  by  definition,  PQ  common, 
and  the  included  angles  MPQy  SPQ  equal  by  hypothesis ; 

.*.  AfQs^Q,  (Euci.  4). 
Again  in  the  triangle  MEQ,  the  angle  at  ii  is  a  right  angle, 

.*.  MQ  is  greater  than  QR, 

Bat  MQmSQf  .'.  SQ  is  greater  than  QR. 

But  SQ  s  QRy  by  definitioo ;  hence  SQ  is  both  equal  to  and  greater  than  QR, 
is  absurd. 

Hence  Prdoea  not  meet  the  parabola  in  any  other  point  except  P,  therefore  it  is 
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Prop.  III. 
The  suhtangent  is  equal  to  twice  the  abscisses   (NT  ^  2AN 


11 
^       I- 

v^-^"""^ 

aI     s 

N 

• 

V 

Draw  PM  perpendicular  to  the  directrix  LM\  then 

ST'^SP^PM^  LN, 
or  JT  +  AS-AL  +  JN; 
and       AS  -  AL ; 
.-.       ATm  AN, 
or      NT  -  iAN, 

Pbop.  IV. 

The  aubnormat  is  eoiutant,  and  equal  to  half  the  latt 
rectum.     (NG  «  sAS.) 


A     S 
ST'AS+AT 

~AS  +  AN  (by  preceding  Prop.) 
•m2A8  +  SN; 
.%  NG-'SG-SNm  aAS. 
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Prop.  V. 

The  reeiangU  under  tkekOus  factum  amd  tike  abicissa  is  equal 
to  the  square  of  a  eemi-ardmaie  of  the  axis.    (PN*  s  4AS .  AN.) 

Because  AN  is  dirided  into  two  parts  in  5,  if  5  is  between 
A   and  N^  or  because  AS  is 
divided  into  two  parts  in  N^ 
if  iNT  is  between  A  and  S^ 

.-.  ^AS.AN'¥SN^  -  UP 
(Euc.  II.  8.) 

/.  PN^^^AS.AN. 


Prop.  VL 

If  a  perpendicular  is  drawn  from  the  focus  on  the  tangent 
the  point  of  intersection  lies  in  the  tangent  at  the  vertex. 

Let  ^F  be  the  tangent  at  the  vertex  intersecting  the 
tangent  PTia  Y;  join  SY^  which  shall  be  perpendicular  to 

PT. 

Because  ^F  is  parallel  to  PNy  and  AT^AN;  therefore 
TY  «  FY.     (Euc  VL  2.) 

Also  SP==ST,  and  SY  is 
common  to  the  two  triangles 
SPY,  STY:  therefore  these 
two  triangles  have  their  sides 
respectively  equal,  and  are 
therefore  equal  in  all  respects. 

T  A      S    N 

Therefore  z  SYP  «  z  SYT,  and  therefore  each  is  a  right 
angle.  Hence  SY  is  perpendicular  to  PTy  and  therefore  the 
proposition  is  true. 

Cor.     SY^-^SP.AS. 

For  from  simiiar  triangles  SAY,  SYP, 

AS  z  SY  u  SY  t  SP. 
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Prop.  VIL 

If  from  any  point  F  in  the  ordinate  PR  the  line  FQ  is 
drawn  parallel  to  the  axis  and  meeting  the  parabola  in  Q,  then 
PF.FJR-4AS.QF. 

Draw  QE  perpendicular  to  the 
axis ;  then  because  PR  is  divided 
into  two  equal  parts  in  N  and  two 
unequal  in  F, 

.-.  PF.FR'^  PIP  -  NF^  (Euclid, 
11.  5) 

-  PN*  -  QE^ 

^US.ENr.4AS.QF. 


Prop.  VIIL 

If  from  either  extremity  of  an  ordinate  QVQ'  a 
QD  is  let  fall  on  the  diameter,  then  QD*  -  4AS  .  PY. 


^        I 

v<^ 

J 

t 

• 

^ 

^^ 

ly 

^^Q 

A 

P 

^ 

'     A 

N 

N 

Draw  the  tangent  PT,  and  QF  perpendicular  to  the  ordi- 
nate PNR,  then  from  similar  triangles  QfiV,  PNT. 


Q»  :  ST 


FT.  73. 


*AS  .Qf^  ^  FT -TK, 


iijr^^\xs.FT 


42r*«;r.«r  • 


Dnw  ^F  tbe  tangent  at  the  rertex.  ST  popendkokr 
tangent  FT,  QD  peipendicolar  to  the  diameter,  and  j<i 
,     Then  by  nmilar  triangles  Q.D  V,  SAY^ 

QF»  :  QD*  =  SY*  :  AS", 
;  from  amilar  triangles,  SAY,  SYF, 

AS :  SY  s  SY :  SP,  m  SY*  m  AS.SP; 
.'.  QV  :  <liy  ::  J^P  :  AS^ 

htAQMPm^JS.Pri  (Prop.nn.) 
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.:  QV  :  *JS .  PV ::  SP  t  AS, 
orQK'-45i'.Pr.» 
Obs.  It  will  be  seeo  that  this  proposition  includes  Prop.  t„ 
^QCe  in  that  case  P  coincidea  with  A  and  SP  ■■  AS. 


If  a  right  cone  u  cut  by  a  plane  which  it  paralU  to  a  Urn 
in  its  turfaee,  and  perpendieviar  to  ih»  plane  containing  that  Hne 
and  the  aatie,  the  eection  is  a  parabola. 


*  The  followiog  ii  B  Terr  not  indepoidcnt  fntt  of  thia  prapotltloo. 
Dt««  iha  MnKenl*  PT,  Ql  inler- 
Mcling  In  £>'4&d  QK,  LN.  FMII 
pcrptndicuUt  to  die  diitcltil.    Join 
LH.  LK,  SP.  SQ. 
TbtaQSP-QSG-PSG 

^a(SIQ-STP)'2PLM. 
Again  In  ihe  irimnsln  UPL,  SPL, 
«e  hkTc  IIP,  PL  equal  ID  SP,  PL 
tcipcctlTdj,  and  tlie  iac laded  uiglu 
equal,  ihcrafore  the  triangle*  are  equal 
In  allmpecti,  and  IIL  —  SL. 

The  Mme  holdi  good  of  the  Ulingla  ITQL,  5Q£,  and  Ihanfcre  rL  »  fl.  I 
.-.  H/.  =  JCt. 
Andalnce  £,.V  li  uiininoa  lo  the  trianglci  ULX,  JTLJ^Mid  li  perpetuUcoUilo  HJT.il 
triangle*  //.VL,  KA'L  arc  equal  tn  all  mpKH. 

.-.  I  FlIL ^iLKQ^i.  QSL  - 1  LSPm  |  i  Qf /•>  i  PLM. 
Heocc  PLSt,  PJIL  are  ilmUai  triangle*. 
Therefiwe  rL'=.  PM .  PU. 

ButUNmJfK,  .*.  QL- LM, .:  PUmPF,aumrmaPL. 
.:  QP^^iPL'miSP.pr. 


botkrftke 
sect  the 


Again  bv 


BLzLA 


But 


whidi  is  a  pnipctty 
{Prop.  T.) 


ofa 


r  ZJ  :  ii5, 

BLJ,  Ayr. 

z  AX  -.  XT; 
z  JLV :  ST, 
~4J3.AX. 

£x.xr~px% 

*JS.JX, 

«f  wUA  the 


B  & 


e  GJMl  is  a  prabola 


THEELUPSE. 


Dsr. 

of  tto 
tbecmre 


IFa point  P more  in  snch  a  manner  thai  the  som 
from  two  fixed  pcnnts  S,Hia  always  the  same, 
tnoed  oat  by  P  win  be  an  eilipte. 
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The  points  S,  H  are  called  the  foci^  and  the  point  0 
bisecting  SH  the  centre. 

Any  straight  line  PCG  through  the  centre  is  called  a 
diameter :  it  is  manifest  that  the  centre  bisects  all  such  lines. 

The  diameter  ASHM  through  the  foci  is  called  the  axie 
major :  A,  M  are  called  vertices. 

A  line  PNR  perpendicular  to  the  axis  miyor  is  called  an 
crdinatCf  and  the  lines  AN^  NM  abscissce  of  the  axis. 

The  ordinate  BCE  through  the  centre  is  called  the  axi$ 
minar^  and  that  through  either  focus  the  laiua  rectum. 

The  diameter  DCK  which  is  parallel  to  the  tangent  at  P 
is  said  to  be  conjugate  to  PCG. 

A  line  QVQ'  parallel  to  the  conjugate  diameter  is  called  an 
ordinate  of  the  diameter  PCG,  and  the  lines  PV,  VG  abedeeiB. 

A  perpendicular  to  the  axis  miyor  through  the  point  in 
which  a  tangent  at  the  extremity  of  either  latus  rectum  meets 
the  axis  is  called  the  directria^. 

Prop.  I. 

The  eum  of  the  focal  distances  of  any  point  is  equal  to  the 
ams  major.     (SP  +  HP  -  2  AC). 

For^  by  definition^ 

SP-i-HPrnSA-h  HA, 
SP  +  HPm8M^HM\ 

B 


•  This  line  U  so  caUed,  became  it  mmy  be  prored,  (lee  Prop.  ? .  Coi:  %)  that  if  frm 
ft  point  P  in  the  ellipee  PM  ii  drawn  perpendicular  to  the  directrix,  then  8P  la  alvaft 
leet  than  PM  in  a  conitant  ratio.  Thua  the  ellipee  might  be  defined  In  a  maancr  aimibr 
to  that  adopted  tot  the  parabola.  The  ratio  abore  mentioned  is  called  the  eoowUHdHyef 
theeUipte. 
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/.  2  (SP  +  HP)  ^SA^SM  +  HJ  +  HM 

^2AM; 
or  SP-^-HP^AMm  %AC. 

Cob.     SB  +  HBm  2AC. 

But  manifestly  SB  «  HB ; 

.-.  SB  =  AC. 
Hence  also  BC*  -  JC  -  SC*. 

Prop.  II. 

77l«  tangent  at  any  point  of  an  ellipse  makes  equal  angles 
with  ihejaeal  distances. 

T 


Let  P,  P^  be  two  contiguous  points  in  the  ellipse ;  draw 
the  secant  TPPT\  join  SP,  SP,  HP.  HP";  in  BP^  take  8m 
equal  SP,  in  HP  take  J7h  equal  to  HP,  and  join  Piw,  P'n. 

Then  in  the  triangles  PmJP',  P'nP,  we  shall  have, 

Pn^HP--  HP, 
and  P'm  -  5'P'  -  -SP, 
but  SP+HP^SP"  +  HP, 
/.  Pn  «  P'm  ; 

Moreover  since  -JP-  Pin,  the  angles  ^yPm,  SmP  are  always 
equal,  and  therefore^  P  and  P"  arc  indefinitely  near  together, 
sid  PSm  consequently  indefinitely  small,  each  of  them  is  a 
right  angle.  Consequently  P^P'  is  ultimately  a  right  angle ; 
ad  so  is  Pnf^  for  like  reasons. 
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And  therefore  in  the  right-angled  triangles  PmP^^  PnP^  we 
have  the  side  Pm  »  Pn^  and  the  side  PP  common :  hence 
the  triangles  are  equal  in  all  respects,  and  i  PPm  «  /,PPn: 
but  when  P  and  P  coincide  these  are  the  angles  which  the 
tangent  makes  with  the  focal  distances:  hence  the  proposition 
is  true*. 

CoR.  1.  The  tangent  bisects  the  angle  between  HP  and 
SP  produced. 

CoR.  2.  The  tangent  at  either  vertex  is  perpendicular  to 
the  axis  major. 

Prop.  III. 

The  perpendiculars  from  the  foci  on  the  tangent  intersect  the 
tangent  in  the  circumference  of  a  circle^  having  the  axis  major  as 
diameter. 

Produce  SP  to  TT,  making  PW^HP:  join  WH,  cutting 
the  tangent  in  Z :  join  CZ. 

•  The  following  demonstration  of  the  fundamental  property  of  the  tangent  of  an 
ellipse  is  analogous  to  that  given  at  page  16A  for  the  parabola. 

The  itraiffht  line  which  bisects  the  angle  between  one  focal  diitanee  efm  poimi  emd 
the  other  focal  distance  produced  is  a  tangent  to  the  ellipse  at  that  poini. 

Let  P  be  a  point  in  the  ellipse;  join  SP^  HPf  and  ^r 

produce  SP  to  W;  bisect  the  angle  IIP  Why  the  straight 
linoPT;  /T  shall  touch  the  ellipse. 

For  if  not,  let  PT  cut  the  ellipse  in  Q;  from  //  draw 
II Z  perpendicular  to  PT  and  produce  it  to  meet  SPIV  in 
W.    Join  SQ,  IIQ,  JVQ. 

Then  in  the  triangles  II PZ,  WPZ^  we  have  the  angles 
HPZ,  WPZ  equal,  by  construction ;  //Z/»,  WZP  equal, 
being  right  angles ;  and  the  side  PZ  common ;  hence  the 
triangles  are  equal  in  all  respects,  and  HP^PW^  and 
HZ^WZ,  (Euc.  1.26.) 

.-.  .vir=.vp+rrr=s'P+//p=2^ccProp.  I.) 

Again,  in  the  triangles  //QZ,  WQZ^  we  have  HZ,  WZ  equal  by  the  preceding  de- 
monstration,  QZ  common,  and  the  included  angles  II ZQ^  WZQ  equal,  being  right 
angles ;  hence  the  triangles  are  equal  in  all  lespecu,  and  II Q  a  WQ.    (£ac.  i.  4.) 

.-.  SQ^  irQ»5rQ  +  //Q  =  2^C(Prop.  i.) 
but  SW^2AC\  ,\  SW'mSQ^  ITQ, 
which  is  impouible.    (Euc.  i.  20.) 

Hence  /T  does  not  cut  the  ellipse  in  any  point  amch  at  Q ;  chcrcfbn  U  If  n  MsgeBt. 
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Then  in  the  triangles  HPZ,  WFZ,  we  have  the  sides  HP, 
WP  equal  by  eonstruetion,  PZ  eonnmon,  and  the  angles  HPZ, 
WPZ  equal  by  the  property  of  the  tangent:  therefore  the 
triangles  are  equal  in  all  respects,  and  z  PZH  a  i  PZ  W,  each 
of  which  is  therefore  a  right  angle.     Hence  HZ  is  the  per- 
pendicular on  the  tangent. 


Again,  8C «  CH,  and  WZ  «  ZH\  .-.  CZ  is  parallel  to 
&W\  and  by  similar  triangles  CZH,  SWH,  CZ  «^  ]^  SW. 
But  SW  ^  8P  ^  PW  ^  SP  -¥  PH  r^2AC\  .-.  CZ  ^  AC,  and 
therefore  Z  is  a  point  in  a  circle,  the  centre  of  which  is  Cand 
radius  AC. 

The  proof  would  have  been  the  same,  if  we  had  considered 
SY  the  perpendicular  from  the  focus  S. 

Cor.  Draw  the  coi\jugate  diameter  CD  cutting  SP  in  E. 
Then  PJECZ  is  a  parallelogram ; 

.-.  PE^CZ^  AC. 

NoTB.  As  the  circle,  which  is  the  subject  of  the  preceding 
proposition,  is  of  great  use  in  demonstrating  the  properties  of 
the  ellipse,  we  shall  call  it  the  auxiliary  circle. 
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Prop.  IV. 

The  rectangle  under  the  perpendiculars  Jirom  the  /oei  en  the 
tangent  is  equal  to  the  square  of  the  semiroais  minor. 

(S  Y .  HZ  -  BC«). 

Y 


Produce  BY  to  meet  the  auxiliary  circle  in  Y* ;  and  join 
CT,  CZ.  Then  because  ZYT  is  a  right  angle,  therefore  ZCY" 
is  a  diameter  of  the  auxiliary  circle,  and  CZ,  CV  are  in  the 
same  straight  line.  Hence  in  the  triangles  SCY*,  ZCH,  the 
sides  SC,  CT  are  respectively  equal  to  HC,  CZ^  and 
jlSCY'  ^  zHCZ;  therefore  the  triangles  are  equal  in  all 
respects,  and  SY'  -  HZ. 

.-.  Sr.  HZ^SY.STm.  AS .  SM;   (End.  in.  35) 

but  AS.SM^ACP  -  Sa  (Eucl.  ii.  5) 

=  BC^ ;  (Prop.  i.  Cor.) 

.-.  SY.HZ^ BC. 

Cor.     By  similar  triangles,  SYP,  HZP,  (fig.  Prop,  in.) 

SY:  HZ::SP\  HP\ 

/.  SY^ :  SY.HZ  ::  SP  :  HP, 

.-.  SY* :  BC  ::  SP  :  ZAC-SP. 
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Prop.  V. 

Th€  rectangle  under  the  linee  intercepted  between  the  centre 
and  the  intereectiane  qf  the  €urie  with  the  ordinate  and  tangent 
respectively^  ie  equal  to  the  square  qf  the  eemiroxie  mcffar. 
(CN.CT-AC*.) 
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^^^                                              • 

\          \             ^^*»^*« 

^^ 

^^                                               9 

\               I                           ^^>J*. 

^^^ 

0 

0 

\                 I                                   ^''^c^* 

^y^ 

0 
m 
* 

\         1                      ^^^^«<^ 

s 

c 

N    H    J 

^-^ 

Produce  SP  to  W^  then  because  PT  bisects  the  exterior 
angle  WFH, 

.\  ST  I  HT ::  SP  :  HP.    (Eud.  vi.  a.) 
.-.  ST-hHT:  ST^HT ::  SP^HPi  8P-  HP, 
or  ftCT :  SH ::  %AC  :  SP  -  HP. 
Again,  we  have  SP^  -  SN^  +  PJV*, 

J5rp'-jyjv*  +  pjv«; 

/.  SP"  -  HP"  ^SN*^  HIP, 
or  (-SP  -  HP)  {SP  +  ^P) 

-  (SN^  HN)  {SN+  HN),  (EucL  ii.  5.  Coil) 
or  (SP  -  jyP)  2i4C  -  ZCN.  SH, 
or  2CiV :  SP-HP  ::  2i<C  :  -SfT. 
Hence  CT  :  ^C  ::  -4C  :  CN, 

or  CN.CTmJC. 

Cor.  1.     Produce  PiV  to  meet  the  auxiliary  circle  in  Q. 
Join  CQ,  TQ. 

Then  Cr.  CNm  AC'  -  C<?, 

or  CT  :  CQ  ::  CQ  :  CN; 
therefore  CQT  is  a  right  angle,  and  Q  T  touches  the  circle 
at  Q ;  that  is,  the  tangents  of  the  eUipse  and  circle  at  P  and  Q 
respectively  cut  the  nugor-awis  produced  in  the  same  point. 

12 
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Cor.  2. 
trix  LM. 


From  P  draw  PM  perpendicular  to  the  direo- 
Then  as  in  tlie  proposition 

(8P  -  HP)  ftJC  -  ftCN.  SH, 
or  (« JC  -  «5JP)  «-iC  •  tCJV .  fiC8, 

or  SP.AC-^AC  -  CJV^.  C5^. 


But  by  the  definition  of  the  directrix,  and  by  the  pro- 
position,      AO  -  CB.  CL^CS.CN-^  CS.NL, 

.-.  SP.AC^  CS. NL  -  OS.PM, 
or  SP  :  PAT ::  C? :  AC, 
in  other  words  the  ratio  of  SP  to  PM  is  the  same  whaterer 
be  the  position  in  the  ellipse  of  the  point  P. 

Prop.  VL 
The  rectangle  under  the  abecieem  of  the  axie  major  ie  to  the 
equare  of  the  eemi-ordinate,  ae  the  equare  of  the  amie  mafor  to 
the  equare  of  the  awie  minor.  (AN .  NM  :  PN' ::  AC  :  BC.) 
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Draw  the  tangent  PT  and  tb^  perpendicular^  upon  it 
from  the  foci  BY^  HZ\  produce  PN  to  meet  the  auxiliary 
circle  in  Q,  join  CQ,  and  draw  the  tangent  QT:  then  the 
triangles  8YT,  PUT,  HZT  are  similar, 

.-.  PN  :  SY  ::  NT  :   YTy 

and  PN  x  HZ  w  NT  :  ZT\ 

.\  PN*  :  SY.J3Z  ::  NT*  :  YT.ZT, 

or  PN^  :  jBTC  ::  NT*  :  QT»    (Euc.  in.  S6), 

QN*  :  C(}*  by  similar  triangles, 

AN .  NM  :  CQ*  by  property  of  the  circle, 

or  AN.NM  :  PN*  ::  ^C*  :  JBC«. 

Cor.  1.      Hence  if  L  be  the  latus  rectum, 

L.AC'^ZBC*. 
For  by  the  proposition 

AS.SM:  —..ACxBC, 

jrt 
or  BC  x—\xA(?\  EC?,  (See  Prop,  iv.) 

or  JBC  :  —  ::  ^C  :  JBC, 

2 

•*•  JL  •  AC  "  ZBC>% 

CoR.ll.  AN.NM  mdN"; 

/.  ON  :  PN::  AC  :  5(7. 

CoR.  3.  Hence  it  may  be  shewn  that  a  theorem  analo- 
gous to  Prop.  v.  holds  for  the  minor  axis ;  that  is,  if  the 
tangent  meet  the  axis  minor  in  ^,  and  Pn  be  perpendicular  to 
the  axis  minor,  then  Cn.Ct^  BO. 

For  we  have 

Ct  :  CT  :;  PN  :  NT, 
CH  X  CN  xt  PN  I  CN, 
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.'.  Cn.CtiCN.CTii  PN*  :  CN. NT, 

Cn.CtiAan  PN*  :  CN.  CT-  CN* 

::  PN* :  JC*  -  CN* 
t:PN*'.JN,NM 
::  BC*  I  JC^, 
.%  Cn.CtmB<P. 


Prop.  VIL 

If  the  semi-diameter  CD  is  canjtigate  to  CP,  then  CP  is  con- 
jugate  to  CD. 


Draw  the  ordinatcs  PA;  DB  and  the  tangents  Pr,  DO. 
Then  the  triangles  PiV^r,  CDR  are  nmilar. 

But         CN.CT^Aa\ 

.-.  CN.NTmAC^-'CIP 

-  ^2V.  iVif ;  (Euc.  II.  5.  CoR.) 
in  like  manner 

CB.RO^JR.RM; 
.-.  CN.NT:  CR.RO  ::  JN.NMiJR.RM, 

s      PJV«      :  DiP, 
::      JV2*     r  CR^, 
..CNiRO::      NT      :  CR, 

V.      PN       iDR; 

therefore  the  triangles  PCN,  DOR  are  dmilar,  and  CP  is 
IMurallel  to  DO,  or  CP  is  eoqjogate  to  CD. 
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Obs.     It  -is  evident  that  the  major  and  minor  axes  are 


Psop.  vnL 

The  reetaagls  vnder  the  abeeitta  of  any  diameter  ie  to  the 
tqvare  of  the  eemiordmate,  ae  the  square  of  the  diameter  to  the 
equare  ^  the  eot^agate, 

(PV.VG  :  QV* ::  CP* :  CD'.) 


Let  the  ordinate  QVK  meet  the  axis  in  O,  Produce  the 
ordinatea  NP,  LD  to  meet  the  auxiliary  circle  \a  I',  1/ 
retpectivelj :  draw  QM,  VW  perpendicular  to  the  axis :  let 
VW  cut  Cf  in  Xi  join  OX,  and  produce  it  to  meet  MQ 
[Hx>duced  in  G[. 

Then  CiM  :  Qif ::  XW  i  VW 

::  FN  :  PN; 

therefore  Q*  is  a  point  in  the  auxiliary  circle. 

Again,  draw  the  tangents  PT,  P'T  to  the  ellipse  and 
drcle,  thai  CD  is  parallel  to  PT. 

.'.  CL  :  NT ::  DL  :  PN  s  D'L  t  PN; 

therefore  the  triangles  CLIX,  TNP  are  similar,  and  CD'  is 
pwallel  to  JPT  and  perpendicular  to  CP. 
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In  like  maxiQer  (iX  is  perpendicular  to  CP. 

Now  CP^  :  CV^ ::  CF^  :  CX*\ 

or  PV.  VG  :  Q'jr* ::  CP*  :  ^C; 
and  ax^  I  Qin  n  CJff*  :  CD" ::  ^0»  :  CIT; 
/.  PK.  F6  :  QP  ::  CP»  :  CD\ 

Obs.  It  will  be  seep  that  Prop,  vi,  is  a  particular  case  of 
this  proposition,  since  in  that  case  CP  -*  JC  and  CD  —  BC. 
It  has  already  been  remarked  that  the  axes  of  the  ellipse  are 
conjugate  diameters. 

Prop.  IX, 

The  sum  of  the  squares  of  canjugctte'diameiers  is  constant. 

(CP*  +  CD'  -  AC  +  BC.) 
B 


Draw  the  tangents  PT,  DO,  the  ordinates  PN,  DR,  and 
Ai,  Dr  ordinates  to  the  minor  axis. 

Then  CN.CT ^  AC  ^  CR.CO; 
.'.  CNi  CR::  CO:  CT, 

;;  CD  :  PT  by  similar  triangles  CDO,  TPC\ 
::  CR  :  NT  by  similar  triangles  ODR.  TPN\ 

or  CJP'^CN.NTmCN.CT'-CI^ 
^ja-'CN^; 

or  C/P  ^^  CN^ «  ^C«. 
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Similarly,  (Sfie  Ftop.  ti.  Cor.  8)  Cff^W^^  B(?; 

or  CF'  +  Ciy^  JC  +  BC. 

Cor.     Since  CB^  -  JC^  -  CN*,  .\  CR  -  the  ordinate  in 
the  aiudliary  circle  corresponding  to  the  point  P; 

.-.  PN  :  CR  ::  BC  :  AC\ 

mmilarly,  DR  :  CN  ::  BC  :  AC. 


Prop.  X. 

ParaUelogramM  eircuiMcribing  an  eUipge^  the  sides  qfwkieh 
are  parallel  to  eonjugaie  diameters,  have  the  same  area. 


LfCt  abed  be  the  parallelogram  formed  by  tangents 
ptraDd  to  the  Bemiconjogate  diameters  CP,  CD.  Draw  CY 
perpendieiilar  to  the  tangent  PT,  and  the  ordinates  PN,  KR. 

Then  by  similar  triangles  CYT,  CKR, 

CT  I  CY  i:  CKi  KB; 
.\CY.CKmCT.KR\ 
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but  CT  :  AC  ::  AC  :  CN, 
and  KR  :  CN  ::  BC  :  AC  (Prop.  ix.  Cor.) 
.-.  CT.KR^  AC.BC, 
and  A  Cr.CKmAC.BC; 

but  CF  •  CJT 18  one  fourth  of  the  parallelogram  abed,  there* 
fore  the  parallelogram  abed  ^^AC .  BC  « the  rectangle  under 
the  axes  of  the  ellipse. 

Prop.  XI. 

If  a  right  cene  is  eut  by  a  plane  which  ia  not  parallel  to  a 
line  in  its  surface,  and  the  section  is  wholly  on  one  side  of  the 
vertex,  the  section  is  an  ellipse. 

B 


Let  BAD  be  the  section  of  the  cone  by  the  plane  of  the 
paper,  APMP^  the  cutting  plane  which  is  supposed  perpen- 
dicular to  the  plane  of  the  paper.  Let  EPFP^  be  any  cir- 
cular section  made  by  a  plane  perpendicular  to  the  axis  of 
the  cone.  Then  the  line  PNP',  in  which  the  planes  EPFP, 
APMP  intersect,  is  manifestly  perpendicular  to  both  EF 
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and  jtM.      Draw  MK  parallel  to  AD.      Then   by  similar 
triangles, 

JNiENiiJMiKM, 

BudNMiNF::  AM:  AD; 

.-.  AN.  NM :  EN.  NF ::  AM* :  KM.  AD, 

or  AN.NM :  FN* ::  ^J/' :  JTAf .  AD\ 

buty  by  Prop,  ti,  this  is  a  property  of  an  ellipse,  the  major  axis 
of  whieh  is  AM,  and  the  minor  axis  a  mean  proportional  be* 
tween  KM  and  AD ;  hence  the  section  is  an  ellipse. 


THE  HYPERBOLA. 


Dbf.  If  a  point  P  move  in  such  a  manner  that  the  dif« 
ference  of  its  distances  from^  two  fixed  points  8^  H  is  always 
the  same,  the  cunre  traced  out  by  P  will  be  an  hyperbola!*. 

The  points  S,  H  are  called  the  foci,  and  the  point  C 
bisecting  SH  the  centre. 

It  is  evident  that  the  hyperbola  must  consist  of  two 
hranehee,  because  for  every  point  F  to  the  right  of  C  there 
will  be  another  F^  to  the  left  of  it^  exactly  similarly  situated ; 
consequently  the  curve  will  be  exactly  symmetrical  with  re- 
spect to  C.  Moreover,  it  is  clear  that  the  branches  will  be 
infinite,  since  there  is  no  limit  put  to  the  magnitudes  of  HP 
and  SP  by  the  condition  of  their  difference  being  constant 

The  definition  of  the  hyperbola  being  so  nearly  analogous 
to  that  of  the  ellipse,  it  will  be  anticipated  that  many  of  their 

*  TIm  bTpciboU  might  be  defined  m  the  locua  of  a  point,  the  distance  of  which  froni 
a  fim  point  (<iWybcti#),  ii  alwa/i  greater  in  a  conatant  ratio  than  iu  diaUnce  from  a 
fifw  ttnifht  Hoe  (the  ^eeifut\.  Thui  the  conic  sections  admit  of  a  simple  definitioo 
■yplicabk  to  aU  dnree  Tsrietiea ;  fat  we  may  say  that  a  conic  section  is  the  locus  of  a 
ftiaty  the  ^«t*«»»<^  ^  which  from  a  given  point  is  in  a  constant  ratio  to  its  distance  from 
a  fiffo  Udo,  the  ratio  being  one  of  equality  for  the  parabola,  of  less  inequality  for  the 
AfH^  aad  of  gnoter  ineqiiality  fbr  the  hyperbola.  (See  Prop.  v.  Cor.  S,  page  178,  and 
hip.  T.  Cor.  ^*Pm«»  1SS>> 
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properties  will  be  possessed  in  common ;  also  the  nomenda- 
ture  is  so  devised,  as  to  preserve  as  much  as  possible  the 
analogy  between  the  two  curves. 

Any  line  PCG  through  the  centre  and  meeting  the  two 
branches  of  the  curve  is  called  a  diameter :  it  is  manifest  that 
the  centre  bisects  all  such  lines. 


The  diameter  ACM,  which  produced  passes  through  the 
foci,  is  called  the  €uri8  major :  A,  M  are  called  vertieea. 

PNR  is  an  ordinate  of  the  axis ;  AN,  NM  the  abseieeoi. 

A  line  BC  drawn  from  C,  perpendicular  to  the  axis  miyor, 
and  such  that  BC* «  SC*  -  ^C,  is  called  the  eemiasie  minor ; 
BE  (m  zBC)  is  the  axis  minor ;  this  is  according  to  the 
analogy  of  the  ellipse,  in  which  we  had  BO  «  ^C*  -  SC^. 
(Ellipse,  Prop.  i.  Cor.) 

An  hyperbola  (represented  by  a  dotted  line  in  the  figure), 
having  BE  for  its  miyor  and  AM  for  its  minor  axis,  is  called 
the  conjugate  hyperbola. 

When  the  miyor  and  minor  axes  are  equal,  the  hyperbola 
is  said  to  be  rectangular;  it  will  be  seen  that  the  rectangnlar 
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hat  the  flame  kind  of  relation  to  the  common  hyperbola,  aa 
the  circle  has  to  the  ellipse. 

A  line  KCD  drawn  through  C,  parallel  to  the  tangent  at 
P,  to  meet  the  conjugate  hyperbola,  is  called  the  diameter 
conjugate  to  PCO. 

Other  definitions  are  the  same  as  those  for  the  ellipse. 

An  €uymptote  to  a  curve  is  a  straight  line  which  con- 
tinuaUy  approaches  the  same,  and  the  distance  between  which 
and  the  curve  becomes  less  than  any  assigpiable  distance,  but 
which  being  produced  ever  so  far  does  not  cut  it. 

Prop.  L 

The  difference  of  the  focal  distances  of  any  point  is  equeU  to 
the  axis  major.     (HP  -  SP  -  2 AC.) 


For,  by  definition, 

HP'-SPmHA-  SA, 
HP-'SPm  SM^HM; 
.-.  2  {HP  ''SP)^HA-  HM  -^  SM^  SA, 

m2AM, 

or  HP'-SPm  AM  -  ZAC. 

Prop.  II. 

The  tangent  at  any  point  of  an  hyperbola  makes  equal  angles 
with  the  focal  distances. 

Let  P,  P^  be  two  contiguous  points  in  the  hyperbola; 
draw  the  secant  TPFT\  join  SP.  SP^,  HP,  HF;  in  SF 
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take  iS'fii  equal  to  SP,  and  in  JSTF",  Bn  equal  to  HP\  and 
join  Pm^  Pn. 


Then  HP  ^  SP  m  HF  -- SP. 

by  the  property  of  the  hyperbola, 

.\SP'  --SPmHP^HP, 

or  P^m  -  Pn ; 

and  hence  (as  in  the  case  of  the  ellipse)^  the  triangles  PmP, 
PnP  will  be  equal  in  all  respects  when  P  and  P  are  in- 
definitely near  together. 

Hence  in  this  case 

iPP'm^  JiPPni 

but  when  P  and  P  coincide  these  are  the  angles  which  the 
tangent  makes  with  the  focal  distances;  hence  the  propo- 
sition is  true^. 

*  Tb«  following  ii  aaalogoas  to  the  propoiitioii  gifen  in  the  note  on  page  174. 

The  atraight  line  which  Hteete  the  angle  behteen  the  /bcmi  Meitmeee  ^f  mmg  ptimi 
ie  a  tangent  to  the  hgperbola  at  that  point. 

Let  Pr  be  the  itrmight  line  which  blsectt  the 
Mgle  SPH\  then  if  it  be  not  a  tangent  to  the 
hjrperbola  at  P,  let  PT  or  PT  produced  cut  tht 
cunre  in  another  point  Q.  Join  SQ^  HQ ;  fhmi  S 
draw  SY  perpendicular  to  PT^  and  produce  it  to 
meet  HP  in  W\  join  WQ, 

Then  in  the  triangles  SPYy  WPY,  we  hare 
the  angles  SPY^  WPY  equal  by  hjpothcaia,  and 
the  angles  SYP^  WYP  equal,  each  being  a  right 
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Cor.     The  tangent  at  either  yertex  is  perpaidicokr  to 
the  axis  nugor. 


Prop.  DX 

The  perpendieulatM  from  the  feci  on  the  iangemi  kUerseei  the 
tangent  in  the  circumferenee  of  a  circle  hoeing  the  am  major  as 
diameter. 

In  HP  take  PFF-  SP\  join  SW,  cutting  the  tangent 
PT  in  Yi  join  CT. 


Then  in  the  triangles  PSY^  WPY,  we  have  the  sides  SP, 
PW  equal  by  constructiony  PF common,  and  the  angles  SPY^ 

angle;  alao  the  side  /*F eommon t  hence  the  triangles  are  equal  In  all  respects,  and 
SP^  WP,  wbASY'^  WY,  (Enc  i.  28l) 

/.  HW»HP'WP--HP'SP^2AC(Ym^.i.) 
Again  fai  die  triangles  SQY^  WQY^  we  hare  SY  s  WY,  the  side  QY  common,  and 
the indaded  angles  SYQ<^  WYQ  equal,  each  heing  a  right  angle;  hence  the  triangles 
sRcqsal in aU respects, and 5Qs  frQ,(£uc  1.4.) 

.-.  HQ^WQ^a  HQ  ~SQ  ^2AC  (Prop,  i.) 
Bat  HW^±4C,  .-.  HQ~  WQ^HfV, 
or  HQ'^fVQ-^HfVt 
vUch  ta  impoMlUo  (Enc  1. 90). 
Henco  Pr»grPrpaDdocod,  docs  not  cnt  the  hyperbola  in  any  othg  point  I  thsMfbce 
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WPT  equal  bj  the  property  of  the  fauigMit;  therefim  the 
triangles  are  equal  in  all  respects,  and  jl  SYP  «t  4,  WYPf  eaeh 
of  which  is  therefore  a  right  angle.  Hence  SY  is  the  per- 
pendicular on  the  tangent. 

Agam,  SC^  CH  and  SY^  YW,  therefore  CY  is  parallel 
to  HW\  and  by  simikr  triangles  CSY,  HSW,  CY^^HW. 

But  HWmHP^PWmHP-BPm%AC. 

Therefore  CY^  AC,  and  therefore  Fis  a  point  in  a  circle 
the  centre  of  which  is  C  and  radius  ACL 

The  proof  would  have  been  the  same  if  we  had  considered 
HZ  the  perpendicular  from  H,  or  if  we  had  drawn  the  tan- 
gent to  the  other  branch  of  the  curve. 

Cor.  Draw  the  semico^jugate  CD,  cutting  HP  in  Ei 
then  CYPE  is  a  parallelogram,  and  PE  «  CF  «  AC. 

Prop.  IV. 

The  rectangle  under  the  perpendiculare  from  tke  foci  cm 
the  tangent  ie  equal  to  the  square  of  the  eemiaarie  minor. 

(SY .  HZ  -  BC».) 


Let  the  perpendicular  HZ  meet  the  auxiliary  circle  also 
in  F.  Join  CY,  CY;  then,  because  YZY  is  a  right  aiigle» 
therefore  YCY  is  a  diameter  of  the  auxiliary  eirde,  and  CY, 


Itl 


scr^ 


i»  tke 


i^SCr^^HCTi 


are  equal  in  all 


m-  SS,  Cor.^ 


U.  C"* 


Con.      Bj  siinikr  tria^ks  ^17,  HZP,  (%.  PropL  ni.) 

Sr :  HZ  =  5/* :  HP. 
.-.  SF»  :  ST.  HZ  =  5/^ :  £CP, 
.-.  ^F»  :  *C»  =  SP  :  2JC  +  SP. 


PaoF.  V. 


7%e 
fre  amd  the 
gad  retpecUtfeljf  u 
(CN.CT-AC?.) 


to  Ik 


Because  PT  bisecto  the  angle  HP3, 

.-.  HT :  8T  ••!  jyP  :  SP,   (Euc.  vi.  s) ; 
/.  HT--ST  :  JSrr  +  ar ::  HP  -  5^  :  HP  +  iJP, 
or  tCT  :  SS ::  «-rfC :  HP  +  SP. 
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Again,  we  have 

SP^  ^  SIP  +  PJSP, 
HP^^HIP  +  PIP;     • 

or  {HP  +  SP)  {HP^SP)  -  {HN^SN){HN''  8N), 

(Euc.  il6), 
or  {HP  +  SP)  2JC  -  2CJV.  a'fi; 
or  2CiV:  HP-hSP  ::  2J(7:  5^^ 
Hence  CT :  AC  v.  AC  :  CN, 

otCT.CN^AC. 

Cor.  1.  Draw  TQ  an  ordinate  to  the  auxiliary  cirde,  and 
join  NQ,  CQ. 

Then  CT.  CN'^AC^  CQ^ 

or  CT :  CQ  ::  CQ :  CAT. 
Therefore   CQ^  is  a  right  angle,  and  NQ  touches  the 
circle. 

Cor.  2.     From  P  draw  Pif  perpendicular  to  the  directrix 
LM.     Then,  as  in  the  proposition, 

{HP+SP)  %AC^SlCN .  8H, 
or  (2JC7+  2SP)  %AC  -  ^CN.  StCS^ 

or  SP.AC'-  CN.  CS  -  JC* 


But  from  the  definition  of  the  directrix  and  the  pro- 
position, 

AOmCS.CL^CS.  CN^  CS.NL; 
.-.  SP. AC  ^  CS.NL  -  CS.  PM. 
or  SP  :  PM ::  CS  :  JC 

In  other  words,  the  ratio  of  SP  to  PM  is  the  same 
whatever  may  be  the  position  of  P  in  the  hyperbola. 


Dtmw  tlie  tangent  PT  and  the  popendicnlars  apon  it 
from  the  loci  SY,  HZ;  disw  7X2  an  ordinate  to  tke  aoxiliai? 
cbde,  and  join  KQ,  CQ,  Tlien  the  triangles  SYT,  PXT, 
JEfZ rare  similar; 

.-.  Py  :  Sr  ::  XT  :   TT. 
and  PX  :  HZ  =  AT  :  ZT; 
.'.  PX*  :  ST.  HZ  =  XT^:  TT.ZT, 
or  PIP  :  jBC"  =  XT  :  Qr»,  (Eue.  m.  33), 

s  Q^'  :  CQ*,  bj  similar  triangles, 
::  ^JV^.  XM  :  ^C^,  (Eue.  ni.  S6). 
or  AX.XM  :  PJ^  s  ^C»  :  ^C». 

Cob.     As  in  the  case  <^  the  ellipse, 
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Prop.  VII. 

If  tangents  be  drawn  at  the  vertices  of  the  hyperbola  and  of 
the  conjugate  hyperbola,  the  diagonals  of  the  rectangle  tofbrmed 
will  be  asytnpotes  to  the  hyperbola. 


Let-  CE,  CF  be  diagonala  of  the  rectangle,  and  let  the 
ordinate  PN  produced  meet  them  in  Q  and  q  respectirely. 


Then 


NQ*  :  CN' 


or  NQ*  -  PN* 
.-.  QP.Pq 


PN* 

PN* 

AC* 


JE*{BC)  :  JC*y 
PN*  :  JN.NM, 
CN*  -  AC, 
CN*  -  AC*, 
CN*  -  AC*. 
CN*  -  AC*, 
AC*, 


PN* 

CN* 

AC* 

PN* 

BC* 


or  QP.Pqm.BC*. 

Now  the  rectangle  QP .  Pq  being  always  equal  to  BC, 
and  the  side  Pq  continually  increasing,  the  side  QP  matt 
continually  diminish ;  but  however  far  from  A  we  take  the 
point  P,  QP  can  never  be  actually  zero ;  hence  the  straight 
line  CE  produced  continually  approaches  the  hyperbola  and 
the  distance  between  them  becomes  less  than  any  assignable 
quantity,  but  it  never  actually  meets  the  curve ;  that  is,  it  is 
an  asymptote. 


CoK.     The  same  lioe  is  an  a8<ymptote  to  the  conjugate 
Iijperbola. 


If«iV9  Hraiffht  line  be  drawn  making  agivm  angle  with  Ike 
axisy  and  terminated  by  the  aeymptotes,  the  rectangle  under  the 
tegmenta  into  which  it  m  divided  by  the  curve  ia  invariable. 

If  the  straight  line  be 
perpendicular  to  the  axis  we 
may  prove,  as  in  the  preced- 
ing proposition,  that 
QP.Pq  =  B(?. 
But  if  it  be  not  perpen- 
dicular to  the  axia,  as  RPr, 
then  take  any  other  point 
P  in  the  hyperbola,  and 
through  it  draw  fiP'q'  paral- 
lel to  QPq,  and  A'P'r  pu-al- 
Ul  to  RPr. 

Then     by    similar    tri- 
ugles, 

RP  I  Sf  ::  QP  :  Q'P', 
and  Pr  :  Pr  ::  Pq  :  Pq^ 

.'.  RP.Pr  :  R'P.Pr   ::   QP.Pq  :  QiP.Pq, 
::  BO  :  BC. 
.-.  RP.Pr  ^KP.P'r. 
Cob.  I.    If  the  line  RPr  cuts  the  curve  also  in  p,  we 
:    htre,  manifestly, 

1  RP.Pr~Rp.pr, 

I  or  XP  .Pp  ■¥  RP  .pr  ~  RP  .pr  ^-  Pp  .pr; 

.:  RP'ipr. 
Cob.  8.    The  same  conclusions  will  hold,  if  we   suppose 
SPr  to  move  parallel  to  itself  until  it  becomes  a  tangent 
LET.     Hence  we  have  LE  -  EK,  and  RP.Pr  «  LE\ 
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Cor.  5.     Join  CE,  and  let  it  when  produced  cut  Pp  in 
V.     Then, 

VR  :  LE  ::   Vo  :  EC 

::   Vr  :  JEJT, 

but  LE'^EK,  .•.  Fi?  i»  Ff ;  ako  RP^Tp\  therefore  PV  •  f>, 
or  a  diameter  bisects  its  ordinates. 


Prop.  JX. 

If  Jrom  any  point  in  the  curve  etraight  lines  are  drawn 
parallel  to  and  terminated  by  the  aeympotee^  their  rectangle  is 
invariable* 

Let  PH,  PK  be  the  lines  parallel  to  the  asympotes. 
Draw  the  tangent  LPM^  and  QPq  perpendicular  to  the  axis, 
AE  the  tangent  at  the  vertex,  and  40  parallel  to  the  asymp- 
tote. 

Then,  by  similar  triangles, 

PH  :  PQ  ::  AO  :  AE, 
PK  :  Pq  ::  OE  :  AE\ 


..PH.PK  :  PQ.Pq^BC)  ::  AO.OE{A(r)  :  AE'iBC). 

or  PH.PK ^A(f 

-  \  (AC^  +  BO). 


w 


CoK.  1.     T¥e 


PHCK  k  enstnit;   and 
IB  pirmKml.  fir  snfeoe  FL, «  PJf 


itisdoiihleor«lie 


Let  PHD  be  sndi  a  fine,  flieii  by  the  proposition 

PH. EC  -  i  (-4C*  +  BC^, 
mnikrly  for  the  coqjogate  byperbola, 

.-.  PJBT-  DH. 

Cob.  S.  If  we  draw  the  tangent  LPM^  it  is  bisected  in 
P,  and  therefore  CL  »  SCjET;  haice  the  tangent  RDL  to  the 
conjugate  hyperbola  at  D,  must  meet  the  asymptote  in  the 
aame  point  L.  Also  CJf-  StHP  -  DP,  therefore  CDFAf  is 
a  parallelogram,  and  C2>  is  the  semi-diameter  coi\jugate  to 
CP. 


Coa.  4.   JBl^«8CP-the 
{he  dffir^i^t^*^  eoqjugate  to  CP. 


atP;  and£3f«8C2> 


CONIC    BECTKHO.' 


Prop.  X. 

The  rectangle  under  tA«  aha^avE  ^  any  AioMeUr  Utolht 
tguare  of  the  temi-ordinate,  at  the  square  of  the  diameter  to  the 
eguare  of  the  eotyugate.     (PV .  VQ  :  QV«  ::  CP»  :  CD'.) 

Let  QV(^  produced  meet 
the  asymptotes  in  R,  r;  and 
draw  PL  a  tangent  at  P  ter- 
minated by  the  asymptote, 
then  PL  equals  the  semi- 
conjugate  CD. 

Now 
RQ.Qr~RV*^  QV -  PL*, 

.:  QV'^RV^-PVi 
but  CP:  CP'  ::  RV*:PL*: 
.'.    Cr*  -  CP»  :  flP  -  PL' 

-.-.CP*:  PU, 
or  PV.  FG :  Q  F* :;  CP' :  C2J*. 


Phop.    XI. 
The  parallelograms  formed   by   tangents   at    the  vertices  of 
pairs  of  corrugate  diameters  have  all  the  same  area. 

Let  ifPL,  DL  be  the  tangents, 
CL,  CJf  the  asymptotes;  then  the 
parallelogram  in  this  case 

-  4  GDLP  -  8  CLP  -  4/,Cif, 
which  is  constant,  since  LCM  is 
constant.     (Prop.  ix.  Cor.  l.) 

Cor.  Draw  PF  perpendicular 
to  CD,  then 

PF.CD^  CDLP; 
but  when  the  tangents  are  drawn 
at  A  and  B,  the  area  of  the  paral- 
Itlogram  CDLP  becomes  AC.  BC^ 
therefore  PF.CDmAC.  BC. 


4. 


Let  RAP  be  the  section,  vindi  is  supposed  to  be  peipeii- 
dicohr  to  the  phne  of  the  p^ter;  DGf^ a  section  of  the 
oone  perpendieiihr  to  the  mxis^  which  is  thercfove  ciraihr. 
UNP  the  interaectioii  of  the  pbues  RAF^  DGEH^  which  » 
manifestlj  perpendimkr  to  both  DE  and  ^V,  BGH  a  txi- 
ingohu*  section  throu^  the  rertex  of  the  cone  bjr  a  plane 
ptrallel  to  JLiP. 


Then         JN :  EN  =  BF :  EF, 
NMzKDiiBFzFD, 
.\AN.NM :  EN.  ND  ::  BF^ :  EF .  FD. 
or  AN.  NMi  PN^  s  BF' :  FB*, 

which  is  the  property  <^  an  hyperbola,  the  major  axis  of  which 
is  AM,  and  the  minor  axis  is  to  AM  as  FH :  BF;  hence  the 
lection  is  an  hyperbohu 
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Nora.  For  some  other  propodiioiu;  concerning  the  Conic 
Sections,  see  the  Digression  concerning  the  curratore  of 
curves  in  the  First  Section  t>f  Newton's  FrindpiA. 

SCHOLIUM. 

Although,  throughout  this  treatise,  the  symbol  AB.CD 

has  been  used  to  express  the  rectangle  under  the  two  lines 

JB^  CD,  and  not  to  express  as  in  Algebra  the  multiplication 

of  AB  by  CD,  nevertheless  the  symbol  may  be  r^^arded  in 

this  algebraical  point  of  view :  for  if  a  be  the  number  of  units 

of  length  in  AB,  and  h  the  number  in  CD^  then  will  a  x  fc  be 

the  number  of  units  of  area  in  the  rectangle  AB .  CD,  and 

therefore  AB .  CD  may  be  regarded  as  a  product ;  it  being 

understood  that  in  so  regarding  it,  AB  represents  the  number 

of  units  of  length  in  the  line  AB,  and  CD  the  number  in  the 

line  CD.    In  like  manner  the  ratio  AB :  CD  may  be  written 

AB 
thus  ^^,  with  the  same  understanding.    The  importance  of 
CD 

this  Scholium  will  be  appreciated  by  the  student,  when  he  sees 

the  application  of  the  properties  of  the  Conic  Sections  in  the 

sequel 


MECHANICS 


I.  STATICS, 
n.  DYNAMICS. 


•  •       • 


MECHANICS. 


The  science  of  Mechanics  treats  of  tlie  effects  o^  Jhree; 
we  must  therefore  commence  by  explaining  what  wc  mean  by 
force. 

Force  is  any  cause  which  changes,  or  tends  to  change,  a 
body's  state  of  rest  or  motion. 

By  the  term  body  here  used,  we  intend  to  express  any 
material  substance,  or  portion  of  matter ;  we  cannot  conceive 
of  the  action  of  a  force  except  as  taking  place  upon  a  material 
body ;  and  the  body  may  be  of  various  kinds,  but  at  present 
we  shall  concern  ourselves  only  with  the  action  of  force  upon 
a  particle,  and  the  action  of  force  upon  a  rigid  body.  By 
a  particle  we  intend,  without  entering  into  any  discussion 
respecting  the  ultimate  constitution  of  matter,  to  designate  the 
smallest  quantity  of  matter  coneeiTablc,  so  that  we  need  not 
concern  ourselves  with  its  shape  or  its  magnitude;  neverthe- 
less all  particles  are  not  necessarily  equal,  for  though  each  of 
two  particles  be  indefinitely  small,  one  may  be  greater  than  the 
other  in  any  proportion.  By  a  rigid  body  we  mean  to  denote 
any  portion  of  matter.the  constituent  particles  of  which  are  so 
connected  as  lo  be  incapable  of  changing  their  relative  posi- 
tion. From  this  definition  it  is  easy  to  see,  that  no  such 
thing  as  a  mathematically  rigid  body  exists  in  nature,  for  the 
hardest  known  substances  are  susceptible  of  compression  and 
extension  under  the  action  of  great  pressures;  steel,  for 
instance,  though  a  very  hard  substance,  is  not  rigid;  never- 
theless the  conclusions  which  we  shall  arrive  at  in  the  fol- 
lowing treatise,  though  mathematically  true  only  of  rigid 
bodies,  will  be  practically  true  of  all  ordinary  solid  bodies: 
for,  to  consider  a  body  as  absolutely  rigid,  or  incapable  of 
changing  its  form  under  the  action  of  any  force,  is  the  same 
thing  practically  as  to  suppose,  that  no  forces  are  called  into 
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play,  which  actuaUy  do  produce  any  sensSble  dbaoge  d  form 
in  the  solid  body  under  consideration. 

When  any  number  of  forces  act  upon  a  material  body 
they  will  produce  one  of  two  effects,  they  will  either  keep  the 
body  at  rest  or  they  will  cause  motion,  and  these  two  effects 
are  of  such  very  distinct  kinds  that  they  require  to  be  treated 
separately ;  and  thus  the  science  of  Mechanics  naturally  dirides 
itself  into  two  parts,  the  first  and  more  simple  of  which  treats 
of  forces  which  keep  a  body  at  rest^  or  are  in  e^iitlifrrttiai,  and 
is  called  Statics;  the  second,  of  forces  which  produce  Moltoii, 
and  is  called  Dynamics. 


STATICS. 


1.  FoBCB  is  memsored  staticany  by  tlie  presBore  whidi 
win  ooontenict  it  So  fiir  as  the  principle  of  measuring  fbree 
is  ooncemed,  it  is  indiflEierent  what  kind  of  pressure  we  choooe 
as  the  standard  by  which  to  measore  force;  there  is  one  kind 
of  pressure,  howeyery  which  in  the  nature  of  things  is  more 
convenient  than  any  other,  and  that  is  weight  We  may 
conceive  then  of  a  force  as  being  measured  by  the  numbed 
of  pounds  which  it  can  lift,  and  we  may  compare  two  forces 
by  means  of  the  numbers  of  pounds  which  they  can  lift 
respectively. 

In  what  follows  we  shall  denote  the  m<Mffnitude  or  m- 
tennty  of  force  by  letters,  such  as  P,  or  Q,  or  R  ;  when  we 
speak  of  a  farce  P,  all  that  is  intended  is  that  the  force  in 
question  would  just  lift  P  lbs.,  and  therefore  has  P  lbs.,  or 
more  shortly  P,  for  its  statical  measure. 

2.  In  order  that  we  may  be  able  to  calculate  the  com- 
bined effect  of  any  number  of  forces  acting  on  a  particle,  it  is 
not  sufficient  that  we  should  know  the  intensity  of  each;  for  it 
is  obvious  that  the  effect  of  a  force  depends  upon  the  direction 
in  which  it  acts  as  well  as  its  magnitude,  and  that  a  system  of 
forces  cannot  in  general  be  in  equilibrium  unless  their  direc* 
lions  as  well  as  their  magnitudes  satisfy  certain  conditions, 
which  conditions  the  science  of  Statics  must  teach  us.  Let 
us  endeavoiir  to  form  a  distinct  conception  of  the  direction 
of  a  force :  suppose  a  force  to  act  upon  a  particle  at  rest,  and 
the  particle  to  be  prevented  from  moving  by  a  string,  one  end 
of  which  is  fixed  and  the  other  attached  to  the  particle,  then 
the  direction  of  the  force  coincides  with  the  string ;  or  we 
may  say,  that  the  direction  of  a  force  is  that,  in  which  the 
particle  would  begin  to  move,  if  not  constrained  to  remain  at 
rest  The  direction  of  a  force  is  sometimes  called  the  line  qf 
ite  action. 
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3.  The  intenMtjf  and  direction  are  the  only  cletnents 
necessary  to  entirely  describe  any  force  which  acts  on  a 
particle,  but  if  we  consider  its  action  on  a  rigid  body  we 
shall  require  in  addition  to  know  the  point  of  its  application : 
at  present  we  shall  concern  ourselves  only  with  the  action  on 
a  single  particle. 

The  simplest  case  of  such  action  is  when  there  are  two 
forces  only,  and  it  is  manifest  that,  in  this  case,  there  can  be 
equilibrium  only  when  the  two  forces  are  equal  in  intenMty 
and  exactly  opposite  in  their  direction  :  that  is,  if  two  forces 
P  and  Q  are  in  equilibrium,  they  must  act  in  the  same  line 
and  tend  to  draw  the  particle  opposite  ways,  and  we  must 
have  the  condition, 


P'-Q,  or  P- 
We  may   here  ob- 


=  0. 


serve,    that    the    method,    x'  o  x 

which  was  adopted  in  the 

Treatise  on  Trigonometry,  of  denoting  direction  by  an  alge- 
braical sign,  may  be  applied  to  forces ;  that  is,  if  we  denote 
by  +  P  a  force  acting  on  a  particle  at  0  in  the  directiou  OX, 
then  a  force  of  the  same  magnitude,  but  acting  in  the  opponte 
direction  OA",  will  be  properly  denoted  by  -  P.  Hence  we 
may  say,  that  if  any  number  of  forces  act  along  the  sanie 
straight  line  on  a  particle,  the  condition  of  equilibrium  is,  tbsl 
their  algebraical  sura  shall  be  zero ;  and  if  the  sum  be  not 
zero,  then  the  force  represented  by  it  will  be  the  resuKant  ol 
the  forces  acting  on  the  particle,  and  will  tend  to  draw  the 
particle  in  the  direction  OX,  or  in  the  direction  OA",  according 
B8  its  sign  is  +  or  — . 

For  instance,  suppose  we  have  two  forces  P,  Q  acting  on 
a  particle  at  O  in  the  direction  OX,  and  two  others  R,  S  in 
the  direction  OX\  then  the  resultant  will  be  P  +  Q  -  7f  -  5, 
the  algebraical  sum  of  the  four  forces;  and  in  order  that  there 
may  he  equilibrium,  we  must  have, 

pJr(i-R~SmO. 

Or,  for  Eimplicity's  sake,  to  take  a  numerical  example. 
Suppose  we  have  two  forces,  represented  by  S  and  3  lb«., 
Tespectivcly,  acting  on  a  particle  at  0  in  Ihc  directioD  OX, 
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and  a  force  of  4  lbs.  acting  in  the  direction  OX',  then  the 
resultant  will  be  the  force  (2  +  8  -  4  - )  1  lb.  in  tlie  direction 
OX;  or  if  we  have  a  force  of  I  lb.  acting  in  the  direction  OlC 
there  will  be  equilibrium. 

5.  When  two  forces  act  on  a  particle,  not  along  the 
same  straight  line,  they  cannot  be  in  equilibrium,  l}ut  will  be 
equivalent  to  some  one  force  which  we  shall  call  their  re- 
tultant :  that  they  are  equivalent  to  some  one  force  is  mani- 
fest from  the  consideration,  that  a  particle  under  the  action  of 
two  forces  would  bet/in  to  move  in  a  certain  definite  direction, 
and  that  it  may  be  prevented  from  moving  by  a  string  attached 
to  it  and  coinciding  with  that  direction ;  the  string  spoken  of 
■will  undergo  a  certain  tension,  and  that  tension  or  the  weight 
whieh  would  produce  it  measures  the  magnitude  of  the  re- 
sultant of  the  two  forces. 

6.  The  fundamental  problem  of  Statics,  is  to  find  the 
magnitude  and  direction  of  the  resultant  of  two  forces;  but  in 
order  to  solve  it,  we  must  premise  that  it  is  convenient  to  re- 
present/twcw  by  straight  lines;  and  it  is  manifest  that  we  may 
by  means  of  a  line  represent  a  force,  as  to  both  magnitude  and 
direction;  for  we  can  represent  the  magnitude,  by  taking  a  tine 
which  bears  the  same  proportion  to  some  standard  length,  (as 
for  instance  l  inch,)  as  the  force  bears  to  the  standard  pressure, 
(or  1  lb.) ;  and  the  direction  will  be  represented,  by  drawing 
the  line  in  that  direction  in  which  the  force  tends  to  make  the 
particle  move.  By  means  of  this  convenient  mode  of  represent- 
ing forces,  we  are  able  to  enunciate  the  relation  between  two 
forces  and  their  resultant  in  the  form  of  the  following  Theo- 
rem, which  is  known  as  the  Paballelooram  of  Forces. 

If  two  Jbrce*  acting  on  n  particle  at  A,  be  representedin 
direction  and  magnitude  by  the  linea  AB,  AC,  then  the  resultant 
will  be  represented  in  direction  and  magnitude  bi/  the  diagonal 
AD  of  the  parallelogram  described  upon  AB,  AC. 


7.  The  proof  which  we  shall  give  of  this  proporitioa 
depends    upon    this     principle ; 

j(  force  may  be  supposed    to   act       ^ -^rr 

at    any    point    in    its    direction,      a.     b 
that  point  being  conceived   to    be 

rigidly  attached  to  the  particle  on  which  the  force  acta.  Thus, 
if  we  have  a  force  P  acting  on  a  particle  at  A,  we  may 
suppose,  if  wc  please,  that  the  force  acts  at  B,  B  being  ri^dly 
connected  with  A;  this  is  a  principle  which  the  student  will 
have  no  diiTiculty  in  grasping,  and  which  may  be  illustrated 
roughly  by  saying,  that  the  force  required  to  toll  a  belt  Is 
independent  of  the  length  of  the  rope,  and  the  effort  required 
to  move  a  carriage  independent  of  the  length  of  the  traces. 
We  are  now  able  to  give  the  following 

PROOF  OF  THE  PAKALLELOGRAM  OF  FORCES- 

8.  I.  To  prove  the  proposition  so  for  as  the  dirtctiom 
of  the  resultant  is  concerned. 

When  the  forces  are  equal,  it  is  manifest  that  the  direc- 
tion of  the  resultant  will  bisect  the  angle  between  the  direcUona 
of  the  forces  :  or,  if  wc  represent  the  forces  in  direction  and 
magnitude  by  two  lines  drawn  from  the  point  at  which  they 
act,  the  diagonal  of  the  parallelogram  described  upon  these 
lines  will  be  the  direction  of  the  resultant. 

Next,  suppose  that  the  proposition,  just  proved  for  equal 
forces,  is  true  for  two  unequal  forces  P  and  l^,  and  also  for  P 
and  R  :  we  shall  shew  that  it  will  be  true  for  P  and  Q  +  ff . 

Let  A  be  tlie  point  of  application  of  the  forces;  talco 
AB  to  represent  P  in  direction  and  magnitude,  and  AC  to 
represent  Q ;  complete  the  panUIclogram  ABDC,  then   by 
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hypnthrM  AD  is  Hie  directioiL  of  the  resultant  of  P  and  Q ; 
and,  flDnee  a  faroe  maj  be  supposed  to  act  at  any  point  of  its 
^reetioo,  we  may  consider  D  as  the  point  of  application  of 
the  resultant  of  P  and  Q ;  or  we  may  suppose  the  forces  P* 
and  Q  themfytlves  to  act  at  2>,  P  parallel  to  AB  and  Q,  to 
AC\  or  stin  fbrther,  ire  may  suppose  P  to  act  at  C  in  the 
diieetioii  CD. 

Again,  the  force  it  whieh  acts  at  A  may  be  supposed  to 
act  at  C;  take  CE  to  represent  it  in  direction  and  ma^fnitude, 
and  complete  the  pazaSelogTam  CDFE^  then  by  hypothesis 
CF  is  the  directicm  of  the  resultant  of  P  and  R  whi<di  acted 
at  C :  hence  the  resnltant  of  P  and  R  may  be  supposed  to 
act  mt  F^  oit  P  and  R  may  themsdyes  be  supposed  to  act  at 
that  pointy  parallel  to  their  original  directions. 

Lasitf ,  the  force  Q,  irhich  is  at  present  supposed  to  be 
acting  at  1>  in  the  direction  DF,  tumlj  be  supposed  to  act 
at  P. 

Hence  we  hare  reduced  the  forces  P  and  Q  +  R  acting  at 
A,ioF  and  Q-*-  R  acting  in  the  same  directions  at  F;  con« 
sequently  P  is  a  point  in  ihe  line  of  action  of  the  resultant^ 
md  therefore  AF  is  the  direction  of  the  resultant :  that  is,  if 
the  proposition  be  true  for  P  and  Q,  and  also  for  P  and  R,  it 
is  tme  for  P  and  Q+R. 

Bat  the  proposition  is  true  for  P  and  P,  and  also  for 
P  and  P»  therefore  it  is  true  for  P  and  sP,  therefore  for  P 
ud  SP,  and  so  cm;  therefore  generally  for  P  and  mP. 

In  like  manner  the  proposition  may  be  extended  to  mP 
tnd  nP,  {m  and  n  being  whole  numbers,)  that  is,  to  any  com- 
mauwrablejbreea^ 

The  proportion  is  extended  to  incommensurable  forces 
tt  foDows. 

Let  AB,  A  C  represent  any  two  incommensurable  forces ; 
comjdete  the  parallelogram  ABDQ  and  if  AD  is  not  the 
direction  of  the  resultant,  let  it  be  AE.  Suppose  ^Cto  be 
dirided  into  a  number  of  equal  parts,  each  part  being  less 
than  ED,  and  suppose  distances  of  the  same  magnitude  to 

*  Two  quantities  ure  nid  to  be  wmmtHturobU  when  their  ratio  can  be  exprctsed  bj 
t^mio  of  two  wkoU  nmmhen, 

n 


be  set  ofT  along  CD  beginning  at  C,  then  one  of  the  diriiioul 
must  fall  between  E  and  G;  let  f  be  the  point  which  morki  ' 


d 


the  division,  and  complete  the  parallelogram  AGFC,  then  AP 
is  the  direction  of  the  resultant  of  the  commensurable  forces 
AG,  AC:  but  AF  makes  a  larger  angle  with  AC  than  AE, 
that  is,  the  resultant  of  AG  and  AC  lies  further  away  from 
AC  than  the  resultant  of  AB  and  AC,  although  AG  is  lesa 
than  AB,  which  is  absurd:  hence  AE  is  not  the  direction  of 
the  resultant,  and  it  may  be  shewn  in  like  manner  that  no 
other  line  is  in  that  direction  except  AD.  Hence  the  pro- 
position, which  was  proved  for  commenauToble  forces,  ia  true 
for  incommensurable. 

II.  To  prove  the  parallelogram  of  forces  with  respect  to 
the  magnitude  of  the  resultant. 

Let  AB,  AC  represent  the  forces ;  complete  the  paraOelo- 
gram  ABDC,  join  DA  and  produce  it  to  D',  making  AO 
equal  to  the  resultant  of  AB  and  AC  in  ma^itude ;  contpteCf 
the  parallelogram  ABCD',  and  join  AC. 

Then    since    AD'   is   equal    to    the 
resultant  of  AB  and  AC,  and  drawn  in 
the  direction  opposite  to  that  of  their 
resultant,  the  three  forces  AB,  AC,  AD' 
will  balance  each  other,  and  therefore 
any  one  of  them  is  in  the  direction  of 
(he  resultant  of  the  other  two ;  hence 
AC  is  in  the  direction  of  the  resultant  of  AB,  AG  \  but  AC 
is  also  in  that  direction,  therefore  AC,  AC  are  in  the 
straight  line.     Hence  ADBC  \a  a  parallelogram ;  thereftm 
AD-BC:  but  BC  ~  AD',  therefore   AD  -  AD.    And  kg 


(■▲M  OF  FOXCtt. 


211 


Alf  reprasentB  the  resultant  of  AB  mnd  AC  in 
thetefiwe  AD  ako  rqifesents  the  resoltant^  and 


the  propoflitioii  enunciated  is  true. 


9. 
ables  US  to 
to  one  single 
of  the  forces. 


prc^MsitiiMi,  which  we  have  now  established,  en* 
reduce  any  system  of  forces  acting  on  a  partide 
force ;  for  we  can  find  the  resultant  of  any  two 
then  of  that  resultant  and  a  third,  and  so  on. 


10.  As  the  parallelogram  of  forces  enables  us  to  com- 
pound two  forces  into  one,  so,  conversely,  we  are  able  by 
means  of  it  to  rtmlve  mnj  force  into  two,  that  is,  to  find  two 
forces  which  shall  be  equiyalent  to  a  given  force.  This  is  a 
proUem  which  obviously  admits  of  an  infinite  number  of  so- 
lutions ;  in  facty  if  upon  a  line  reju-esenting  the  given  force 
m  direction  and  magnitude,  as  diagonal,  we  describe  any 
ptnUelogram,  the  sides  of  that  parallelogram  will  represent 

foroes,  which  by  their  composition   are   equivalent  to   the 

pren  force. 

Before  proceeding  further,  we  shall  supply  the  student 

irith  a  few  examples  of  the  composition  and  resolution  of 

forces. 

Ex.  1.  Two  forces,  measured  by  slbs.  and  4lb8.  req>eo- 
tiTely,  act  on  a  particle,  at  right  angl^  to  each  other ;  find 
ilie  magnitode  of  their  resultant. 

If  AB,  AC  represent  the 
feroes,  and  we  complete  the  rect- 
tngle  ABDC,  we  have 

AD^^AB'^AC 

«  9 +  16-25; 
.-.  AD  «  5, 
or  the  measure  of  the  resultant  is  5  lbs. 

Ex.  s.  Two  forces,  i  and  2  lbs.  respectivdy,  act  at  ah 
■^  of  60^;  find  the  direction  and  magnitude  of  their 
lenltant 
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Let  AB  and  AC  repre- 
sent the  forces,  AD  their  re- 
sultant, and  let  BAD  -  Q. 
Then  by  the  data  of  the  pro- 
blem, 5JC«6o^ 


/.  AD^  ^AC^^  CD"  -  ZAC  .  CD  cos  ACD 
«  AC^  +  AB^  +  2JC .  -4B  cos  BAC 

«  4  +  1  +  4  cos  60" 

B  5  +  2,  (since  cos  6(/>  «  ^) 

/.  J2>  -  y/l. 

Agiun,  from  the  triangle  ABD^ 

sin  e         BD 
sin  ABD  "  55 ' 

2 


or,  sin  0  «  --;7=^sin  60*  •  ^Jf. 


Ex.  3.     Three  forces  P,  Q,  A  are  in  equilibrium ;  find 
the  angles  between  their  directions. 

D' 

Let  AB^  AC  represent  P and  Q  respectively ; 

complete  the  parallelogram  ABDC,  and  pro- 
duce DA  to  iX,  making  AD^  m  AD ;  then  AD' 

represents  R. 

11         B 

Let  BAO  -  0 ;  /.  ACD  -  180»  -  0, 

and  AD^  -  ^C«  +  CX>'  +  2-4C  .  CX>  cosd; 

^      AD"  ^  AC -CD" 
''  ""^  ^  -         2  JC ,  CD 
/;« ^  P»  -  Q^ 

2PQ 

which  determines  the  angle  between  the  directions  of  P  and 
Q.  The  angles  between  the  directions  of  P  and  B,  Q  and  R, 
are  known  in  like  manner. 


•gnwaniff  flf  i^ 

tif  JTmst 

die  lanp  skenUl  Ve  «a  tcs^ 
to 
fi  jJl:  tint  k.iiM^ 
ffireetMNi  of  M  mm^he  sonnl  to  the  dEpx  vUek  is  tW 
loeusof  P. 

nicKfioce  the  Misal  to  &e  d^  vikh  is  the  locos  of 
Pbneete  the  mmA  betoccm  Oe  Ibed  Asttnees  5P,  HP. 


11.  The  penDdogiam  of  fortes  unit  be  stated  in 
other  fonm  under  vhich  it  is  called  the  Trka^  ^  Fmtm^ 
For  we  have  seen  that  Ihiee  fiorees  wiD  be  in  equiEbrium» 
prorided  thej  are  proportioiial  to  the  sides  and  diagonal  of  a 
parallelogram,  and  act  on  a  partide  pardlel  to  those  sides ; 
bat  the  sides  and  diagonal  form  a  triangle;  indeed,  it  is 
the  same  thing  whether  we  say  of  three  straight  Knes  that 
thej  iue  the  sides  and  diagonal  of  a  parsIlel<^;Tam»  or  that 
thej  form  a  triangle ;  hence  we  may  assert,  that  forces  will 
be  in  eqaiUbrimn,  when  they  are  proportional  to  the  sides 
of  a  trian^e  formed  by  drawing  lines  parallel  to  their  direc« 


Suppose,  in  fact,  that  the  forces 
P,  Q,  R  are  in  equilibrium  on  the  par- 
ticle O ;  draw  any  three  straight  lines 
parallel  to  the  directions  of  the  three 
forces,  and  let  ABC  be  the  triangle 
formed  by  their  intersections,  then 
P  :   Q  :  R  V.  AB  :  BC  :   CJ. 

Hence  it  may  be  said  that  if  two  sides  ot  a  triangle 
taken  in  order  from  an  angular  point  repcesent  in  magnitude 
and  direction  two  forces  which  act  at  that  point,  then  the 
third  side,  not  taken  in  the  same  order  aa  the  other  two, 
will  represent  the  resultant.  Thua  if  AB,  BC  represent  two 
forces  acting  at  A,  then  AC,  (not  CA,)  will  represent  the 
resultant. 

And  this  proposition  may  be  generalised  so  as  to  assume 
a  form  under  which  it  may  be  called  the  Polygon  of  Forea: 
thus,  if  any  number  of  lines  AB,  BC,  CD,  DE...NP,  repre- 
sent in  magnitude  and  direction  forces 
acting  at  A,  then  the  line  AP  completing 
the  polygon  will  represent  the  resultant. 
It  follows,  of  course,  that  if  a  particle  be 
acted  upon  by  forces  which  can  be  repre- 
sented by  the  sides  of  a  polygon  taken 
in  order,  the  particle  will  be  at  rest.  It  may  be  obserreil 
that  the  lines  forming  the  polygon  need  not  lie  in  one 
plane. 

Cor.  If  a,  fi,  y  are  the  angles  between  the  directions  of 
Q  and  B,  R  and  P,  P  and  Q  respectively,  then 

P  :   Q  :  A  ::  sin  a  :  sin  /3  :  sin  7 : 

or,  (oa  it  may  be  otherwise  written,} 

sin  a      iin  /3      sin  7  * 

12.  It  follows  from  the  triangle  of  forces,  that  any  coo- 
elusions  eetabliaheU  concerning  the  relations  of  the  side*  and 
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ftnglcs  of  a  triangle,  may  be  extended  to  the  magnitudes  and 
directions  of  forces  in  equilibrium.  For  instance,  we  may 
conclude  from  Euclid,  i.  20,  that  of  three  forces  in  equi- 
librium any  two  must  he  greater  than  the  third. 

13.  "We  have  seen  that  a  force  in  a  given  direction  may 
always  be  replaced  by  two  forces  in  two  other  directions, 
which  forces  arc  called  the  components  of  the  original  force. 
There  is  a  peculiarity  in  the  case  of  these  components  being 
at  right  angles  to  each  other,  which  requires  notice.  Let 
AD  represent  a  force,  which  is  re-  b 
Bolved  into  the  two  rectangular 
components  AB,  AC.  Then  it  is 
manifest,  that  the  force  AB  has 
no  tendency  to  move  the  particle 
in  the  direction  AC,  neither  has 
AC  any  tendency  to  move  it  in 
the  direction  AB.     Hence  we  may   *  o 

say  that  AB,  AC  measure  the  whole  effect  of  AD  in  the  di- 
rectioua  AB,  AC  respectively,  and  they  are  usually  termed 
the  resolved  parts  of  AD, 

If  we  call  the  angle  BAD  9,  we  have 
AB-  AD  COS  e, 
AC-ADsiaB. 

Hence,  if  X  be  the  resolved  part  of  a  force  P  ina  direction 
mating  an  angle  9  with  the  direction  of  P,  and  Y  the  resolved 
part  in  the  direction  perpendicular  to  that  of  -V,  we  shall 
have 


Also,  tan  9  « 


,  and  JT'  +  F*  -  P'. 


The  preceding  formulie  may  be  looked  upon  aa  funda^ 
mental  in  Statics;  they  enable  us  to  solve  the  following  most 
general  problem. 


4 


\A 


9 
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14.  Any  number  of  forces  oxt  at  the  same  point,  theif 
directions  all  lying  in  the  same  plane ;  find  the  direction  and 
magnitude  of  their  resultant. 

Let  P  be  any  one  of  the  forces 
acting  at  the  point  J.  Let  the  y 
plane  of  the  paper  be  that  in 
.which  the  forces  act;  in  that 
plane  choose  any  two  lines  at 
right  angles  to  each  other,  JJC 
and  AY,  and  let  0  be  the  angle 
which  the  direction  of  P  makes 
with  AX.    Then  P  is  equivalent  to 

P  cos  0  acting  in  the  direction  AX, 
together  with  PsinO AY. 

In  like  manner,  a  force  P,  the  direction  of  which  makes  an 
angle  ff  with  AX,  is  equivalent  to 

P'  cos  ff  acting  in  the  direction  AX, 
together  with  P' sins' AY. 

And  so  on  for  any  number  of  forces.  Hence,  adding  together 
the  forces  which  act  in  the  same  direction,  we  shall  have  a 
system  of  forces  P,P ...  acting  at  angles  9,ff...  with  the  line 
AX,  equivalent  to 

P  cos  0  +  P  cos  ff  +  ...  acting  in  the  direction  AX, 

together  with  Psin  0  +  Psinff+ AY. 

For  shortness^  sake,  let 

Pcos0-\-  Pcosff  + ^X, 

Psin  0 +  7^  sin  0'  + -  Y, 

and  let  E  be  the  required  resultant,  0  the  angle  which  its 
direction  makes  with  the  line  AX;  then 

R  cos  (f)  m  X, 

RsitKp^  Y; 

Y 

.-.  tan  0  -  — ,  iP  -  A7  +  r». 
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These  formuIsB  determine  the  direction  and  magnitude  of  the 
resultant  of  the  system  of  forces. 

Ex.  A  particle  is  placed  at  the  centre  of  a  regular 
hexagon,  and  is  acted  upon  by  forces  tending  to  the  angles  of 
the  hexagon  and  mea- 
sured by  Pi,  Pt,  Ps,  P4, 
P5,  P^  respectively ;  de- 
termine the  direction 
and  magnitude  of  the 
resultant  force. 

If  we  choose  the  line 
AX  so  as  to  pass 
through  one  of  the  an- 
gular points,  it  will  be 
easily  seen  that  we 
shall  have  in  this  ex- 

ample,  ( observing  that  cos  Oof  mi  ^,  and  sin  Gcfi^ — ^  j , 

X^P,  +  P,\-  P,i-  P,-P,^  +  P,^ 
~P,-P,+^(P,-P»-P,  +  P,), 

\2         2         2         2  J 

Suppose,  for  instance,  Pi «  1,  P^ »  2,  P,  ^^s,  P^^  4,  P^  ■»  5, 
Pi  ■  6,  then 

jr«l-4  +  ^  (2 -S-5+6)-=-S, 

__        /2  +  S  -  5  -  6\     y-  /- 

r-  ^ Jv/S--Sv/S; 

••.  tan  0  «  \/s,  or  0  «*  60** ; 
iP  -  9  +  27  -  S6,  or  2?  =  -  6. 

Thus  the  resultant  is  completely  determined ;  we  take  the 
native  value  of  JZ,  because  since  JC^  R  cos  (f>,  and  in  this 
case  X  is  negative  and  cos  (p  positive,  It  must  be  negative. 
It  would  have  come  to  the  same  thing  if  we  had  taken  0  «  240^, 
and  J?  positive. 
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1 5.  To  find  the  eonditions  of  equilibrium  of  any  aj/»tgm  of 
Jorcea,  acting  in  one  plane  at  the  same  point. 

Suppose  the  forces  are  reduced  to  one  (Jt),  as  in  the  last 
article ;  then  in  order  that  there  may  be  equilibrium  we  most 
have 

E  =  o, 
or  .Y'  +  r'  =  0. 
And  this  equation  is  equivalent  to  these  twot 

or  i*  C08S+  f  0080*+ -  0, 

P  8in9+  P'  8in0'+ =0. 

These  are  the  conditions  of  equilibrium,  which  may  be  ex- 
pressed in  words  by  saying,  tlmt  the  mm  of  tlte  foreet  rtMolvti 
in  any  two  directions  perpendicular  to  each  other  must  vanish. 


ON  THE  PRINCIPLE  OF  THE  LEVER. 

16.  Hitherto  we  have  considered  forces  acting  on  a  par- 
ticle only ;  when  wc  come  to  the  consideration  of  the  action 
of  forces  on  a  rigid  body,  there  will  be  other  conditions  of 
equilibrium  besides  those  already  deduced.  In  the  case  of 
a  single  particle  the  only  necessary  condition  is  that  there 
shall  be  no  motion  of  translation ;  but  in  order  that  a  rigid 
body  may  be  at  rest  it  is  not  sufficient  that  any  one  point  In 
it  should  be  fixed,  it  is  also  necessary  that  there  should  be  no 
twisting  about  that  point.  The  simplest  cose  is  that  of  two 
forces  acting  on  a  rigid  rod,  one  point  of  which  ia  6xcd ;  wip- 
posing  that  the  forces  tend  to  twist  the  rod  tn  opposite  waya, 
we  can  find  the  conditions  under  which  they  will  counteract 
each  the  effect  of  the  other,  and  produce  equilibrium. 

Dir,  A  rigid  rod,  moveable  about  a  fixed  point  in  its 
length,  Is  colled  a  lei-er. 

Dkf,  The  Sxed  point  is  called  the  fulcmm,  and  the  di*- 
taaces  between  the  fulcrum  and  the  extremities  the  oraw. 
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Dbf.  The  motnent  of  a  force  with  respect  to  a  given 
poiat,  is  the  product  of  the  force  and  the  perpendicular  from 
the  point  on  its  direction. 

17-  Prop.  1/  two  forces  acting  at  the  extremities  qfaUver 
and  tending  to  twiat  the  lever  opposite  ways  produce  equilibrium, 
tin  tiwmenia  of  Jhe  forces  about  the  fulcrum  are  equal. 

Let  P,  Q  be  the  two  forces  acting  at  A  and  B,  the  ex-  • 
tremities  of  a  lever.  Produce  the  di- 
rections of  P  and  Q  until  they  meet  in  C, 
then  P  and  Q  may  both  be  supposed  to 
act  at  C :  take  Cm,  Cn  proportional  to 
P  and  Q,  and  complete  tlie  parallelogram 
Cmpn ;  join  Cp  and  produce  it  to  cut 
AB  ia  O,  then  the  resultant  of  P  and  Q  acts  in  the  direction 
CO,  and  therefore  O  must  be  the  fulcrum,  othermse  there 
could  not  be  equilibrium.  Draw  OD,  OE  perpendicular  to 
AC.  BC ;  then 

P     smCpm  ^COsmBCO      OJE 
Q  ^  sin  tn^  ~  CO  sin  AGO  "  OD ' 


ein  Cpm  _  CO  sin  BCD 
sin  tn^  ~  CO  sin  acq' 
.:  P.  OD'Q.  OE, 


or  the  moments  of  P  and  Q  about  0  are  equal. 

If  the  forces  act  parallel  to  each  other,  their  directions 
•ill  not  meet  as  they  are  supposed  to  do  in  the  preceding 
proposition ;  in  this  case  we  must  proceed  as  follows.  We 
ihall  suppose,  though  it  is  not  necessary,  that  the  forces  act 
perpendicular  to  the  lever. 

At  A  and  B  apply  any  .two  equal  and  opposite  forces 
S  in  the  direction  of  the  lever ;  this 
will  manifestly  not  affect  the  equili- 
brium; then  the  resultant  of  P  and 
S  will  be  some  force  in  the  direc- 
tion CA  suppose,  and  that  of  Q  and 
S  some  force  in  the  direction  CB. 
Suppose  them  both  to  act  at  C,  and  there  to  be  resolved 
into  their  constituent  parts  P  and  S,  Q  and  S;  the  portions 
S,  S  will  destroy  each  other,  leaving  a  resultant  P  +  Q  in  the 
direction  CO  parallel  to  the  directions  of  the  forces. 


• 


io  like  manner. 


Then  the  sides  of  the  triangle  AOC  are  parallel  to  the 
directions  of  the  forces  P,  S  and  their  resultant ; 

.  ^      ^ 

.-.P.AO-Q.  BO. 

The  same  method  b  applicable,  when  the  forces  ore  not 
perpendicular  to  the  arm. 

If  we  had  first  proved  the  proposition  now  under  con- 
eideration  for  the  case  of  parallel  forces  perpendicular  to 
the  arm,  it  would  have  been  very  easy  to  deduce  the  more 
general  case.  For  if  in  the  first  figure  of  page  Slfj  wc  sup- 
pose the  forces  P  and  Q  to  be  each  resolved  into  two,  one 
parallel  and  the  other  perpendicular  to  the  arm,  it  is  mani- 
fest that  in  the  latter  portions  of  P  and  Q  only  is  there  any 
tendency  to  twist  the  lever;  and  these  latter  portions  ore 
respectively  P  sin  CAO,  Q  sin  CBO,  hence 

P  sin  CAO  X  AO  =  Qsin  CBO  x  BO, 
or  P.  OD=Q.O£. 
88  was  proved  before. 

Hence  wc  conclude,  that  in  all  cases  two  forces,  octu^ 
in  the  same  plane,  on  a  rigid  body,  one  point  of  which  la 
Bxed,  will  produce  equilibrium  when  their  momenta  about 
the  fixed  point  are  equal ;  for  it  is  manifest,  that  the  reasoning 
applied  to  the  case  of  the  simple  lever,  is  applicable  to  m 
rigid  body  of  any  shape.  This  is  called  the  principU  «/ 
the  Iwer. 

Ex.  1.  Two  weights,  of  3  and  4  Iba.  respectively,  bakoct ' 
on  the  extremities  of  a  lever,  the  length  of  which  u  6  feet: 
find  the  fulcrum. 

Let  .E  be  its  distance  from  that  extremity  at  which  th« 
weight  of  S  lbs.  is  suspended ;  then  6  -  j?  is  it«  diatwtoe  from 
the  other; 
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.•.  8jy  B  4  (6  -  w). 
ix  «  24, 
24 

.T  8  —  a  s^  feet. 

Ex.  2,  A  weight  of  4  lbs.  is  suspended  from  a  straight 
lerer,  at  a  distance  of  2  feet  from  the  fulcrum ;  determine 
the  force,  which,  acting  at  an  angle  of  S(fi  with  the  lever* 
and  at  a  distance  of  S  feet  from  the  fulcrum,  will  produce 
equilibrium. 


Let  P  be  the  required  forca 
Then  we  haye 

P  X  8sin80^-i4  x2, 

P-i-x8«  —  -i5i  lbs. 

s  a       ^ 

18.     The  principle  of  the  lever  may  be  extended  to  any 
munber'  of  forces. ' 


For  let  JC  be  a 
straight  lever  moveable 
about  the  fulcrum  O,  and 
let  forces  be  applied  at  A, 
B  and  O.  Conceive  each 
of  these  forces  to  be  re- 


■S—JI 


a    Q+R       B 


solved  into  two,  one  parallel  io  AC,  the  other  perpendicular  to 
it ;  the  former  parts  will  have  no  tendency  to  twist  the  lever, 
and  we  may  therefore  confine  our  attention  wholly  to  the 
latter,  which  call  P,  Q,  and  R. 

Now  <2  and  R  acting  at  B  and  C  are  equivalent  to  a 
angle  force  Q-^-  R  acting  at  some  point  D^  such  that 

Q.BD^R.CD; 
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this  follows  from  Art.  17.     And  therefore,  in  order  that  there 
may  be  equilibrium,  we  must  have 

P.  AO -^  {Q -^  R)  OD. 

But  Q.OD^Q.OB+Q.  BD, 

R .  OD  =  R .  OC  -  R  .  CD  •=&  .  OC -  q .  BD; 
.:  P  .  A0=  Q.  OB  +R  .  OC, 
or  the  moment  of  /*  •=  sum  of  the  moments  of  Q  and  it.  If 
we  estimate  moments  as  positive  or  negative  according  as 
they  tend  to  twist  the  lever  in  one  direction  or  the  other,  we 
may  then  say  that  three  forces  will  produce  equilibrium  when 
the  algebraical  sum  of  their  moments*  about  the  fulcrum  is 
zero. 

And  the  same  method  is  applicable  to  any  number  of  forces. 

Also  the  same  thing  will  hold  of  any  forces  acting  in  the 
same  plane  on  a  rigid  body,  one  point  of  which  is  fixed; 
hence  we  may  say  that  such  forces  will  be  in  equilibrium 
when  the  algebraical  sum  of  their  moments  about  the  fixed 
point  is  zerof . 

ON  THE  ACTION  AND  REACTION  OF  SMOOTH 
SURFACES  IN  CONTACT. 
19.  When  two  bodies  are  pressed  together  by  the  action 
of  any  forces,  each  will  exert  upon  the  other  a  certain  force ; 
if  we  call  the  force  exerted  by  one  body  its  action,  we  inajf 
call  that  of  the  other  upon  the  first  the  reaction,  and  it  H 
evident,  upon  consideration,  that  these  must  be  equal  in 
intensity  and  opposite  in  direction.     For  if  a  person  presees 

*  tt  I)  muireii  tlMi  p.  AO  U  ibe  moment  of  the  (bm  applied  u  A.  Forlii  Aa 
Rffatcof  An.  17,  the  tuoniea(or/>  it  f.OD,  wttit}i~P.  A  O  tat  AOD  =  AOk  imoitti 
put  at  F  pcTpcndirulu  lo  OA. 

i  Hence  ilU  nol  ilifficuU  to  conclude  ihecondliiwi  of  equilibrium  for  anf  rix)>l  bad/, 
•fled  upon  bf  force*  ihc  diirclloiu  of  vhlch  lie  in  ihe  Mine  or  la  parallel  pine*,  far  mi 
fa>a>  traniUiiW  U  concerned,  it  arlU  Ik  tnfflcieni  that  ihe  iiuni  of  the  tonm  niatni  la 
au)r  mo  dlitellon*  at  [i|[ht  tBg\tm  lo  euh  other  ahoulil  be  lero,  eiactljr  aa  IT  ib«r  and 
panllel  to  Ibelr  ova  diicciloni  upon  a  alngle  particle  ,  and  u  tai  at  luiKinc  it  oanvmtl. 
It  will  b«  neccnatj  and  luHieieDi  itiu  the  forces  ihotild  be  tuch  aa  n«  to  i*l«  Ifae  Wdf 
abvdl  anjr  point  aoppeaed  lo  be  filed,  that  U,  the  algebraical  turn  of  tlia  UiDtnaBE*  aboM 
aUT  poltti  uiuat  be  wro.  The  polnl  aboul  ahich  the  immatta  are  ntimaled  need  «M  bt 
Id  th*  bailjr.  iince  ve  nu;  luppoae  the  bodj  ri|[idl^  eouoecled  *llh  an;  poial,  aal 
•boat  ineh  point  there  muti  be  no  imimtcj  to  tatai. 
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B  finger  upon  the  table  it  is  manifest  that  the  table  returns 
■  pressure  equal  to,  because  it  is  the  effect  of,  the  pressure 
of  tbe  finger  ;  and  so  in  other  cases. 

But  what  will  be  the  directiou  of  this  mutual  pressure? 
■We  shall  consider  only  the  case  of  the  action  of  two  bodies 
;Vnootb  and  Ij'ing  all  in  one  plane. 
Jjet  BAC,  B'JC'he  two  such  bodies, 
luching  at  J,   and  let   R  be  the 
utual  pressure.     Then  since  the 
'aces  touch   at  A,  they  have   a 
immon  tangent  at  that  point,  aud 
lerefore  a  common  normal.     Kow 
►y  calling  a  body  an^ooth,  wo  mean 
assert  that  there  is  no  tendency 
is  the   constitution  of  the  body  to 
frerent   motion   along  its   surface, 
VoDScquently  no  part  of  the  mutual 
nessiu'e  of  two  smooth  surfaces  can 
be  along  the  surface  or  along  tbe  common  tangent,  that  is. 
Me  whole  must  bi  in  the  direction  of  the  common  normal. 

In  tbe  case  of  a  particle  pressing  upon  a  curve,  we  must 
consider  that  the  pressure  is  in  the  direction  of  the  normal 
to  the  curve ;  and  when  resting  on  a  plane,  the  pressure  is 
perpendicular  to  the  plane. 

]  We  may  observe  here,  that  in  treating  statical  problems 
^frfaich  involve  more  than  one  body,  we  usually  consider  what 
action  and  reaction  will  exist  between  each  two  of  the  bodies, 
lod  having  denoted  them  by  certain  symbols,  as  P,  Q.  S,  EfC, 
We  consider  the  equilibrium  of  each  body  separately.  An 
.^ample  of  this  will  be  found  in  tbe  problem  of  the  wedge 
(Art.  33). 


ON  THE  MECHANICAL  POWERa 

The  Mecbaniftal  Powers  are  tbe  elementary  forms  of  all 

lachines,   and    may    be    considered   as   simple    devices    for 

CDabliog  a  smaller  force,  usually  called  the  Power  (P),  to  be 

equilibrium  with  a  larger  force,  usually  called  the  Weight 
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((F).  They  may  be  thus  enumerated  : — the  Lever,  the 
Wheel  and  Axle,  the  Toothed  Wheel,  the  Pully.  the  In- 
clined  Plane,  the  Wedge,  and  the  Screw.  In  the  following 
articles  the  ratio  of  P  to  \V  will  be  investigated  in  these 
several  cases;  if  the  ratio  be  greater  than  that  wbich  ne 
determine,  motion  will  ensue. 


(1)      The  Lever. 

20.  We  have  already  considered  the  principle  of  the 
Lever  as  r  general  mechanical  principle,  and  we  have  shewn 
that  two  forces  will  balance  about  a  fulcrum  when  their 
moments  about  it  are  equal ;  but  the  lever  may  also  be 
regarded  as  one  of  the  Mechanical  Powers,  and  so  con- 
sidering it  we  distinguish  three  kinds  of  lever,  according 
to  the  position  of  the  Fulcrum  with  respect  to  the  Power 
and  AVcight. 

The  first  has  the  fulcrum  between  tbe  power  and  the 
weight.  In  this  case  any  amount  of  mechanical  advantage 
may  be  gained,  by  making  the  arm  upon  which  the  poircr 
acts  sufficiently  long,  A  crow-bar  used  to  lift  great  weights, 
a  poker,  a  pair  of  scissors,  ore  examples.  Let  us  examine 
one  of  these ;  in  the  poker,  the  coals  are  the  weight,  th« 
bar  of  the  fire-place  the  fulcrum,  the  force  exerted  by  the 
hand  the  power. 

The  second  kind  of  lever  has  the  weight  between  tbe 
fulcrum  and  the  power.  The  oar  of  a  boat  is  an  example, 
in  which  the  water  forms  the  fidcrum,  the  resistance  of  the 
boat  applied  at  the  rowlock  the  weight,  and  the  power  i» 
applied  by  the  hand  of  the  rower. 

The  third  kind  has  the  point  of  application  of  the  power 
between  the  fulcrum  and  the  weight.  The  most  interesting 
example  is  the  human  arm,  when  applied  to  Uti  a  weight  by 
turning  about  the  elbow ;  here  the  fulcrum  is  the  elbow,  and 
the  power  is  applied  at  the  wrist  by  means  of  sinews,  which 
exert  a  force  when  tbe  muscles  of  tlie  arm  contraeL 

The  mechanical  conditions  of  each  of  these  thr««  rlimni 
may  be  thus  expressed.     If  a  reprcseut  the  arm  at  which  Uie 
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iwer  acts,  ft  tliat  at  which  the  weight  acts,  then  (suppoBing 
Ihe  power  to  act  in  a  direction  perpendicular  to  the  arm) 
Pa  =.  Wb, 


n 

E         C     »          F           B 

P 

Vi^ 

or—--  -•. 
TK       a 

The  coDditioa  of  equilibrium  of  two  weighti  bilanciiig  oa  a  «ti*ig)il  irta  nmf 
Ttatigktcd  without  uiuming  ihc  ruin  f«  the  reHtlaiion  uid  compoulion  olfairt* 
■  bOon.  Thcdetnoiuitnlion  depoidiupon  (he  foUowing  Lemma:  Tht  ilaliral  tffect 
if  a  uiuform  hearg  rod  it  <Ae  lane  ai  •/  it  it  tjippotfd  to  he  coUfeld  of  id  niddit 
ft*l.  Tlie  Ifiith  of  which  Lemmi  is  »pp»«nt  from  the  coniidention  th»i  iDch  a  rod 
nuld  Rtuiifestlr  balance  abnul  ill  middle  point,  and  thertfore  an  upward  preamre 
^lird  there  equal  (o  its  weight  would  support  it,  and  ihoi  ihcw  l)iat  (he  (Utiul  ffflct 
i( Ihe  rod  it  lo  produce  a  dowowanl  pretiure  al  thai  point  equal  lo  iti  weight. 

Tlii  being  prcmiied,  let  ,1B  he  a 
iarf  unironn  rod  eijiul  in  weight  to 
ft(  imn  of  two  given  weights,  P  aid 
Ti  then  (he  rod  AB  balancei  about 
In  middle  point  C, 

DiTide  .^B  in  D,  u  (bal  AD  :  DB  ::  F  :  W,  and  let  £  be  the  middle  point 
"f -in,  F  o(  DB%   then  AD  or   P  may  be  conceived  lo  be  collecled  at  £  and  S0 
<»W\\F.    CoraaeilDcailf  faetiogit  £  will  balance  about  C,  fT  aciing  at  £, 
B«l  EC^JC-AE  =  BC~ED-DB-£C; 

.■.DB^2EC, 
titBi\u\j  AD  =  iCF: 
.:  P:  Wf.AD:  DB. 
-.:  CF-.EC; 
ta  P.EC  ^   W.CF. 
t'poe  iha  doctrine  of  ihe  leier  thus  demonilraied  il  ii  poiaible  to  contlruct  ■  com. 
iJBtijilem  of  itBlin:    the  ilepi  are  ai  follown.     From  the  preceding  ptopoiilion  il 
beariotoneliide  ihat  Iwo  forces  acting  ai  the  ellremilin  of  the  arms  of  onjr  leter 
■lU  pradnoe  equilibrium  when  their  momenu  are  equal  and  tending  to  (wist  in  opposite 
■>r>-    And  this  being  ptemiied  we  can  demonitrwe  the  parallelogram  of  forcea. 

let  Am,  An  represent  in  magnitude  and  direction  two  force*  P  and  Q  acting  at 
(bt  point  A !  complete  Ihe  parallelogram  Am  Bn  and  draw  AB.  Alto  draw  BC, 
MO  ptrpcadlcular  to  Am,  An  piodiiced.  Now  tuppote 
AM  lo  be  a  lever  moreable  about  B  and  acted  on  b;  the 
i»atPiAQAtA.    Then 

^      Am      «inBifl^_  tinn-ig      BD 
({"Art  ■■  sin  m  ylfl  "  tin  mAB"  'Sc  ' 
at  P.BC=Q.BD: 
Ifcaifate  ihc  Ibrcci  P  and  Q  would  keep  die  lever  at  reiu 

And  aiocc  the  retnliinl  of  P  and  Q  would  produce  the  lame  efiecl  a*  P  and  V 
^nhcr.  It  also  acting  at  A  would  lieep  (he  lever  at  rest.  Bui  no  single  force  acting 
tl  .f  can  keep  the  Icrer  al  reit,  unlex  it  act  in  Ihe  direction  AB ;  consequen[i7,  AB 
k  die  ^irfctian  at  the  reiultanl. 

Tlia)  AS  repTCHnts  the  reiultant  in  mafiTtilude  must  be  proved  aa  in  Art.  8. 
Rating  denionattated  the  fundamenlil  propoiilion  in  ihii  manner,  ibe  reit  of  the 
■ptem  would  be  (he  fame  m  in  thai  adopted  la  the  text. 
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Hence  mcclianical  aclvantnge  is  gained  or  not,  according 
as  a  is  greatei"  or  less  than  b.  It  will  be  seen  tliat  in  the 
first  Itind  of  lever  advantage  may  or  may  not  be  gaiiicil,  in 
the  second  it  is  always  gained,  in  the  third  it  is  never  gained. 
The  human  arm  therefore  acts  at  a  mechanical  disadvantage, 
but  this  is  far  more  than  compensated  by  the  superior  agility 
and  neatness  which  result  from  its  actual  construction. 

The  weighing  machines  in  ordinary  use  are  applications 
of  the  principle  of  the  lever.  The  simplest  13  the  common 
balance. 

Let  AB  be  a  rigid  rod,  CD  a  small  rigid  piece  attached 
to  its  middle  point  and   perpendicular  to 
»  it,  and  let   D  be  fixed :   E,   F  two  scales 

X  I      or  pans  of   equal  weight  depending  from 

the  extremities  A  and  B.  Then  it  is 
evident  that  if  the  scales  be  equally 
loaded,  the  btam  AB  will  be  horizontal, 
if  not,  that  the  more  heavily  loaded 
scale  will  cause  the  extremity  to  which  it  is  attached  to 
preponderate.  For  the  sake  of  clearness  of  explanation 
we  have  spoken  of  CD  as  a  small  piece  attached  to  AB 
in  reality  D  is  merely  the  point  of  suspension  of  the  beam 
to  the  extremities  of  which  the  scales  are  attached. 

The  preceding  explanation  represents  the  balance  in 
its  simplest  form,  and  exhibits  its  principles:  in  practice 
many  modifications  nnd  additional  contrivances  must  bo 
introduced;  much  skill  has  been  expended  upon  the  ■ 
struction  of  balances,  and  great  delicacy  has  been  obtained. 
It  would  be  beyond  the  scope  of  this  book  to  describe  all  the 
features  in  the  construction  of  firstrnte  balances,  by  nicans 
of  which  a  degree  of  accuracy  has  been  arrived  at,  whidi  is 
truly  wonderful:  there  are  however  two  or  three  poinU 
to  which  it  will  be  desirable  to  call  attention. 

The  beam  should  be  suspended  by  means  of  a  Isniffr- 
edge,  that  is,  a  projecting  metallic  edge  transver^  to  iU 
length,  which  rests  upon  a  plate  of  agate  or  other  bard 
substance.  The  chains  which  support  the  scales  should  bt 
susjicndcd  from  the  extremities  of  the  beam  in  the  1 
manner. 
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The  point  of  support  of  fho  beam  should  be  at  equal  dis- 
tances  from  the  points  of  suspension  of  the  scales;  nnJ^-hcn 
the  balance  is  not  loaded  the  beam  should  be  liorizoutal. 

To  test  the  accuracy  of  a  balance,  first  ascertain  that 
the  beam  is  horizontal  when  the  balance  is  not  loaded ; 
then  pliico  two  weights  in  the  scales  such  that  the  bearaa 
shall  be  horizontal;  lastly,  change  these  weights  into  oppo- 
site scales,  if  the  beam  still  remain  horizontal  the  balance  is 
a  true  one. 

The  chief  requisite  of  a  good  balance  is  what  is  termed 
aensibility ;  thnt  is  to  say,  if  two  weights  which  are  very 
nearly  equal  he  placed  in  the  scales,  the  beam  should  vary 
seruibly  from  its  horizontal  position.  In  order  to  produce 
this  result  two  conditions  should  be  satisfied;  (I)  tlie  point 
of  support  of  the  beam  and  the  points  of  suspcniiion  of  the 
scales  should  be  in  the  same  straight  line ;  the  consequence 
of  this  will  be  that  two  equal  weights  in  the  scales  will  pro- 
duce a  resultant  through  the  point  of  support,  they  will 
therefore  have  no  clfect  whatever  in  twisting  the  beam, 
and  the  deviation  from  horizontality  will  be  the  same  for  n 
given  difference  of  weights  however  great  the  weights  them- 
selves may  be;  (2)  the  point  of  support  should  be  very  near 
the  centre  of  gravity  of  the  beam,  and  a  little  above  it;  the 
nearer  these  two  points  are  to  each  other  the  greater  will 
be  the  fiensihility,  for  the  weight  of  the  beam  acting  at  its 
centre  of  gravity  must  be  in  equilibrium  with  the  small  dif- 
ference of  the  weights  acting  at  one  end  of  the  beam,  and 
this  difference  of  the  weights  will  act  at  a  greater  mechani- 
cal advantage  the  nearer  the  centre  of  gravity  of  the  beam 
is  to  the  fulcrum. 

If  the  sensibility  of  a  balance  be  very  great  the  addition 
of  a  small  weight  to  cither  scale  will  cause  the  beam  to 
oscillate,  and  some  time  will  elapse  before  it  attains  its 
position  of  equilibrium ;  on  this  account  the  beam  i-^ 
sometimes  furnished  with  a  pointer  and  a  graduated  are 
of  a  circle ;  if  the  pointer  oscillates  through  equal  arcs  on 
opposite  sides  of  the  point  which  corresj)ond3  to  horizon- 
tality, we  may  be  satisfied  that  tlic  scales  are  equally  looiled, 
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without  waiting  to  ascertain  whether  the  beam  will  ulti- 
mately rest  in  a  horizontal  position. 

Another  kind  of  weighing  machine  is  the  steelyard.  It 
may  be  described  as  a  lever  having  unequal  arms,  and  so 
arranged  that  one  weight  may  be  made  to  weigh  a  variety  of 
others  by  sliding  it  upon  the  longer  arm  of  the  lever,  and  so 
changing  its  distance  from  the  fulcrum. 

pKOP,      To  graduate  the  comitwn  steelyard. 

Let  C  be  the  fulcrum,  W  the  subtancc  to  be  weighed 
hanging  at  the  extremity  A, 
P  the  moveable  weight.  Now 
if  the  weights  W  and  P  were 
removed,  the  longer 
the  steelyard  which  is  that 
upon  which  /'  hangs  would 
preponderate ;  suppose  then 
that  B  is  a  poiut  such  that  P  hanging  from  it  would  keep 
the  steelyard  in  a  horizontal  position,  and  take  CD  =  BC, 
then  the  moment  about  C  produced  by  the  weight  of  the 
steelyard  itself  is  equivalent  to  the  moment  of  P  hanging 
from  D. 

Now  let  W  hang  from  A,  and  P  from  any  point  E,  then 
for  equilibrium  we  must  have 

}V  .JC~P.CD+P.CE~  P.  BE; 

W 
.:  BE ---.AC. 

Suppose  that  P=ilb.,  and  make  IT  successively  equal  to 
lib.,  albs.,  3lba.,...then  the  values  of  BE  will  be  JC.  SjC, 
aAC, ...Rnd  these  distances  must  be  set  off,  measuring  froiu 
B,  and  the  points  so  determined  marked  lib.,  sibs.,  slbs.... 

There  are  several  varieties  of  the  steelyard ;  one  may  b« 
mentioned,  which  differs  from  the  preceding  inatruraeot  ia 
this,  that  the    weight    ia  fixed  and   the    fulcrum    niOTeablft 
instead   of  the  reverse.     We  bhall  see  that  this  makes 
important  difference  in  the  mode  of  graduation. 


Prop.        To  graduate  the  Danish  Steelyard. 


=D 


Let    B     be   the    point    on    aj 
Trliich   the     instrument    would      I  *• 

balance  if  no  weight  were  sus-     ■i  2, 

pendcd  at    ^  ;    and  when  the    ^^ 

weight  fV  is  suspended  at  A,  let  C  be  the  place  of  the 
fulcrum;  also  let  P  be  the  entire  weight  of  the  instrumentt 
which  will  have  the  effect  of  producing  a  pressure  P  at  B. 
TheD  for  equilibrium  we  must  have 

W.AC  ~P.BC-'P  (AB  -  AC)  ; 


Hence  making  W=  lib.,  Slba.,  3lb8,,...8ueee86iTeIy,  we  shall 
be  able  to  mark  upon  the  steelyard  the  corresponding  posi- 
tions of  tbe  fulcrum. 

It  may  be  remarked  that  whereas  the  distancefl  from  tbe 
point  A  of  the  successive  marks  of  graduation,  corresponding 
to  equal  increments  of  W,  in  the  common  steelyard  form  an 
arithmetical  progression,  in  the  Danish  steelyard  they  form 
aa  hannosicaL 


(2)      The    Wheel  and  Axle. 

21.     This  machine  consists  of  two 

cylinders  having  their  axes  coincident, 

[(        It"     the    two    cylinders    forming  one  rigid 

I  piece,    or    being    cut    from    the   same 

piece ;  the  larger  is  called  the  wheel, 
the  smaller  the  axle.  The  cord  by  which 
the  weight  is  suspended  is  fastened  to 
the  axle  and  coiled  round  it ;  the  power 
acts,  sometimes  by  a  cord  coiled  round  the  wheel,  sometimes 
by  handspikes,  aa  in  the  capstan,  sometimes  by  handles,  a» 
in  the  teindla4s. 
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The  windlass  is  used  for  such  purposes  as  that  of 
raising  an  anchor.  It  may 
be  described  as  a  strong 
cylindrical  beam,  move- 
able about  a  liorizoatal 
axis,  the  extremities  being 
inserted  into  two  strong 
upright  pieces  in  which 
they  are  capable  of  turn- 
ing freely.  One  end  of 
a  rope  is  coiled  partially 
round  the  windlass,  and  to  the  other  end  is  attached  the 
anchor  or  the  weight  to  be  raised;  a  number  of  apertures 
arc  made  in  the  windlass  pcrpcndieular  to  its  axis,  and  in 
these  are  inserted  short  bars  called  handsjnkea  ;  by  means 
of  these  it  is  evident  that  the  windlass  may  be  made  to 
revolve,  and  when  by  its  revolutiou  a  handspike  is  brought 
inconveniently  low  it  is  taken  out  and  reinserted  in  a  more 
convenient  place.  The  windlass  in  the  figure  is  represented 
with  fixed  bars,  instead  of  handspikes,  which  in  some  appli- 
cations of  the  machine  is  a  more  convenient  armngemeat. 

Some  inconvenience  arises  from  the  necessity  of  changing 
the  position  of  the  handspikes;  this  is  avoided 
in  the  cnpslan,  the  principle  of  which  is  the 
same  as  that  of  the  windlass,  but  the  axis  is 
vertical,  and  a  person  may  therefore  by  moving 
his  own  position  cause  the  capstan  to  revolve 
without  changing  the  point  of  insertion  of  the  handspike. 

22.      To  find  the  ratio  of  the  Power  to  the    Wciglu,  H-hm 
there  is  equilibrium  vpoii  the  Wheel  and  Axle. 

Let  AB,  CD  be  the  wheel  and  axle 
having  the  common  centre  O;  P  and  W 
the  power  and  weight,  supposed  to  act  by 
strings  at  the  circumference  of  the  wheel 
and  axle  respectively. 

For  simplicity's  sake  P,  W  and  the 
arms  at  which  they  act  are  represented 
in  the  figure  as  in  the  same  plane. 


TBI    WH3KL   .iS3>  X^UL 
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From  tlie  common  eeatre  O  driLw  OJ.  OD  ro  ihe  pocits 
at  which  the  cords  sapporxing  P  and  ^  toaea  die  cfrcam- 
ferences  of  the  wheel  and  mxle  respectiTelj  :  txiese  E=<<  will 
be  perpendicnlar  to  the  directzocs  in  wMch  P  dud  n~2cc; 
hence,  by  the  princijrfe  of  the  lerer. 

P.AO^  W.OD: 

P      OD       radiiE?  or"  axle 

IF  *  'aO  *  radius  ct*  True^:! ' 


or 

It  is  evident  that,  br  increasing  the  radios  ot*  the  wheel,  anj 
imoont  of  mechanical  advantage  mar  be  ^.lined.  It  wiU  also 
be  seen  that  the  principle  of  the  wheel  and  axle  is  merely 
that  of  the  lever;  the  peculiar  adrantace  of  the  wheel  and 
axle  being  this,  that  an  endless  series  of  levers  i^so  to  speak) 
are  brought  into  plaj,  which  is  essential  to  the  practical  use 
of  the  lever,  when  applied  to  such  purposes  as  raiding  a 
bucket  in  a  well,  heaving  an  anchor,  or  the  like. 

(3)     Toothed   WhetU. 

23.  One  wheel  mav  be  made  to  act  upon,  or  as  it  is 
called  to  drive,  another  bj  indenting  the  surface  of  each 
with  teeth,  and  fixing  the  centres  at  such  a  distance  from 
each  other  that  the  teeth  come  successively  into  contact. 
The  proper  form  for  the  teeth  of  such  wheels  is  a  question 
of  much  complexity,  which  will  not  be  entered  upon  here ; 
we  shall  only  investigate  in  general  the  relation  of  P  to  W, 
when  there  is  equilibrium. 

24.     To  Jtnd  the  ratio  of  the  Power  to  the  Weight  in  Toothed 
Wheeb. 

Let  J,  B  be  the  cen- 
tres of  the  wheels,  on  the* 
circumference  of  which 
the  teeth  are  arranged, 
and  suppose  for  simpli- 
city's sake  that  P  and  W 
act  at  the  circumferences 
of  the  wheels,  and  that 
the  radii  of  the  same 
•re  rr  respectively. 
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Also  let  two  of  the  teeth  be  in  contact  at  E^  and  let  R  be 
the  mutual  pressure  of  the  teeth  in  contact,  which  acts  in 
the  direction  of  the  common  normal  to  the  surfaces  of  the 
teeth ;  and  let  pp  be  the  lengths  of  the^  perpendiculars  from 
A  and  B  respectively  on  the  common  normal 

Then  the  wheel,  of  which  the  centre  is  A^  may  be  sup- 
posed to  be  kept  in  equilibrium  by  the  forces  P  and  R 
tending  to  twist  it  in  opposite  ways ;  hence  by  the  principle 
of  the  lever, 

P  .T^R.p. 
Similarly,  for  the  equilibrium  of  the  other  wheel, 

W.r'^R.p. 
Pr      p 
iVr'^p" 

9 

pr 


Hence 


P 

or    --- 
W 


(4)      Th^  PuUy. 

25.     The  pully,  in  its  simplest  form,  consists  of  a  wheel 
capable  of  turning  about  its  axis,  which  may  be  either  fixed 


Fig.  xu 


or  moveable.     A  cord  passes  over  a  portion  of  the  circum- 
ference ;  if  the  axis  of  the  pully  is  fixed  (Fig.  L)  its  only  effect 


hi 
of  the  polfiea  i 

extended  to  tfcift  tame,  Ah*  k  ^mdiae  tfaoe  «9  W  « 
eoBodenble  amam^  at  fticiii,  vhea  ^  ■  a*  Ae  rsat 
crdeMendt^,fa^dH  ii  M^belcd  fir  Oe  sdke  of  ciCKtar 


Tiffiadtlmr 
tPmtfy. 


,  af  aft*  Avar  •»  Ck  ITi^  ia  |A« 


T 


Let  O  be  the  centre  of  tlte  poDj,  wiiidi  i 
nipported  by  a  cord  -passmg  trader  it  aod  At- 
tached to  some  fixed  point  C  at  one  end,  and 
Btretcbcd  by  the  force  P  at  the  other.  Suppose 
the  wdgbt  IF  to  be  suspended  from  the  centre  O. 

Join  the  points  J,  B,  at  irhich  the  contact  of 
the  cord  irith  the  pnlJy  commences,  bj  a  straight 
line  AB,  which  will  pass  through  the  centre  O. 
Then  we  may  con^der  the  mechanical  conditions 
of  the  problem  to  be  the  same  as  those  of  a  lever 
AB,  kept  in  equilibrium  about  the  fulcrum  O  by 
the  force  i*  at  ^  and  the  tension  of  the  string 
at  B.  But  the  tension  of  the  string  must  be  the 
tame  throughout,  and  is  therefore  equal  to  P. 
Eence  the  force  at  each  end  of  the  lever  is  P,  and  the  ro- 
suliAQt  of  these  two  parallel  forces  iP.  But  thin  roaultant 
BDpporta  W; 

.'.  SP  =  IK,  I 


P      ] 
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27.  To  Jind  ilie  ratio  of  the  Power  to  the  Weigfit,  in  a 
tystem  of  PulHta  in  which  each  pulfy  hangs  by  a  teparaU 
string.     (First  system  of  Pullies.) 

This  system  of  pullies  is  represeDted  - 
in  the  figure.     Suppose  there  are  n  pul- 
lies; then  the  tension  of  the  string  pass- 

W 
ing  under  the  first  ^  —  (hy  the  property 

of  the  simple  puUy).    The  tension  of  the 

string  passing  under  the  second  •=.-^,  and 

so  on.    That  of  the  string  under  the  last 

W 
pully  a  — ;  but  this  must  be  equivalent 

to  the  power  P ; 

„     W  Pi 


28.  To  Jind  the  ratio  of  the  Power  to  the  Weight,  in 
system  of  Ptttliee  in  which  the  same  ttring  paatet  round  t 
the  Pullies.     (Second  system  of  Pullies.) 

This  system  is  represented  in  the  figure.  There 
are  two  blocks,  the  lower  one  moveable,  and  each 
containing  a  number  of  pullies.  Since  the  same 
string  goes  round  all  the  pullies,  the  tension  throi^h- 
out  will  be  the  same,  and  equal  to  the  power  P.  Let 
n  be  the  number  of  strings  at  the  lower  block,  then 
the  sum  of  their  tensions  will  he  nP,  and  wc  shall 
have 

nP~W, 

or    -  -  -  .• 
W      n 


r 


•  A  little  coniidenlion  viU  ihew  ihit  If  the  vhecla  m  ihil  •jrilmi  of  pnllin  be  t^mii, 
■nd  if  ihc  If  ilem  be  pal  in  motion  bj  the  detcml  of  F,  the  paiu  of  the  rape  *liid>  paM 
in  the  ume  time  D*er  the  wheel*  In  (he  lover  block  an  in  (he  proportkm  of  Ibc  naabMl 
1,  3,  A ,  whilil  the  puti  which  pou  otct  the  whecbla  thtnppw  uo  la  the  pi 
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29.  To  find  the  ratio  of  the  Power  to  tlie  Weight,  in  a 
system  of  Pullies  in  which  all  the  strings  are  attached  to  the 
Weight.     (Third  system  of  Pullies.) 


The  figure  represents  the  system.  The  tension 
of  the  string  by  which  P  hangs  is  P;  that  of  the 
next  —  2P  (by  the  property  of  the  simple  pully;) 
that  of  the  next  2*P,  and  so  on.  Let  there  be  n 
strings,  then  the  tension  of  the  last  ■»  2"~*P,  and  the 
sum  of  all  the  tensions 

«(1  +2  +  2-+ +2"-')P«  W; 

P  1  1 

or  —I- 


'W 


(ih 


W      1+2  +  8'  + +  2-'       2"-l 


6 


^ 


(5)     The  Inclined  Plane. 


30.  By  the  inclined  plane  is  meant  a  plane  inclined 
to  the  horizon,  and  the  problem  is  to  find  the  force  necessary 
to  prevent  a  body  placed  upon  it  from  sliding  down  under  the 
action  of  its  own  weight.  The  plane  is  supposed  smooth,  and 
therefore,  for  reasons  already  explained  (Art.  19,  page  222), 
will  exert  a  pressure  on  the  body  in  the  direction  of  a  line 
perpendicular  to  its  surface.  We  shall  have  to  apply  her^ 
the  general  'principles  of  equilibrium  before  deduced,  viz. 
that  the  sum  of  the  forces  acting  on  the  weight,  resolved  in 
any  two  directions  perpendicular  to  each  other,  must  sepa- 

of  2,  4, 6, 80  that  while  the  first  wheel  below  revolves  once,  the  first  wheel  above 

revolves  twice,  the  second  wheel  below  three  times,  and  so  on.  If,  however,  the  wheels 
differed  in  sixe  in  proportion  to  the  quantity  of  rope  which  must  pass  over  them,  thejr 
would  revolve  in  the  same  time.    Thus  if  the  radii  of  the  wheels  in  the  lower  block  be 

made  in  the  proportion  of  the  numbers  1, 3,  6 and  those  in  the  upper  in  the  propor* 

tion  of  3, 4,  6 ,  the  wheels  would  all  revolve  in  the  same  time;  and  this  being  the 

case  we  maj  observe  further  that  such  wheels  might  be  cut  in  the  faces  of  two  solid 
piecee.  This  is  the  principle  of  Whitest  puUy^  a  machine  extremely  ingenious  in  its 
coDception  and  presenting  considerable  advantages  when  accurately  constructed  but 
pnctiaOly  little  used.  * 


rately  vanish :  the  two  equations  furnished  by  these  con- 
ditions will  enable  us  to  determine  not  only  the  ratio  of  the 
power  to  the  weiglit,  but  also  the  pressure  of  the  weight 
on  the  plane. 

31.      To  find  the  ratio  of  the  Power  to  the    WeifflU,  when 
there  is  equilibrium  on  the  inclined  Plane. 

Let  a  be  the  inclination  of 
the  plane  to  the  horizon;  Btho 
pressure  of  the  plane  on  the 
weight,  which  will  be  perpendi- 
cular to  the  plane ;  and  let  e  be 
the  angle  which  the  direction  of 
P  makes  with  the  plane.  Then, 
resolving  the  forces  parallel  and 
perpendicular  to  the  plane,  we 
have 

Pcoae-  TFsina-O (l), 

R  +  Psine-  ?fcoaa  =  0 (a). 

P  _  sin  et 
W 


Hence 


ir      cos  e 

Cor,  ] .    If  the  power  acts  parallel  to  the  plane,  <  •■  o.  and 
P 

Cob.  s.  From  the  preceding  corollary  it  will  be  eaaOf 
fieen  that  a  uniform  cord,  part  of  which  rests  upon  an  inclined 
plane,  and  the  remainder  hangs  freely  from  the  upper  ex- 
tremity of  the  plane,  will  be  in  equilibrium,  provided  tbc  two 
ends  of  the  cord  are  in  the  same  horizontal  line.  For  let  i 
be  the  portion  which  rests  on  the  plane,  ft  the  portion  which 
hangs  vertically,  then  6  -  «  gin  a;  but  the  force  P  acting  along 
the  plane,  which  is  due  to  the  weight  of  the  vertical  portion. 
is  proportional  to  ft,  and  the  weight  sustained  by  the  plane  or 
IV  is  proportional  to  a,  .".  P~  Wsina,  which  is  the  conditJoA 
of  equilibrium. 

Cor.  S,  More  generally,  there  will  be  equilibrium  wheB 
a  oiuform  cord  rests  upon  two  inclined  planes  having  »  cook 


COK.   4u       If  it 

mukipljiiig  (i)  bj 


Ifc-O, 


^«-^€-- 


31.   (Ims).     Tberaaksof  Ae 

be  obtained  as  foOon : 


•  ♦ 


Let  a,  c»  R  rcprcacBt  tlie 
qmntities  as  before.  Lei  ^  be  tbe 
poiiit  of  the  plane  at  vbich  the 
weight  rests ;  draw  AC  vertical,  and 
from  C  draw  CB  in  a  directioo  per- 
pendicukr  to  the  inclined  plane  to 
meet  the  line  of  F%  action  in  B. 
Then  the  sides  of  the  triangle  ABC  being  parallel 
directions  of  the  forces  P,  JZ;  W,  maj  be  taken  to  re 
thoee  forces.    (Art  ll.)     Hence 


*  Tkt  eoBdidmi  oC  •qvlliboam  on  tkt  iacIiiMd  plane,  fron  whidi  the  whole  thcoiy 
if  the  laeladoo  of  fonts  moj  he  drfactd,  were  deccnnincd  with  unguler  ingwaity  hy 
1 9i  Bragciy  iD  IMS.    The  lohetance  of  hia  rrMoning  was  aa  follows : 


Let  ABC  he  a  triangular  hoard  forming 
tveofposite  Inclined  planes.  Svpposealoop 
if  sritem  eeid  to  he  snqwnded  fion  ityssin 
Ae  igan^  eo  as  to  rest  upon  the  two  sides 
M^  CB,  sad  depend  bdbw  in  the  sjm- 
■Miical  cvre  ADC.  Then  it  is  manifest 
wQl  be  eqnilihriiim. 


New  die  tensioo  produced  at  ^1  by  the  portion  of  the  cord  ADC  mutt  be  equal  to 
the  iMrieD  produced  at  C  by  the  same,  on  account  of  the  symmetry  of  the  cunre  ADC. 
Cmofsettly  equilibrium  will  still  subsist  if  we  remo?e  the  portion  of  cord  ADC^ 
Ihit  ii,  the  portions  of  string  AS,  BC  on  the  oppoHite  inclined  planes  will  be  In 
ifaflibriam;  which  is  the  result  already  obtained,  and  iVom  which  it  immediately 
Uewi  that  weights  connected  by  a  string  will  be  in  equilibrium  on  opposite  inclined 
fleaei^  when  they  are  proportional  to  the  lengths  of  the  planes  on  which  Ihey  rest,  or 
inwMlj  prapoRkoal  to  the  sines  of  the  inclinations  of  the  planee* 


p 

in  C 

W 

R 

smA 

But 

A  -go" 

-a-f. 

' 

S  =  g(V 

+  e. 

C^a. 

P 

W 

A 

COS  (a  +  e) 


(6)      TAe   IKetfj/c. 

32,  The  wedge  is  n  triangular  prism,  made  of  some 
hard  substance,  as  steel,  the  edge  of  which  is  introduced 
between  two  obstacles,  which  it  is  our  purpose  to  scpanitc. 
When  the  edge  is  introduced,  the  wedge  is  driven  forward 
by  a  violent  blow,  as  from  a  hammer  or  the  like,  which 
generates  an  enormous  force  of  momentary  duration.  We 
shall  consider  the  wedge  to  be  acted  upon  by  a  weight  resting 
upon  its  head,  but  the  principles  of  the  inveattgalion  are 
applicable  to  all  coses,  in  whatever  manner  the  pressure  on 
the  wedge  is  produced ;  we  shall  also  suppose  the  wedge  tii 
be  isosceles,  and  the  obstacles  on  opposite  sides  of  the  wedge 
to  be  exactly  similar.  When  the  wedge  is  driven  in  between 
two  obstactea,  as  for  instance  when  applied  to  split  the  trunk 
of  a  tree,  the  obstacles  have  a  tendency  to  %  together,  owing, 
in  the  instance  supposed,  to  the  tenacity  of  the  fibres,  and  this 
is  the  resistance  which  we  consider,  and  which  corresponds  to 
the  weight  supported  in  the  Mechanical  Powers  already  treated 
of.  In  practice  there  will  usually  be  a  great  amount  iif 
friction  between  the  wedge  and  obstacles,  but  tliis,  for  the 
Bake  of  bimplifying  the  mathematical  investigation,  we  shnll 
omit. 

33.  To  find  the  ratio  of  the  Power  to  the  ResiManee,  when 
an  isosceles  M'edt/e  is  kqit  in  fqnilihrium  bi/  the  prestura  nf  tuv 
obstacles  aymmetricalhj  situated  with  respect  to  it. 

Let    3P  be    the    force    acting    on    the     bead   of  I 


wedge,  a  the  semi-angle  of 
the  wedge.  Also  let  A  be 
one  of  the  points  at  which 
the  wedge  is  in  contact  with 
the  obstacle ;  then  there 
will  be  a  mutual  pressure 
at  this  -point  between  the 
Wedge  and  obstacle,  which 
will  be  perpendicular  to  the 
side  of  the  wedge,  and  which 
we  will  call  R.  There  will 
be  a  similar  pressure,  on  the 
other  side  of  the  wedge, 
from  the  other  obstacle. 


Again,  the  point  A  of  the  obstacle  is  acted  upon  by  the 
force  which  we  call  W,  and  which  forms  the  resistance  to 
motion.  To  determine  the  direction  in  which  W  acts,  we 
ob^rve  that,  if  A  were  made  to  move  b;  the  descent  of 
the  wedge,  it  would  begin  to  move  in  some  curve  line,  and 
that  the  tangent  to  that  curve  {AT)  is  the  direction  in  which 
W acts.  The  position  of  this  line  AT  is  quite  unknown,  but 
if  we  denote  the  angle  between  it  and  the  direction  of  R  by  t, 
jve.tBay  be  sure  that  i  is  in  general  small. 

In  Figure  II.  we  have  represented  the  wedge  and  obstacle 
separate  from  each  other,  in  order  to  shew  clearly  the  forces 
which  respectively  retain  them  in  equilibrium.  (The  point  A 
will  of  course  require  a  third  force  to  keep  it  in  equilibrium, 
this  will  be  perpendicular  to  ^7*  and  will  arise  from  the 
pressure  on  the  ground  which  supports  the  obstacle ;  it  is 
omitted  in  the  investigation,  because  its  magnitude  is  a  matter 
of  no  interest.) 

Now  the  wedge  is  kept  in  equilibrium  by  the  force  iP 
and  the  two  forces  R ;  hence,  resolving  in  the  direction  of  P, 
we  have 

2P~2Raaa (l). 

Again,  the  point  A  is  kept  in  equilibrium,  so  far  as  ten- 
dency to  motion  in  the  direction  .^yis  concerned,  by  H'and 
the  resolved  part  of  R :  hence 


Wm.Rco3i... 
From  (1)  and  (2)  we  bave 

P       Bin  a 

If  i  be  very  small  we  have  P  = 


..(2). 


FT  Bin  a,  nearly. 


33  (bis).  In  addition  to  the  preceding  mode  of  con- 
sidering the  wedge,  which  necessarily  introduces  the  unknown 
angle  i,  we  may  consider  it  as  acting  upon  some  other  body 
the  possible  motion  of  which  is  constrained  so  as  to  be  able 
to  take  place  only  in  a  certain  direction ;  in  this  case  no  un- 
known angle  will  occur,  and  it  is  in  this  form  only  that  the 
wedge  can  be  regarded  as  applicable  to  the  purposes  of  prac- 
tical mechanics. 

Suppose,  for  instance,  that 
the  wedge  ACB  is  constrained 
BO  as  to  be  capable  of  motion 
only  in  the  direction  ACO, 
and  that  it  acts  upon  the  se- 
micircular body  DEF  which 
can  only  move  along  ODF,  a 
line    perpendicular   to    ACO ; 


and  suppose  the  wedge  to  be   O  T>  '  f" 

acted  upon  by  a  force  P  parallel  to  ACO,  and  the  body  DEF 
by  a  force  W  parallel  to  ODF ;  it  is  required  to  find  the 
ratio  of  P  to  W  when  there  is  equilibrium. 

Let  a  be  the  angle  of  the  wedge ;   R  the  mutual 
between  the  wedge  and  the  body  at  the  point  of  contact. 

Then  for  the  equilibrium   of  the  wedge,  we  must  lufe, 
resolving  the  forces  parallel  to  ACO, 
P  =  J?  sin  a  ; 
for  the  equilibrium  of  the  semicircular  body,  resolving  parallel 
to  ODF,  and  observing  that  the  angle  which  the  direction  of 
R  makes  with  ODF  is  the  angle  of  the  wedge, 
TT  -  ^  cos  a ; 


DT  s  fHmRPJ¥ie£  of  s^  sr  inciiiiK  :xifa(W 
£  z^omas' Jttrai^  nL  j2^  join 

cjrSnaaeiL  JoisE^ir^,.  nr  xxic-  lunar  sutom^  ^ 

wcooL  as  die  exsnnufjr  ctf* 
:  dift  k  BCflriNr  due  s>i^  ui  vbkli  ibe 
to  mtainii  HKiciamicftl  pQSTpic%si»;«  ;ft$  t^ 
tlie  bookbindci^s  pnsm^  aad  the  Eke.  la  pra«k>e  tbe  firictMii 
between  the  thread  of  the  screv  and  the  block  arOI  $>menUy 
be  considerable,  baft  tat  the  sake  of  smpEdtr  me  shaD  cimh 
ader  ererjthing  to  be  perfecdhr  soKX>th. 

In  practioe  also  the  thiead  ct  the  screw  will  be  a  prcyec* 
tuMi  upon  the  soiiaee  of  the  cylinder  of  coosideiable  nuigni* 
lode,  (as  exhibited  in  the  figure  at  the  foot  of  page  ^4^)  and 
tbe  form  of  the  thread  will  be  determiDed  by  a  Tarietj  of 
cJmiinslancea,  ench  as  the  snbstance  of  which  the  screw  i:i 
Hide,  the  purpoee  tat  whidi  it  is  intended,  and  the  like ;  but 
in  oar  inreatigations  we  ahaD  consider*  for  simplicities  sak«» 
tbat  the  thread  ia  indefinitely  small,  and  that  the  pressure 
npon  it  ia  exerted  in  a  plane  touching  the  cylinder,  A  very 
good  notion  of  the  kind  of  screw,  with  which  we  shall  be  ct>n- 
eernedt  may  be  gained  by  cutting  a  right-angled  triangle  in 
paper,  and  wrapping  it  upon  a  cylinder,  the  hypothenuso  being 
thus  made  to  form  the  thread. 

85.    Tojbid  tke  raiio  of  the  Power  to  the  Weight  in  the  Svnc^w. 

Let  the  power  P  act  at  an  arm  a,  and  let  r  be  tho  railiua 
of  the  cylinder,  o  the  inclination  of  the  thread  to  tho  horiacui. 

Consider  the  equilibrium  of  any  point  A  of  tho  thread  s 
nppoee  the  portion  of  the  thread  on  ehch  side  of  il   to 


« it 
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be  unwrapped,  so  as  to  assume  the  poeition  of  the 
straight  line  BC,  inclined  at  an  angle  a  to  the  horizon; 
then  vre  may  consider  the  point  A  as  supported  on  a  plane 
of  inclination  a,  and  acted  upon  by  the  pressure  on  the  plane 
Ru  a  horizontal  force  Pp  and  a  portion  of  the  weight  W^ 
which  we  will  call  TT^ ;  hence,  resolying  the  forces  along  the 
plane,  we  must  have 


TTj  sin  o  -  Pi  cos  a ; 

in  like  manneri  if  we  take  another  point  of  the  thread,  we 
must  have 

FT,  sin  a  «  Pt  cos  a, 

and  so  on.  Hence,  taking  into  account  all  points  of  the 
thread,  and  adding  together  the  equations,  we  shall  have 

{W^  +  »ra  +  W^  +  ...)  sin  o  -  (P|  +  P,  +  P,  +  ...)  eoscu 

But  W^i  +  FTs  +  TV3  +  ...  -  the  whole  weight  supported  —  W. 

Also,  Pi  +  P.  +  P3  +  • .  •  <-  the  whole  horizontal  force  sup- 
posed to  act  at  the  circumference  of  the  cylinder,  L  e.  at  an 
arm  r. 

But  the  horizontal  pressure  is  caused  by  P  acting  at  an 
arm  a;  hence,  by  the  principle  of  the  lever, 

(Px  +  P,  +  P3...)r-Pa; 
.••  fr  sm  a  "  —  cos  o, 
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or  -—-  «  —  tan  a. 
W        a 

We  may  put  this  result  in  a  rather  different  form :  thus, 

P      Svrtana 

Tertical  distance  between  two  threads^ 
circumference  of  circle  described  by  P 

35  (bis).     The  first  part  of  the  preceding  article  may  be 
replaced  by  the  following : 

Draw  JD  vertical,  DE  horizontal,  AE  in  a 

direction    perpendicular  to  the  thread  of  the 

screw ;    then  the  sides  of  the  triangle  JDEy 

being  parallel  to  the  directions  of  the  weight 

supported  by  the  screw,  the  horizontal  pressure 

produced  by  the  power  P,  and  the  resultant  of 

the  pressures  on  the  thread,  may  be  taken  to  represent  those 

forces; 

DE 
/.  the  horizontal  pressure  «  W  — r  —  TV  tan  cu 

*  It  win  be  fca  ftom  this  expretsioii  that  in 
«dcr  IS  increase  the  efficiency  of  the  icrew  we  miut 
cidbcr  increase  the  length  of  the  lever  at  which  P 
seta,  or  diminish  the  distance  between  the  threads  of 
dM  screw.  The  former  method  is  limited  bjr  the 
enriddf  diaractcr  which  would  be  given  to  the 
■sriifm  if  the  aim  of  the  lever  were  made  verj  long ; 
if  the  latter  be  resorted  to^  the  too  great  diminution  of 
At  thread  wiU  so  weaken  it  that  a  slight  resistance 
viU  tasr  it  flom  the  cylinder.  These  difficulties  are 
sMued  by  Humier's  Serew^  which  consisu  of  two 
■Ofvi^  one  coarser  than  the  other,  the  finer  screw 
■nsHy  Stting  into  the  cylinder,  the  surface  of  which 
onissdie  eoeieer  thread.  Thus  when  the  working 
fsiot  of  the  machine  is  urged  forward  by  the  coarser 
MKw  it  Is  drawn  back  by  the  finer,  and  the  formula 
fgrthe  machine  wiH  be  found  to  be, 

P     diflTerence  of  vertical  distances  between  the  threads 
"W  "  circumference  of  circle  described  by  P 

Ab4  it  is  manifest  that  this  ratio  may  be  diminished  to  any  extent  by  making  the 
^■liesl  ^stance  between  the  threads  In  the  two  screws  nearly  equal,  eadi  screw  being 
■  cssise  as  we  please, 

16—2 
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But  the  horizontal  pressure  ■>  P  -  . 

r 


—  =  -  tan  a. 
IF      a 


ON  FRICTION. 


36.  When  we  attempt  to  make  the  surface  of  a  body 
move  upon  that  of  another,  with  which  it  is  kept  in  contact 
by  pressure,  there  is  in  general  a  resistance  to  motion,  which 
is  frequently  sufficient  to  prevent  it  altogether ;  the  force  of 
resistance  is  called  friction. 

Friction  at  any  point  of  a  surface  always  acts  in  the 
direction  exactly  contrary  to  that  in  which  the  point  tends 
to  move.  Hence,  when  a  particle  is  placed  on  a  rough  planCy 
the  line  in  which  the  friction  acts  will  lie  in  the  plane.  Also, 
if  a  body  on  an  inclined  plane,  and  under  the  action  of 
any  force,  is  on  the  point  of  ascending^  the  force  of  friction 
acts  downwards ;  but  if  the  weight  of  the  body  is  so  great 
that  it  is  on  the  point  of  dcacenditiff^  the  action  of  friction 
is  upwards. 

It  has  been  shewn  by  experiment,  that  when  a  body  is  on 
the  point  of  moving  on  the  surface  of  another,  and  is  only  pre- 
vented  from  doing  so  by  friction,  then  the  force  of  frictioD 
bears  to  the  normal  pressure  between  the  two  bodies  a  ratio 
which  depends  only  upon  the  constitution  of  the  two  bodies^ 
In  fact,  let  R  be  the  normal  pressure,  then  the  friction  will  be 
expressed  by  /uA,  where  m  is  a  quantity  depending  not  on  the 
pressure  nor  on  the  extent  of  the  surfaces  in  contact,  but  ovij 
on  the  nature  of  the  bodies ;  it  has,  for  instance,  a  certain 
definite  value  for  metal  and  wood,  and  so  on.  The  quantity  fi 
is  called  the  coefficient  of  friction*. 

The  fact  that  the  friction  between  two  bodies  is  indepen- 
dent  of  the  extent  of  surface  in  contact  may  appear  at  first 
sight  paradoxical ;  a  very  simple  consideration  however  will 

*  The  friction  Kpoken  of  in  this  article  may  be  tensed  siuHeai  fHction ;  when  «M 
rough  body  actually  moves  upon  the  surface  of  another  a  different  kind  of  fricdea  It 
brought  into  play,  which  may  be  called  dynamical  fHction.  This  latter  ia  ihevn  bj 
experiment  to  be  proportional  to  the  pressure,  and  independent  of  tbe  extent  of 
in  contact  and  of  the  velocity  of  th^^oving  body. 
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shew  that  the  result  is  one  which  might  have  been  anticipated. 
Sappose  that  we  have  two  bodies,  A  and  B^  of  equal  weight, 
and  that  we  cause  them  to  rest  upon  a  horizontal  plane  in 
such  a  manner  that  the  surfaces  in  contact  with  the  plane  shall 
be  of  the  same  kind  but  of  different  extent,  that  of  A  for 
example  twice  as  great  as  that  of  B.  Then  if  we  cause 
friction  to  be  called  into  action  between  the  bodies  and  the 
plane,  A  maj  be  regarded  as  having  twice  as  many  points 
for  the  exertion  of  friction  as  B :  but  on  the  other  hand  the 
weight  of  ^  is  distributed  over  twice  as  many  points  as  that 
of  if,  and  therefore  the  weight  supported  by  each  point  and 
the  friction  produced  at  each  point  of  A  may  be  considered 
to  be  half  that  at  each  point  of  B.  On  the  whole  therefore 
we  hare  in  A  twice  as  many  points  for  friction  as  in  B,  and 
half  the  friction  at  each  point,  and  so  the  same  amount  of 
friction  upon  the  whole. 

From  what  has  been  seen  it  will  appear,  that  in  problems 
mrolving  the  pressure  of  one  body  on  another,  there  will  not 
be  a  greater  number  of  unknown  forces  involved  on  the  sup- 
pontion  of  the  bodies  in  contact  being  rough,  than  there  would 
be  on  the  hypothesis  of  their  being  smooth,  provided  we  con- 
nder  only  the  limiting  circumstances  of  equilibrium,  that  is, 
when  the  body  is  on  the  point  of  sliding. 

In  consequence  of  the  force  of  friction,  systems  of  bodies 
m  nature  are  not  obliged  to  fulfil  those  exact  conditions, 
which  would  be  necessary  if  such  a  force  did  not  exist.  For 
example,  a  body  would  not  retain  its  position  on  a  smooth 
plane  unless  the  plane  were  accurately  horizontal,  whereas  a 
rough  plane  may  be  considerably  inclined  without  disturbing 
the  equilibrium  of  a  body  upon  it. 

37.  We  shall  illustrate  this  by  finding  the  angle  at  which 
a  rough  plane  may  be  inclined,  so  that  a  body  may  just  rest 
qion  it  without  sliding. 

Let  a  be  the  angle  of  inclination  of  the  plane ;  W  the 
vei^t  of  the  body ;  R  the  normal  pressure  on  the  plane ;  fiR 
the  force  of  fiiction.  Then,  resolving  the  forces  perpendicular 
to  the  pbme  and  parallel  to  it,  we  have  these  equations  of 
tqoilibrinm: 


1 


This  equation  determines  the  limiting  value  of  the  incltnatiod 
of  the  plane,  for  which  equilibrium  is  possible ;  for  any 
smaller  value  there  will  be  equilibrium  i  fortiori. 

It  will  be  observed,  that  if  the  conditioa  which  has  been 
investigated  be  satisfied,  equilibrium  will  subsist  however 
great  IK  may  be  ;  and  the  reason  is,  that  in  whatever  manner 
we  increase  W,  in  the  same  proportion  we  increase  tbe  frictioo 
upon  the  plane  which  serves  to  prevent  W  from  sliding,  A 
useful  application  of  this  principle  is  the  case  of  the  carpeoter't 
nail.  A  nail  may  be  regarded  as  a  wedge  driven  in  botwecn 
two  obstacles;  now  if  these  obstacles  press  upon  the  sides  of  the 
wedge  and  the  angle  of  the  wedge  be  not  sufficiently  snuJ], 
it  will  not  remain  in  its  place  ;  but  if  the  angle  be  small  enough, 
then  whatever  be  the  pressure  upon  the  sides  of  the  wedge 
it  cannot  be  pressed  from  its  hold. 

38.  Again,  if  the  interior  of  a  hemispherical  bowl  ii 
smooth,  a  body  cannot  rest  in  it  except  at  the  lowest  point; 
but  if  it  be  rough,  there  will  be  certain  limits  within 
which  the  equilibrium  will  be  possible;  let  us  delcrmioe 
those  limits. 

Let  B  be  the  highest  position  of  the  body  possible,  A  iht 
bottom  of  the  bow).  O  the  centre;  AOB  -  $.  The  dircoticm 
of  the  pressure  7f  will  pass  through  the  centre,  the  friction  nit 
will  be  perpendicular  to  BO.  Resolving  the  forces  in  tlrt 
direction  of  BO  and  perpendicular  to  it,  we  have 
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R^  Wco8  0, 

fiRm  Wsin0; 

•*•  tan  6^  fi. 

This  equation  determines  the  greatest  possible  ang^ukr  dii 
tance  of  the  body  from  the  bottom  of  the  bowl.    The  vertical 
height  of  the  body  above  the  lowest  point  J 


r  (1  -  008  0)  -  r  ll  - -7=1 


Suppose,  for  instance,  that  r  ■»  i  foot,  and  that  /ui  «  - ,  which  is 

4 

its  value  for  metallic  surfaces,  then  the  preceding  expression 

4 

becomes  l  -  —p=  «  .029  of  an  inch,  nearly. 

V17 


THE  CENTRE  OF  GRAVITY. 

39.     If  two  equal  heavy  bodies  J  and  B  are  connected 

by  a  fine  rod,  it  is  evident  that      ^     ^ ^ 

the  system  will  balance,  if  the      a  c  b 

middle  point  C  of  the  rod  be  supported.  And  this  will  be  the 
case  in  whatever  position  the  system  is  placed,  because  the 
moment  of  J,  tending  to  twist  the  rod  in  one  direction,  will 
always  be  equal  to  the  moment  of  B,  tending  to  twist  it  in 
the  opposite.  The  point  C,  about  which  A  and  B  will  balance 
in  any  position,  is  called  the  centre  of  gravity  of  the  bodies. 

If  the  bodies  J  and  B  be  unequal,  and  the  distance  JB 
be  divided  in  C,  in  such  a  manner  that 

JC  :  BC  ::  weight  of  B  i  weight  of  J, 


248  STATICS.    : 

the  system  will  still  balance  in  any  position,  if  A  and  B  be 
supposed  rigidly  connected  with  C,  and  C  is  called  their 
centre  of  gravity  as  before. 

It  may  be  shewn,  that  for  every  system  of  heavy  particles 
there  exists  in  like  manner  one  point,  and  no  more,  such  that, 
if  it  be  fixed  and  the  bodies  rigidly  connected  with  it,  the 
system  will  rest  in  any  position.  This  point  is  called  tte 
centre  of  gravity  of  the  ay  stem. 

40.     To  shew  that  every  system  has  a  centre  of  gravity. 

Let     fF.,     W,,     W,,    W,,     ^ 
be  a  system  of  par- 
ticles,  the  weights  of  which 

are    W,,    »r„    W^    TT,, 

respectively,  suppose  TT,,  JT, 
joined  by  a  rigid  rod  without 
weight,  and  divide  the  same 
rod  in  Cr^,  so  that 

W^Gx  :  TTj  Gi ::  fF,  :  IT,, 

then  W^  and  W^  will  balance  in  all  positions  about  Gi,  and 
if  we  suppose  Gi  supported,  the  pressure  upon  the  support 
will  be  TFi  +  W^. 

Again,  join  GJV^  and  divide  it  in  O^  so  that 

then,  if  we  suppose  the  rod  W^W^  to  rest  upon  the  rod  G^W^ 

and  Ga  to  be  supported,  the  pressure  Wi  +  W^  at  d  and 

TFs  at   W^  will  balance  about  G^.     Hence   the  three  bodies 

TFp  FT,,  FTa,  supposed  rigidly  connected^  will  balance  ia  all 

positions  about  G^. 

Similarly  we  may  find  a  point  Gj  about  which  IPp  W^ 
TTs,  W^  will  balance  in  all  positions,  and  so  of  any  nombar 
of  particles.  Hence  every  system  of  particles  has  a  centre  of 
gravity. 

It  is  obvious  from  the  method  of  proof  that  the  qratem  of 
particles  need  not  lie  all  in  one  plane* 


caornuB  of  eKATrrr. 


249 


41.  A  sfsiem  earn  kate  omfy  erne  Cemtre  of  Gravity. 

For  sappose  there  mre  two,  and  let  the  system  be  so 
turned  that  the  two  centres  of  grarity  lie  in  the  same  hori- 
lontal  fdane.  Then  the  weights  of  the  different  particles  of 
the  ajstem  form  a  system  of  vertical  forces,  the  resultant  of 
whidi  must  pass  through  the  centre  of  grarity,  otherwise  the 
system  could  not  bidance  about  that  point ;  hence  the  said 
Tcrtical  resultant  must  pass  through  two  points  in  the  same 
horizontal  plane,  which  is  absurd.  Therefore  there  are  not 
two  centres  of  gravity. 

42.  It  is  manifest  from  the  mode  by  which  we  proved 
the  existence  of  a  centre  of  gravity,  that  the  tendency  of  a 
system  of  heavy  particles  to  produce  pressure,  or  to  causQ 
moment  about  any  point,  is  the  same  as  that  of  a  single 
particle  equal  in  weight  to  that  of  the  whole  system  and 
situated  at  its  centre  of  gravity.  This  is  sometimes  expressed 
by  saying,  that  we  may  suppose  a  system  collected  at  its  centre 
ifgrajritf. 


43.      To  find  the  centre  of  gravity  of  any  number  of  particles 
in  the  same  plane. 

Let    FT,,    Wt,    fr„ be 

the  weights  of  the  particles ;  in 
the  plane  in  which  they  lie,  take 
any  two  straight  lines  Ax,  Ay, 
at  right  angles  to  each  other, 

and  let  A|,  A„  h» be  the 

distances  of  IT,,   IT,,   fr„ 

from  the  line  -4»,  and  *„  A^       ^  q>  4    «,  6i 

i^ their  distances  from  the  line  Ay;  also  let  A,  k  bo 

the  distances  of  the  centre  of  gravity  of  the  system  from  Aa^, 
Ay  reflectively ;  then  it  is  evident  that  if  we  find  h  and  k,  we 
riiall  have  solved  the  problem. 

Join  ITit  W^  and  let  Gx  be  the  centre  of  gravity  of  fT,,  fT, ; 
'from  IT,,  W^  Gif  draw  Tfiai,  TT^^Of,  and  Gfii  perpendicular 
to  Jm  :  tikea  we  have 
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but  it  is  evident,  from  similar  figures,  that 

Wi  Gi  :  a  fix  ::  W^Gi  :  ajb^  5 

.•.  Wi  X  afii  «  TFi  X  a,6|, 

or  W^  {Ab^  -  *,)  -  >Fi  (ife,  -  ^6|) ; 

If  we  consider  another  particle  W^  we  may,  in  searching 
for  the  centre  of  gravity  of  the  three  fTi,  W^  W^  suppose 
the  two  former  to  act  together  at  their  centre  of  gravity 
already  found ;  hence,  if  G^  be  the  centre  of  gravity  of  the 
three  particles,  and  we  draw  Gjb^  perpendicular  to  Ax^  we 
shall  have 

and  so  on  for  any  number  of  particle&     Hence  we  shall  have 

W,h,^W^k^ +  Tr,*. 

W,^W^ +  »F.        ' 

and,  in  like  manner, 

W^»Ai  +  W^A +  w,K 

W,+  W^ +  IK.        • 

44.  To  find  the  centre  of  gravity  of  any  number  ofpatUoUt 
not  in  the  same  plane. 

If  we  conceive  three  planes  perpendicular  to  each  other 
to  be  drawn,  we  shall  solve  the  problem  if  we  find  the 
perpendicular  distance  of  the  centre  of  gravity  firom  each  of 
these  planes.  Let  Ap  Ap„  li,  be  the  perpendicular  distances 
of  the  particle  fT,  from  the  three  planes  respectively,  and  so  on 
of  the  other  particles,  and  A,  k,  /,  the  perpendicular  distances 
of  the  centre  of  gravity :  then  we  may  prove,  in  like  manner 
as  in  the  last  proposition,  that 
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w^Ah-tfa ^w^K, 

W,+  W^ +  JK.    • 

similarlj, 

W,k,^W^lk^ -f^A. 

W,+  IF, +  W,     ' 

and  80  likewise, 

TT,?,-!-  W^l, -f  IT.f. 

TF.+  TT, +  TT.     • 

We  shall  now  proceed  to  find  the  centre  of  gravity  in  some 
actual  cases. 

45.     To  find  the  centre  of  -gravity  of  a  physical  right  line^ 
erofa  tmiform  thin  rectilinear  rod. 

The  middle  point  will  be  the  centre  of  gravity ;  for  we 
may  suppose  the  line  to  be  divided  into  pairs  of  equal  weights 
equidistant  from  the  middle  point,  and  the  middle  point  will 
be  the  centre  of  gravity  of  each  pair,  and  therefore  of  the 
whole  system. 

46.  To  find  the  centre  of  gravity  of  a  triangle^  or  of  a 
tUn  lamina  of  matter  in  the  form  of  a  triangle. 

Let  ABC  be  the  triangle ;  bisect  BC  in  D,  and  join  A  D ; 
draw  any   line   bdc  pa- 
rallel to  BC;  then  it  is  ^ 
erident   that    this    line 
will  be  bisected  by  AD                ^A — ^r — X^ 
in  d,  and  will  therefore               /  \  j^k 
btlance  about  d,  in  all 
positions;    similarly   all 
lines  in  the  triangle  pa- 
rallel to  jffC7  will  balance      b                       i>  c 
tbout  points  in  AD,  and  therefore  the  centre  of  gravity  must 
be  somewhere  in  AD. 

In  like  manner,  if  we  bisect  AC  va.E,  and  join  BE,  the 
ee&tre  of  gravity  must  be  in  BE ;  hence  (?,  the  intersection  of 
AD  and  BE^  is  the  centre  of  gravity  of  the  triangle. 

Join  DEy  which  will  be  parallel  to  AB,  (Euclid,  vi.  2) 
then  the  trianglaB  ABG^  DEG  are  similar. 
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.-.  AG  :  GD 


lAB.DE 
:  BO  I  DC 


1, 


or  AG  m  2GD, 
and  /.  AD  »  SGD. 


Hence,  if  we  join  an  angle  of  a  triangle  with  the  bisection 
of  the  opposite  side,  the  point  which  is  two  thirds  of  the  dis- 
tance down  this  line  from  the  angular  point  is  the  centre  of 
gravity  of  the  triangle. 


Obs.     It  is  not  difficult  to  see,  that  if  three  equal 
be  placed  at  the  angular  points  of  the  triangle  ABC,  their 
centre  of  gravity  will  coincide  with  that  of  the  triangle  ABC. 

47.     To  find   the  c^re  of  gravity  of  a  pyramid  on  a 
triangular  base. 


•     

Let  ABCD  be  the  pyramid.  Bisect  BC  in  Ei  join  AE\ 
take  EFm:^  je,  and  join  DF. 

Suppose  the  pyramid  to  be  made  up  of  thin  slices  piyralM 
to  ABC,  and  let  abo  be  one  of  them ;  let  qfe  be  the  1mm»  {a 


■ 
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which  it  is  intersected  by  the  plane  DAE,  e  and  /  lying  in  be 
and  DF  respectively.     Then,  by  similar  triangles, 

be  :  eD  ::  BE  :  ED, 
also  ce  :  eD  ::  OE  :  ED; 
.'.  be  :  ce  ::  BE  :  CE, 
but  BE  =  CE;  .\  be-^ce. 

In  like  manner  it  may  be  shewn,  that 

fe  :  af:\  FE  :  JF, 
but  JF  -  2FE ;  .-.  a/«  2/e. 

Hence  /  is  the  centre  of  gravity  of  the  triangle  abc.  Simi- 
larly it  will  appear,  that  the  centres  of  gravity  of  all  slices  of 
the  pyramid  made  by  planes  parallel  to  ABO  lie  in  DF,  and 
therefore  the  centre  of  gravity  of  the  pyramid  is  in  that  line. 

Similarly,  if  we  join  DE,  take  GE  m  ^DE,  and  join  AG, 
the  centre  of  gravity  will  be  in  AG  ;  therefore  H,  the  intersec- 
tion of  DF  and  AG,  is  the  centre  of  gravity  of  the  pyramid. 

Now  join  GF,  then  by  similar  triangles, 

HF.HDzi  GF.AD 

FE.AE 

1     2    S; 

HF^\HD^\DF. 

Hence,  if  we  join  the  vertex  of  the  pyramid  with  the 
centre  of  gravity  of  the  base,  and  set  off  one  fourth  of  this 
line  from  the  latter  point,  we  shall  determine  the  centre  of 
gravity  of  the  pyramid. 

CoR.  1.  The  same  construction  will  hold  for  a  pyramid 
upon  a  base  of  any  form,  since  it  may  be  divided  into  a  num- 
ber of  pyramids  on  triangular  bases. 

CoR.  2.  The  centre  of  gravity  of  a  solid  cone  will  be 
found,  by  setting  off  one  fourth  of  the  axis  measured  from  the 
centre  of  the  base ;  for  the  base  may  be  regarded  as  a  poly- 
gon having  an  indefinite  number  of  sides. 

Obs.  The  observation  made  upon  Art.  46,  may  be  ex- 
tended to  the  preceding  proposition.  That  is  to  say,  the 
centre  of  gravity  of  a  tetrahedron  is  the  same  as  that  of  four 
e^iil  particies  placed  at  its  angular  points. 


•  • 
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48.  Given  the  centre  of  gravity  of  a  heavy  body^  and  aleo 
that  of  a  certain  portion  of  it,  U>/ind  the  centre  of  gravity  of  the 
remainder. 


Let  G  be  the  centre  of  gravity  of  the  body,  W  its 
weight :  Gi  the  centre  of  gravity  of  the  given  portion,  TTi 
its  weight  Join  GiG,  and  in  that  line  produced  take  O9 
such  that 

G^Gi  GiG::  W,  :  IT-  W,. 

Then  G^  will  be  the  centre  of  gravity  required. 

The  preceding  proposition  is  applicable  to  a  variety  of 
examples :  it  will  enable  us  for  instance  to  find  the  centre  of 
gravity  of  the  frustum  of  a  pyramid  or  of  a  cone«  that  is,  the 
centre  of  gravity  of  a  portion  of  the  body  cut  off  by  a  plane 
parallel  to  the  base. 

The  following  is  one  of  the  most  important  properties  of 
the  centre  of  gravity. 

49.  When  a  body  is  placed  upon  a  horizontal  plane^  it  wilt 
stand  or  fall  according  as  the  vertical  Une  through  the  centre  ^ 
gravity  falls  within  or  unthout  the  base. 

Fig.  1.  Fio.  S. 
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Suppose  the  vertical  line  GO  through  the  centre  of 
gravity  G,  to  fall  within  the  base,  as  in  fig.  I ;  then  we  may 
suppose  the  whole  weight  of  the  body  to  be  a  vertical  prea- 
sure  W  acting  in  the  Hne  GC  \  this  will  be  met  by  an  equal 
•nd  opposite  pressure  W  from  the  plane  on  which  the  body 
is  placed,  and  so  equilibriuni  will  be  produced  and  the  body 
will  stand. 

Bat  suppose,  as  in  fig.  9,  that  the  line  GC  falls  without 
the  base ;  then  there  is  no  pressure  equal  and  opposite  to  If 
at  C,  and  therefore  ir  will  produce  a  moment  about  B,  (the 
nearest  point  in  the  base  to  C,)  which  will  make  the  body 
twist  about  that  point  and  fall. 

50.  According  to  the  proposition  just  proved,  a  body 
ought  to  rest  without  falling  upon  a  single  point,  provided 
that  it  ia  so  placed  that  the  centre  of  gravity  ia  in  the 
vertical  line  passing  through  the  point  which  forms  the  base. 
And  in  fact  a  body  so  situated  would  be,  mathematically 
speaking,  in  a  position  of  equilibrium,  though  practically  the 
equilibrium  will  not  subsist ;  this  kind  of  equilibrium  and  that 
which  is  practically  possible  are  distinguished  by  the  names 
fiimglable  and  stable.  Thus  an  egg  will  rest  upon  its  side  in 
s  position  of  stable  equilibrium,  but  the  position  of  equilibrium 
corresponding  to  the  vcrticnl  position  of  its  axis  is  unstable. 
The  distinction  between  stable  and  unstable  equilibrium  may 
be  enunciated  generally  thus :  Suppose  a  body  or  a  system 
of  particles  to  be  in  equilibrium  under  the  action  of  any 
forces;  let  the  system  be  arbitrarily  displaced  very  slightly 
from  the  position  of  equilibrium,  then  if  the  forces  be  such 
tint  they  tend  to  bring  the  system  back  to  its  position  of 
equihbrium  the  position  is  stable,  but  if  they  tend  to  move 
the  system  still  further  from  the  position  of  equilibrium  it  is 
vutabU. 

51.  When  a  lieavy  body  is  suspended  from  a  point  about 
lAich  it  can  turn  freely,  it  will  rest  tvith  its  centre  of  gravity  m 
At  vtrtieal  line  passing  through  the  point  of  suspension. 

For  let  0  be  the  point  of  suspension,  G  the  centre  of 
',  and  soppose  that  G  is  not  iu  the  vertical  line  through 
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O ;  draw  OP  perpendicular  to  the  vertical  through  G.  that 

is,    to    the    directioD    in    which    the 

weight    TV  of  the  body  acta.     Then 

the  force  IF  will  produce  a  moment 

IV.  OP  about  O  as  a  fulcrum,  and  there 

being  nothing  to  counteract  the  effect 

of  this   moment  equilibrium    canaot 

subsist. 

Hence  G  must  be  in  the  vertical 
line  through  O,  in  which  case  the 
weight  IV  produces  only  a  pressure 
on  the  point  O,  which  is  supposed 
iveable. 


ON  THE  PRINCIPLE  OP  VIRTUAL  VELOCITIES. 

52.  Dbf.  If  we  suppose  a  point  at  which  any  force  acts 
to  be  very  slightly  displaced,  and  from  the  new  position  of  the 
point  a  perpendicular  to  be  dropped  upon  the  direction  of  the 
force,  then  the  line  intercepted  between  the  foot  of  this  per- 
pendicular and  the  original  position  of  the  point  is  called  the 
Virluat  Velociti/  of  the  point  of  appUcatioQ  of  the  force,  or 
sometimes  more  briefly  the  vii-tual  velocity  of  the  force. 

Thus  let  O  be  the  point  at  which  q 

the  force  P  acts,  and  suppose  it  to  he     ^-^'"'^    ^ 

slightly  displaced  so  as  to  be  brought     ON  p 

into  the  position  0'\  from  0'  draw  the  perpendicular  tfH  oa 
OP,  then  ON  is  the  Virtual  Velocity  of  P. 

If  the  displacement  of  O  is  such  that  ,V  falls  between  0 
and  P,  that  is,  if  the  virtual  velocity  is  in  the  dtrectioa  of  the 
force,  it  is  reckoned  jiositivc;  if  in  the  opposite  direetioOi 
or  JVon  the  other  side  of  0,  it  is  reckoned  negative. 

53.  It  will  appear  from  what  has  been  said  that  tho  vir- 
tual velocity  of  a  force  is  to  a  considerable  extent  an  arbitrary 
quantity;  and  such  is  the  fact,  but  it  will  be  observed  that 
when  we  have  several  forces  acting  at  different  points  of  a  rigid 
body  the  displacement  of  one  point  will  in  general  determiBa 
the  dinplaeements  of  the  others.  For  example,  suppooo  «a 
have  (no  forces  acting  on  the  arm  of  a  lever,  thea  if  we  niaa 
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one  extremity  of  the  lever  through  a  small  space,  the  other 
extremity  is  necessarily  depressed  through  a  space,  the  mag* 
nitude  of  which  can  be  assigned. 

54.  If  the  displacement  is  made  in  the  direction  of  the 
force,  the  whole  displacement  becomes,  according  to  our 
definition,  the  virtual  velocity,  and  if  in  a  direction  perpen- 
dicular to  that  of  the  force,  the  virtual  velocity  is  zero.  And 
in  general  we  may  regard  the  virtual  velocity  as  the  space 
through  which  the  point  of  application  is  moved  in  the 
direction  of  the  force.  It  will  be  seen  also,  by  reference  to 
Art.  56,  page  154,  that  when  a  force  is  acting  perpendicularly 
to  the  arm  of  a  lever,  and  the  arm  is  made  to  turn  through 
a  very  small  angle,  the  small  arc  of  a  circle  described  by 
the  point  of  application  may  be  taken  as  the  virtual  velocity 
of  the  force. 

55.  Hence  we  shall  see  something  of  the  meaning  of  the 
term  Virtual  Velocity ;  for  suppose  we  have  any  number  of 
forces  acting  at  different  points,  and  that  in  consequence 
of  an  arbitrary  motion  of  one  of  the  points  in  the  direction 
of  the  corresponding  force  through  a  very  small  space  a,  the 
other  points  of  the  system  move  in  the  direction  of  their 
respective  forces  through  the  spaces  )3,  7,  &c. ;  then  since 
these  points  move  contemporaneously  through  the  spaces 
a,j3,7...,  these  spaces  measure  the  rate  at  which  they  re- 
spectively move ;  for  example,  suppose  (i  ^  Za^  y  ^  3a,  &c., 
then  the  points  must  have  moved  at  rates,  or  with  velocities, 
which  are  in  the  ratio  of  1,  2,  3,  &c. ;  but  these  velocities  are 
not  real,  since  the  parts  of  the  system  do  not  move  in  con- 
sequence of  the  forces  which  act  upon  them ;  if  they  did 
more,  the  question  would  be  Dynamical,  not  Statical ;  hence 
the  small  spaces  of  which  we  have  been  speaking  are  called 
Virtual  Velocities.  And  the  student  cannot  too  carefully 
bear  in  mind,  that  the  motion  which  would  seem  to  be  im- 
idied  by  the  term  velocity  is  altogether  of  a  geometrical 
daraeter,  that  is,  it  is  not  due  to  the  forces  of  the  system, 
but  is  only  a  displacement  supposed  to  be  arbitrarily  produced 
without  any  reference  to  the  nature  of  the  forces  necessary 
to  produce  it. 

17 
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56.  Having  explained  what  is  meant  by  virtual  velocity, 
we  shall  be  able  to  prove  several  propositions,  which  form 
particular  cases  of  a  very  general  principle  known  as  that  of 
Virtual  Velocities,  the  proof  of  which  we  cannot  give  here, 
but  of  which  it  may  be  well  to  give  the  enunciation. 

When  a  system  of  bodies  is  in  equilibrium  under  the  action 
of  any  forces,  then  if  the  system  be  very  slightly  displaced, 
the  sum  of  the  products  of  the  forces  and  their  respective  virtual 
velocities  will  equal  zero. 

All  that  we  shall  do  will  be  to  prove  this  principle  in  those 
cases  of  equilibrium,  which  have  been  already  eonsideredt 
assuming  the  results  which  have  been  obtained. 

57.  To  prove  tlie  principle  of  virtual  velocities  in  the  case 
of  a  single  particle,  acted  upon  by  any  system  of  forces  in  the 
same  plane. 

Let  0  be  the  particle,  P  any  one  of  the  forces,  wbidi 
makes  an  angle  0  with  a  line  OJT 
drawn  through  O.  Let  the  particle 
be  displaced  to  (/,  and  from  C/  draw 
(XiV  perpendicular  to  OP,  and  let 
OiV«  p ;  also  draw  O'm  perpendicular 
to  OX,  and  let  Om  =  x,  dm  «  y ; 
then  it  is  easy  to  see,  by  drawing  mn 
perpendicular  to  OP,  and  Ofr  perpen- 
dicular to  mn,  that 

jp  =  On  +  Ofr  «-  X  cos  0  +  y  sin  0. 

Similarly,  \£ pp' ...  be  the  virtual  velocities  of  forces  Z*'/^..- 
acting  at  angles  ff,ff'  ...with  the  line  OX,  we  shall  have 

p  ^  x  cos  d'  +  y  sin  ff, 

p"  «-  X  cos  &'  +  y  sin  0", 

&c.»&c. 

.\Pp+Pp'  +P'y'  +  ...=  X  (Pcos9  +  P'cos&  +  2^co8  0^  +  ...) 

+  y  (P  sine  +  P'  sin e^  +  P"sine"+ ...)- 0, 

by  the  general  conditions  of  equilibrium  established  in  Art  ISi 
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page  818,  which  proTCS  the  principle  of  yirtual  Tclocities  in 
this 


58.      To  prove  the  principle  of  virtual  velocities  in  the  ease 
of  the  Lever. 

(i)  Suppose  the  lever 
to  be  a  straight  lever  JB, 
having  arms  AO  ■»  a,  BO  «  6, 
and  to  be  acted  upon  by  ^ 
forces  P  and  Q  perpendicu- 
lar to  the  arms. 

Let  the  lever  be  turned  through  a  small  angle  about 
its  fulcrum,  so  that  the  points  A^  B,  are  brought  into  the 
pofiitions  J\  ff,  respectively  ;  from  jf,  B^  draw  -i'm,  Sn  per- 
pendicular to  the  directions  of  the  forces,  and  ^W,  Btl 
perpendiculars  upon  the  lever.  Then  Am^  Bn,  or  A'm\  or  Bn 
ve  the  virtual  velocities  of  P  and  Q. 

Now  we  have  seen.  Art  17,  page  219,  that 

P.a^'Q.b; 

bat  by  similar  triangles  A'Omf,  BOn\ 

■"^"    b    • 


.\P.JW  ^  Q.ffn. 

regard  to  sign,  we  may  say  that 


Hence,  not 


P  X  Ps  virtual  velocity  «  (2  >(  Q's  virtual  velocity. 

Or  if  we  denote  A'm  by  p,  and  B'n  by  —  y,  (see  Art.  52)  we 
BhtUhave 

vhich  coincides  with  the  general  enunciation  of  the  principle 
of  virtual  velocities  given  in  Art  56. 
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(2)     Suppose  the  forces  P  and  Q  to  act  at  any  angles 
and  P  with  the  lever  JOB. 


Let  the  lever  be  turned  through  a  small  angle  as  beforei 
and  call  the  angle  0.  From  A\  B'  the  new  positions  of  A  and 
B  draw  A'm,  Bn  perpendicular  to  the  directions  of  the  forces ; 
then  if  d  be  indefinitely  small,  Am,  Bn  will  be  the  virtual 
velocities  of  P  and  Q.     Join  AA',  BB\ 

Then  Am  -»  A  A'  cos  A' Am 

m  2a sin  -  cos  f  a  -  90*  +  -  j  ,    [since  A'AO  -  90^  -  -| , 


■i  2a  sin  -  sm 
2 


hth 


similarly  it  will  be  found  that  Bn  «  S6  sin  -  sin  f  /3  —  ]  » 

a  sin  L 


Am    '""*"  V"     2. 


Bn     ^  .     f^     e^ 

0  sin 


If  we  make  6  indefinitely  small,  we  shall  have  sin  [  a  -i-  '] 

indefinitely  nearly  equal  to  sin  a,  and  sin  f /3  — |  to  sin  /3, 

_    _        _       P*8  virtual  velocity      a  sin  a 

and  therefore  --7 «  .— ; — ^ . 

Qs frsin/3 

But  we  know,  from  Art.  17,  page  219,  that 

P     bsmfi 


Q      a  Sin  a 
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.*.  P  X  P'b  yirtaal  velocity  «  Q  x  Q's  virtual  velocity, 

or,  having  regard  to  the  signs  of  the  virtual  velocities,  and 
calling  them  p  and  -  9, 

P.p  +  Q.q^O, 
as  before. 

This  last  demonstration  is  applicable  to  the  case  of  any 
rigid  body  acted  upon  by  two  forces  in  the  same  plane,  and 
having  one  point  fixed ;  for  through  the  fixed  point  we  may 
draw  a  straight  line  intersecting  the  directions  of  the  forces, 
and  the  points  of  intersection  we  may  regard  as  the  points  of 
^yplication  of  the  forces.  Hence  in  this  general  case  the 
principle  of  virtual  velocities  is  true. 

59.  The  Wheel  and  Axle. 

The  condition  of  equilibrium  being  precisely  the  same  as 
for  the  straight  lever  acted  upon  by  two  forces  perpendicular 
to  its  arms,  the  demonstration  will  be  the  same  as  in  that 
case. 

60.  Toothed  Wheels. 

To  simplify  the  investigation  we  shall  suppose  the  teeth 
to  be  indefinitely  small,  and  therefore  the  wheels  themselves 
to  be  in  contact ;  the  action  between  the  wheels  will  then  be 
in  the  direction  of  the  tangent  to  the  wheels  at  the  point  of 
contact,  or  perpendicular  to  the  line  joining  their  centres. 

Let  R  be  the  action  between  the  wheels,  and  suppose  one 
of  them  to  be  turned  through  a  very  small  angle,  and  let  b,  0 
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be  the  positions  into  which  the  points  which  were  in  contact 
at  a  are  brought  by  the  displacement. 

Then  from  what  has  been  already  proved,  and  from 
Art.  54,  we  shall  have, 

P  X  P's  virtual  velocity  «  .B  x  06, 
similarly, 

FT  X  TF's  virtual  velocity  m  Bx  ae; 

but  it  is  manifest  that  ab  »  ae,  since  those  portions  of  the 
wheels  have  been  in  contact, 

/.  P  X  P's  virtual  velocity  «  FT  x  W'b  virtual  vekxsify. 

61.     The  Fully. 

In  applying  the  principle  of  virtual  velocities  to  puUies, 
we  suppose  the  weight  FT  to  be  raised  through  a  small  space, 
which  small  space  will  be  its  virtual  velocity,  and  the  cor- 
responding space  through  which  the  point  of  application  of  P 
must  be  moved  in  order  to  keep  the  string  stretched  will  be 
the  virtual  velocity  of  P. 

(1)  The  single  moveable  Pully. 

If  in  the  figure,  page  %SS,  Art.  26,  we  suppose  W  raised 
through  a  small  space  a,  the  string  on  either  side  of  the  pully 
will  be  shortened  by  the  same  quantity ;  consequently  the 
point  of  application  of  P  must  be  raised  through  Sa,  which 
will  be  P's  virtual  velocity. 

But  ZP^W\ 

.\  P  X  2a  =  Wxa, 
or  P  X  Pq  virtual  velocity  -  TT  x  Wb  virtual  velocity. 

(2)  Thejirst  ayetem  of  Pullies. 

In  the  figure  of  page  234,  Art.  27,  let  W  be  raised  through 
a  small  space  a,  then  the  lowest  pully  rises  through  a  space  09 
the  second  (reckoning  from  the  lowest)  through  a  space  2a. 
the  third  through  2  x  2a  or  2*a,  and  so  on;  hence  the  n^ 
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wliick/»«ai 


or  P  X  P'b  Tiitiial 


s*~V  "^  ^^  8|tfioe  throaogli 

P  X  2"  «  IT; 
.-•  P  X  2"a  =  IT  X  a, 

Tdoci:^  ^  W  ic  JTs  virtaal  vdocity. 


(3)  Tke  seoomd  sysiem  qfPuUieB. 

In  the  fig^ore  of  page  £54,  Art  28,  let  IT  be  raised  through 
a  smrnQ  space  a ;  then  if  there  be  fi  stxings  between  the  two 
UockSv  each  of  these  will  be  shortened  by  a  quantity  a, 
ooDseqnentlj  P  will  descend  through  a  space  mo* 

But  P  X  «  =  IT; 

/.  P  X  Ha  =  IT  X  a, 

or  P  X  P's  Tirtoal  Tdocity  «  IF  x  IPs  Tirtual  Telocity. 

(4)  Tlbtf  third  sffsiem  of  PulUes. 

In  the  figure  <^  p^ge  235,  Art.  29,  let  ITbe  raised  through 
a  small  qiace  a ;  then  the  second  puUy  (reckoning  from  tho 
highest)  will  descend  through  a  space  a>  and  therefore  the 
third  puUy  will  descend  through  2a ;  but  in  consequence  of 
the  rising  of  IF,  the  third  pully  would  have  descended  through 
a,  even  if  the  second  had  been  fixed,  therefore  on  the  whole 
it  descends  through  fta  +  o.  In  like  manner  the  fourth 
descends  through  2  (2a  +  a)  +  a  or  (2^  +  2  +  1)  a ;  and  the  n^ 
through  (2—*  +  2»-»  +  ...  +  1)  a,  and  P  through 

(2— »  +  2'-*  +  ...  +  1)  a,  or  through  (2"  -  l)  a. 

But  P  X  (2"  -  1)  =  W; 

.\  Px(2»-l)a-  Wxa, 

or  P  X  Ps  virtual  velocity  »  W  x  Wb  virtual  velocity. 

62.     The  inclined  Plane. 

Let  ^  be  a  particle,  of  weight  TV^ 
which  is  kept  at  rest  on  an  inclined 
jkne  by  a  force  P,  the  direction  of 
which  makes  an  angle  e  with  the 
^e;  B  the  pressure  of  the  plane 
^J;  a  the  angle  of  the  plane. 
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Suppose  A  to  be  moved  along  the  plane  to  the  point  a ; 
from  a  draw  a&,  ac  perpendicular  to  the  directions  of  P  and 
W  respectively ;  then  Ab,  Ac  are  the  virtual  volocities  of  P 
and  W\  R  will  have  no  virtual  velocity,  Art.  54. 

Now  Ah  «  Aa .  cos  c, 

and  Ac  ^  Aa.  sin  a ; 
but  P  cos  6  =  WHin  a  ; 
•'.  P  X  Aa  cos  e  «  fT  x  ^tfa  sin  a, 
OT  PxAb^Wx  Ac^ 
or  P  X  P's  virtual  velocity  «  FT  x  fT's  virtual  velocity. 

63.      The  Wedge. 

Let  the  figure  represent  one  side  of  an 
isosceles  wedge,  acted  upon  by  a  force  2P; 
A  the  point  of  contact  of  the  obstacle ;  W 
the  resistance;  a  the  semiangle  of  the  wedge. 

Suppose  the  wedge  depressed  through  a 
small  space  ce,  so  that  the  wedge  assumes  the 
position  represented  by  the  dotted  line ;  and 
let  6  be  the  corresponding  point  of  contact  of 
the  obstacle,  so  that  the  point  A  has  moved 
through  the  very  small  space  Ah^  which  we 
shall  consider  to  be  a  straight  line.  From  c,  A,  draw  cd,  Aa^ 
perpendicular  to  the  side  of  the  wedge,  and  let  the  angle 
hAa  8  i. 

Then  Ab  cos  i  b  Aa  ^  cd  ^  ce  sin  a ; 

but  Pcost—  fFsina; 

.%  P  X  ce»  Wx  Ab, 

or  P  X  Ps  virtual  velocity  «  IF  x  IVs  virtual  velocity. 

64.      The  Screw. 

It  is  evident  that  if  the  arm  upon  which  the  force  P  acts, 
(see  fig.  page  242),  be  made  to  describe  a  complete  revolution, 
the  weight  W  will  be  raised  or  depressed  through  a  space 
equal  to  the  vertical  distance  between  two  threads  of  the 


^v: 


screw ;  and  the  aiBe  {voportiaB  will  be  obaerred  wltaterer 
be  the  actual  magmtodes  cf  the  mocaoos  of  P  and  IT;  cobh 
sequently  soppoaiiig  dieae  Mncwag  to  be  indefinitelT  sotall, 
we  have  (Art.  54} 

Fs  Tirtual  relocitj      cifcumfierepce  of  cirde  described  br  P 
TPs Tertical  rfwtance  between  two  threads  ' 

,    .    P      Tertical  £stazice  between  two  threads 

Dai  —  ^ ; 

IF     cxrciunfereflce  of  eirele  described  bjr  P 

.-.  P  X  P's  Tirtoal  TelocitT  ^W  x.  WTs  liniial  relocitT. 

65.  We  hare  thnaprored  the  princ^Ie  of  Tirtual  Telocities 
in  the  case  <^  all  the  simple  machines.  In  anj  combinatioa 
of  these  machines  it  is  not  di£EcnIt  to  condode  that  the  prin- 
ciple must  also  hold.  A  law  whidi  thus  brings  under  one 
view  the  conditions  <^  eqnilibrinm  in  so  many  different  cases 
will  doubtless  appear  to  the  student  one  of  great  beauty  and 
generality,  although  onljr  a  deducti<m  from  conditions  pre- 
Tiously  established;  but  the  principle  of  Tirtual  Tclocities 
appears  in  its  most  striking  light,  when  demonstrated  in  all 
its  generality,  and  made  the  basis  of  mechanical  iuTcstiga- 
tions. 


DYNAMICS. 


1.  We  have  now  to  treat  of  force,  considered  as  pro- 
ducing motion  in  bodies.  Our  first  business  will  be  to  explain 
accurately  what  we  mean  by  the  velocity  of  a  body,  and  how 
it  is  measured. 

2.  The  velocity  of  a  body  is  the  rate  of  its  motion,  or  the 
degree  of  quickness  with  which  it  is  moving :  if  of  two  bodies 
one  passes  in  a  given  time  over  twice  the  distance  passed  over 
by  the  other,  we  say  that  the  velocity  of  the  first  is  twice  as 
great  as  the  velocity  of  the  second. 

Velocity  may  be  uniform  or  variable.  By  saying  that  a 
body  moves  with  uniform  velocity,  we  mean  that  it  moves 
through  equal  spaces  in  equal  times;  when  the  velocity  is 
variable  this  is  not  the  case. 

Velocity  when  unifoi*m  is  measured  by  the  space  passed  over 
in  a  unit  of  time ;  when  variable  it  is  measured  at  any  instani^ 
by  the  space  which  would  be  passed  over  in  a  unit  of  time,  if  the 
body  were  to  move  during  that  unit  with  the  veloiHty  which  ii 
has  at  the  proposed  instant. 

This  requires  some  explanation.  Let  us  first  consider 
uniform  velocity ;  in  order  to  measure  it,  we  first  fix  upon 
some  unit  of  time,  that  is,  some  convenient  period  of  time  to 
which  we  may  always  refer,  and  by  which  we  may  measure 
other  periods:  the  unit  agreed  upon  is  one  second^  so  that 
in  what  follows,  (unless  the  contrary  be  stated,)  time  will  be 
measured  by  seconds ;  if  any  number,  as  5  for  example,  should 
occur  as  representing  time,  it  will  be  understood  to  mean  5'* 
or  5  seconds.  We  may  here  also  state  that,  in  like  manner, 
we  find  it  convenient  to  agree  upon  a  fixed  unit  of  spaces 
and  that  the  unit  we  shall  take  will  be  one  foot,  so  that  (to 
take   our  former  example)  the   number  5,  if  representing 
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space,  will  mean  5-fee^.    With  these  conTentioiis  our  rule  for 
measuring  uniform  velocity  will  be,  that  it  is  measured  by 
the  number  of  feet  described  in  one  second ;  and  it  does  not 
require  much  consideration  to  perceive,  that  this  is  a  proper 
mode    of  measuring   velocity;   for  suppose  two  bodies  are 
moving  uniformly » and  that  one  passes  over  S  feet  in  a  second 
and  the  other  5  feet^  then  the  numbers  S  and  5  are  proper 
representatives  of  the  respective  velocities  of  the  bodies. 
Any  other  numbers  in  the  same  proportion  would  be  equally 
proper  expressions  for  the  velocities,  and  the  actual  numbers 
of  course  depend  upon  the  particular  units  we  have  chosen ; 
thus,  if  in  the  case  just  supposed  we  had  taken  2  seconds  as 
the  unit  of  time  instead  of  1  second,  the  values  of  the  veloci- 
ties would  have  been  6  and  10  instead  of  3  and  5. 

With  regard  to  the  mode  of  measuring  variable  velocity, 
it  will  be  seen,  that  when  the  rate  of  a  body'*s  motion  is 
changing  from  moment  to  moment,  we  cannot  measure  its 
Telocity  by  the  space  which  it  passes  over  in  a  unit  of  time, 
because  it  will  not  have  moved  at  the  same  rate  during  the 
whole  of  that  unit  of  time.  Hence  we  adopt  the  method 
already  enunciated,  and  we  measure  the  velocity  of  a  body 
at  any  moment,  not  by  any  space  actually  described,  but  by 
the  space  which  would  be  described  in  one  second,  if  the  body 
moved  during  that  time  with  the  velocity  with  which  it  is 
animated  at  the  moment  in  question.  In  doing  this,  we  are 
in  fact  only  adopting  a  method  which  is  in  ordinary  use ;  for 
when  we  speak  of  the  velocity  of  a  coach  as  10  miles  per  hour, 
we  do  not  mean  to  assert,  that  the  coach  will  pass  over,  or  has 
passed  over,  10  miles  in  any  given  hour,  but  only  this,  that 
if  ii  were  to  proceed  during  an  hour  at  the  rate  at  which  it 
was  moving  at  the  moment  of  our  observation  it  would  pass 
OTcr  10  miles. 

3.  We  shall  in  what  follows  usually  denote  time  by  the 
letter  t^  space  by  «,  velocity  by  v.  From  what  has  been 
nid,  we  shall  be  able  to  attach  a  distinct  conception  to  each 
of  these  symbols ;   t  will  be  the  number  of  seconds  in  any 

*  A  ieecnd  and  a  foot  are  here  treated  as  defined  portions  of  time  and  space  respec- 
Mf »  ^  actuAl  BMChod  of  defining  them  need  not  here  be  considered. 
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time  Bymbolizecl,  s  the  number  of  feet  in  any  space,  and  v 
the  number  of  feel  which  are,  or  would  be,  described  by  s 
body  in  one  aecond,  according  as  the  velocity  is  uniform  or 
variable. 

4.  Prop.  If&be  the  space  which  a  body,  moving  tini/ormhj, 
teith  a  velocity  v,  describes  in  the  time  t,  then  8  =  vt. 

For  V  is  the  number  of  feet  which  the  body  passes  over 
in  ose  second  ;  and  the  body  passes  over  equal  spaces  in  equnl 
times,  therefore  in  t  seconds  it  describes  vt  feet,  i.e.  s^  vt. 

6.  We  may  extend  to  velocity  the  convention  respecting 
algebraical  signs,  which  we  have  already  found  of  use  in  the 
case  of  lines,  angles,  and  statical  forces.  If  we  6x  upon  any 
point  in  a  body's  path,  and  consider  the  velocity  of  the  body 
to  be  positive  when  its  distance  from  that  point  is  increasing, 
then  wc  must  regard  the  velocity  as  negative  when  that  dis- 
tance is  diminishing :  for  instance,  suppose  a  body  is  projected 
upwards  from  the  earth's  surface,  and  we  regard  tlie  velocity 
during  the  ascent  as  positive,  then  when  the  body  dcsccoda 
the  velocity  will  be  negative. 

6.  It  is  manifest  that  we  may  represent  velocity,  id  the 
same  way  as  we  formerly  represented  force,  by  a  straigbt  [inc. 
the  length  of  the  line  indicating  the  magnitude  of  the  velocity, 
and  the  direction  in  which  it  is  drawn  that  in  which  the  body 
ia  moving ;  this  we  shall  call  representing  a  velocity  in  direc- 
tion and  magnitude. 

7.  A  body  can  have  at  any  instant  of  its  motion  only  one 
determinate  velocity  ;  that  is  to  say,  it  must  be  at  every  in- 
stant moving  at  a  certain  rate  and  in  a  certain  direction  ;  never- 
theless we  may  regard  the  velocity  of  the  body  as  the  rentltant 
of  two  or  more  component  velocities,  if  we  understand  by  this 
phraseology  that  the  component  velocities  are  such,  that  if  they 
were  simultaneously  impressed  upon  the  body  the  motion  of  the 
body  would  be  that  which  it  actually  is.  Suppose,  for  inittancc. 
that  a  body  moTca  uniftw-mly  down  »a  incUnad  pJane  j  Uwj 
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the  body  has  a  iglocitj  aloo^  ^oe  gi'ane  .nn:  Ezi  30  vicftjer 
tioQ ;  we  mj  however  sku  wttl  euiLTwiiissetf  a-tc  pcvcc*Jec j 
of  the  body  harizi^  a  Teroeal  veiccnj  ±zsl  x  itxiscazjl  t«u>- 
city,  meaning  by  the  focmjer  oc  ize<e  •ctths  tie  rLCd  :c  ±!C!:\»*i5e 
of  the  perpendicolar  dsscacce  oc 'lie  rircj  fr:ci  :i"*  locisecij 
line  throogfa  the  i^pcr  exsresdrr  oc  ilie  pLize.  "---^ 


of  the  latter  term.  Let  as  take  a  oariLccIiKr  exazizkie:  $c3Kx>se 

*  AAA 

a  body  to  moTe  nrnformly.  a:  xhe  n.:e  c£  \  i  fee*  i=  a  secccsid* 
down  a  |dane  in<!liiied  at  an  az^Ie  ot  ^r*  zo  ibe  l-iri&r-c :  ihezi  at 
the  end  of  the  first  second  the  body  wil  be  dSscani  \  t  feet 
from  the  point  o£  starting,  and  iz  v£Z  cijc^ei^ently  be  I  foot 
distant  from  the  hcvizootal  Kne  ihroc;?EL  izAZ  c«x:i: :  at  the  esd 
of  two  seconds  it  will  be  distant  £\  i  feet  &v>ci  ile  s^anizg 
pointy  and  2  feet  from  the  horizontal  line :  an-i  so  on :  hence 
we  may  speak  of  the  body  baring  a  t€rTic*sl  r<;^xiVy  of  I  foot 
per  seccmd;  and  in  like  manner  it  will  bare  a  ksrisomtai  v-iiccit^ 

of  1  foot.  Thns  we  retoite  the  relocicy  \  :2  in  the  direction 
of  a  line  inclined  at  43^  to  the  horizon,  into  a  Tertical  and  a 
horizontal  Telocity  each  eqnal  to  l ;  and  conrersely.  we  may 
speak  of  the  former  velocity  resnlting  from  the  coinfoHtion  of 
the  two  latter.  And  hence  we  are  led  to  a  system  of  compo- 
sition and  resolution  of  velocities  analogous  to  the  composition 
and  resolution  of  forces  treated  of  in  Statics  ;  only  it  is  to  be 
observed,  that  the  composition  and  resolution  of  velocities  in- 
Tolves  no  considerations  of  the  nature  and  properties  of  matter, 
bat  is  purely  geometricaL 

We  shall  be  able  to  express  the  general  rule  for  the  reso- 
lution and  composition  of  velocities  by  a  proposition  analogous 
in  form  to  the  Paralielcgram  of  forces ;  the  method  of  re- 
presenting velocities  by  straight  lines  will  in  fact  enable  us  to 
enunciate  the  rule  in  the  form  of  a  proposition  which  may  be 
called  the  parallelogram  of  velocities^  a  proposition  which  after 
what  has  been  said  will  perhaps  scarcely  require  proof,  but 
which  for  distinctness*  sake  we  shall  enunciate  and  prove  as 
follows. 

8.  Paop.  If  two  velocities,  with  which  a  particle  is  simul^ 
taneously  animaUd,  be  represented  in  direction  and  maffnitude 
iy  two  strcnghi  lines  drawn  from   the  particle,  the   resultant 
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velocity  of  tliA  particle  will  la  represented  in  direetton  and 
magnitude  by  the  diar/onal  of  the  parallelogram  detcribed  upon 
those  two  straight  lines. 

Let  A  be  the  particle,  AB 
Ac  the  lines  representing  the 
two  component  velocities,  AD 
the  diagonal  of  the  parallelogram 
ABDC  described  upon  them.  .t= ^ 

Then,  under  the  influence  of  the  Telocity  AB  onljr,  the 
particle  would  at  the  end  of  one  second  be  at  B,  and  under 
the  influence  of  ^C  it  would  be  ftt  C ;  suppose  now,  that  instead 
of  moving  for  one  second  under  the  intluencc  of  the  two 
velocities,  the  particle  moves  for  one  second  under  the 
influence  of  AB,  and  then  for  one  second  under  the  influence 
of  A  C,  its  place  at  the  end  of  the  time  will  be  the  same  w 
upon  the  former  hypothesis.  But  on  this  supposttioa  the 
particle  will  be  at  the  end  of  the  first  second  at  B,  and 
(drawing  BD  parallel  and  equal  to  AC)  it  will  be  at  the  eod 
of  the  next  at  D;  therefore  the  supposition  of  the  particle 
being  animated  aimultaneoualy  with  a  velocity  represented  by 
AB,  and  AC  or  BD,  leads  to  the  same  result  as  to  suppoM 
the  particle  animated  with  the  velocity  represented  by  AD, 
since  the  motion  at  the  end  of  one  second  is  the  same  upon 
the  two  suppositious:  in  other  words,  AD  represents  the 
resultant  velocity  in  direction  and  magnitude. 

Conversely,  the  velocity  AD  may  be  resolved  into  the  two 
velocities  ^B,  AC;  or  a  particle,  whose  actual  velocity  is  repre- 
sented by  AD,  may  be  conceived  of  as  being  animated  by  two 
simultaneous  velocities  AD,  AC.  A  velocity  may  of  course  be 
resolved  into  two  other  velocities  in  an  indcSnitc  number  of 
different  ways;  or  still  more  generally  we  may  resolve  it  into 
any  number  of  component  velocitici,  and  we  shall  thug  havea 
polygon  of  velocitiM  as  we  had  a  polygon  of  forces;  in  fact  if  wc 
take  any  polygon,  (the  sides  of  which  niny  lie  in  the  same 
plane  or  not,)  and  if  one  side  represent  the  Telocity  of  a 
particle  in  magnitude  and  direction,  then  this  velocity  ro«ybt 
regarded  as  the  resultant  of  all  the  %-elocitJe8  represented  by 
the  sides  of  the  polygon  taken  in  order. 
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Obs.  In  this  proof  we  Iultb.  f«>r  smpSjsitj**  sue,  <Dok:eii 
of  the  velocities  as  if  ther  were  imfforai :  me  same  vrooC 
howeTer  applies,  with  a  change  of  pcroseoiogj.  lo  Tsn&ble 
velocities. 

9.  It  follows  firom  the  propostzoa  josc  proTed.  trrac,  if  a 
particle  be  moTing  with  a  relocitj  r  in  a  <iirectioc  makfng  an 
angle  0  with  a  given  Hne.  we  mar  conceive  the  particle  to  be 
ammated  by  two  velocities  r  cos  &  in  the  direction  parallel  to 
the  given  line,  and  v  sin  0  in  the  direction  perpeadicnlar  to  it. 
This  is  called  receiving  a  velocitv. 

And  hence  we  mav  compound  anv  number  of  velocities 
and  find  their  resultant,  by  a  process  exactly  similar  to  that 
made  use  of  for  forces,  and  given  at  length  in  Art.  14, 
page  216. 

hi  order  further  to  elucidate  this  subject,  let  us  deduce 
the  role  for  resolving  velocities  at  once  from  the  definition  of 
resolution  and  composition  of  velocity,  without  the  medium  of 
the  preceding^  proposition. 

Let  a  particle  move  uniformly,  with  velocity  r,  along  a 
plane  inclined  to  the  horizon  at  an  angle  0.  Then  at  the  end 
of  one  second  its  distance  firom  the  starting  point  is  r,  its 
distance  from  the  horizontal  line  through  that  point  is  r  sin  0, 
iod  its  distance  from  the  vertical  line  through  the  same  r  cos  0\ 
At  the  end  of  two  seconds  these  three  distances  become  respec- 
tirelj  9v,  29  sin  0,  and  2v  cos  0 ;  and  so  on.  Hence  the 
particle  may  be  said  to  be  moving  vertically  with  a  velocity 
fsind,  and  horizontally  with  a  velocity  vcosd;  in  other 
words  the  velocity  v  may  be  resolved  into  the  two  velocities^ 
van  0  vertical,  and  v  cos  0  horizontal 


10.  Having^  said  thus  much  respecting  velocity,  we  shall 
now  proceed  to  treat  of  force,  considered  dynamically*.  We 
hare  already  defined  force  (page  203)  as  any  cause  which  changes, 
w*  tends  to  change^  a  bodys  state  of  rest  or  motion^  and  we  have 
iheady  in  the  treatise  on  Statics  considered  the  case  of  force 
i^ing  to  move  bodies  from  rest ;  we  shall  now  be  employed 
with  the  case  of  force  actually  producing  or  changing  motion. 

t  fi^g^  conmenctf  the  subject  of  DjfnamicM  properly  so  called ;  the  preceding  articles 
M  TdodtT  beloos  to  what  i«  someamefl  diatlngoisbed  as  Kinematict, 
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"We    Bhall   begin   by   enunciating   the  following 
property  of  matter,    which   is   known   as   the  First    Law  of 
Motion. 

A  body  under  the  action  of  no  external  force  will  remain  at 
rest,  or  move  uniformly  in  a  straight  line. 

With  regard  to  the  meaning  of  this  law,  it  is  intended 
to  assert  that  there  is  in  matter  no  tendency  to  motion  of  one 
kind  more  than  another,  or  indeed  of  any  kind;  that  mnlter 
is  purely  inert*,  and  the  cause  of  any  motion  which  a  body 
may  have  is  to  be  sought  not  in  the  properties  of  the  bodj 
itself,  but  in  external  influences.  The  property  which  matter 
possesses,  of  moving  only  with  the  velocity  it  has  acquired  from 
the  action  of  external  force,  is  called  its  inertia ;  hence  we 
may  say  briefly,  that  the  flrst  law  of  motion  asserts  the  inertia 
of  matter. 

11.  Aa  to  the  proof  of  this  law,  we  may  obtain  some 
hint  of  its  truth  by  observing,  that  the  more  neatly  wo  make 
the  cirounistances  of  a  body  agree  with  those  supposed,  tba 
more  nearly  is  the  law  verified :. for  instance,  according  to 
the  law  the  destruction  of  the  velocity  of  a  body  moving  along 
a  dead  level  ought  to  be  wholly  due  to  friction,  and  we  do  in 
fact  find  that  the  more  we  guard  against  friction  the  long^ 
the  body  will  continue  in  motion  ;  and  on  a  railway,  where  tbe 
friction  is  very  much  diminished,  the  distance  to  which  atr«B 
will  proceed  after  the  steam  has  been  turned  ofl"  is  very  great 
indeed.  Other  examples  will  suggest  themselves  to  the  sttideati 
or  perhaps  ho  may  think  the  law  so  simple  as  not  to  rcqairt 
illustration;  he  must  remember  however  that  the  want  of  A 
clear  perception  of  its  truth  was  for  a  long  time  a  bar  to  pro- 
gress in  dynamical  science,  because  men,  misled  by  tcmatrial 

*  Ulicn  havcvn  we  ipnk  ormslter  ■«  innt,  l(  Riu*t  be  unclcnuiod  llui  t*  M 
■puking  et  u«h  pinicle  ot  mailfT  u  fu  m)  rcjfudi  luelf ;  In  no  other  (fiiM  li  b 
Inen,  for  each  panicle  influeoro  eretjr  other,  txti  ibe  moiinn  of  uiy  one  pmnlrli  todi 
the  united  aclion  of  til  otlin- lurroundliig  pariiclei.  Thu  gencnl  propcrlf  of  naiur 
diieorerf  of  which  It  clue  lo  >'ewloii,»nd  ihe  livi  andaHHefiucncaorwhicti  vn«W 
f  a>cd  b;  him,  and  hivi  been  exicnded  b;  other  miihcmaiicUD*,  it  known  itaUi 

(tie  of  Hnioma/  gramUitian, 
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phenomena,  considered  it  necessary  to  inquire  what  force  was 
required  to  keep  a  body  in  a  certain  uniform  state  of  motion, 
instead  of  inquiring  what  force  was  required  in  order  to  ac- 
count for  observed  deviations  from  uniform  rectilinear  mo- 
tion. A  satisfactory  proof  of  the  truth  of  this,  as  well  as  of 
other  laws  which  we  shall  meet  with  hereafter,  arises  from  the 
accurate  agreement  with  fact  of  calculations,  many  and 
complicated,  which  are  based  upon  it.  Possibly  the  mind, 
which  has  dwelt  long  on  the  subject,  will  see  the  truth 
of  the  law  as  necessarily  involved  in  the  idea  of  matter,  and 
as  having  therefore  an  axiomatic  character  more  convincing 
than  any  proof  founded  upon  the  agreement  of  calculation  and 
experiment :  we  must  not  however  pursue  a  remark,  which 
would  lead  us  into  discussion  unsuited  to  the  character  of  the 
present  elementary  work. 


12.  Dismissing  then  the  question  of  the  nature  of  the 
proof  of  the  6rst  law  of  motion,  and  supposing  its  truth  to 
be  established,  we  learn  from  it  that  whenever  a  body  is 
noYiog  with  a  velocity  varying  either  in  direction  or  in 
Wttgnitude,  we  are  to  conclude  that  the  body  is  acted  upon 
bj  some  extraneous  force.  Confining  ourselves,  for  distinctness 
of  conception,  to  the  case  of  a  body  moving  in  a  straight  line 
bot  not  uniformly,  we  are  to  conclude  that  the  change  of 
Telocity  from  one  moment  to  another  is  due  to  the  action  of 
wme  force  upon  the  body  ;  hence  the  rate  of  this  change  must 
in  some  way  be  an  index  of  the  intensity  of  the  force;  but 
liere  the  question  occurs, — Are  we  to  estimate  the  force  acting 
oa  the  body  solely  by  the  change  of  velocity,  or  are  we  to 
tike  into  account  also  the  quantity  of  matter  contained  in  the 
bodjf.  for  it  is  an  obvious  fact  that  a  given  force  (as  a  blow 
for  instance)  will  generate  a  greater  velocity  in  a  body  as  its 
veight  is  less?  The  answer  is,  that  we  may  estimate  the 
force  cither  way,  that  is,  we  may  estimate  it  either  by  the 
Telocity  generated  only,  or  we  may  take  into  account  not 
tile  velocity  generated,  but  also  the  quantity  of  matter 
lored;  in  the  former  case  we  call  the  force  the  accelerating 
ttiott  oa  the  body,  in  Uie  latter   the  mooing  forca. 
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As  the  distinction  between  these  two  ways  of  estimatiDg  twret 
is  of  first  importance  to  a.  clear  understanding  of  dynamical 
principles,  we  simll  enunciate  it  as  plainly  as  we  can. 

13.  Force  considered  with  reference  to  velixity  gtneraltd 
only,  and  not  to  the  quantity  of  matter  moved,  is  called  accele- 
rating jirce. 

Force  considered  toith  reference  to  the  quantity  of  mntttr 
moved,  as  well  as  the  velocity  generated,  it  called  moving  ^r«. 

"We  trust  from  the  manner  in  which  we  have  introduced 
the  two  terms  accehratinff  and  moving  force,  that  the  student 
will  not  bo  misled  into  the  notion  that  we  arc  treating  of  two 
different  kinds  of  force  under  those  names.  It  may  be  well 
however  to  guard  him  against  that  danger,  and  to  remind  him 
that  when  we  speak  of  accelerating  force  wc  speak  of  force 
regarded  in  a  particular  way,  namely,  as  measured  by  the  ac- 
celeration produced.  It  may  he  admitted  that  the  choice  of 
the  uanies  is  not  altogether  faultless,  and  that  it  would  per> 
haps  be  better  instead  of  speaking  of  accelerating  force  to 
speak  of  the  accelerating  effect,  or  the  velocity-measure,  of  a 
force  ;  the  terms  are  however  current,  and  arc  not  ineonf*- 
nient  if  the  precise  meaning  of  them  be  borne  in  mind. 

14.  The  exact  relation  between  accelerating  and  morii^ 
force  will  be  for  our  consideration  presently:  the  former 
will  just  now  occupy  our  attention,  and  we  must  consider 
carefully  the  mode  of  measuring  it.  We  will  observe,  by  the 
way,  that  the  term  accelerating  is  not  used  as  opposed  to,  hot 
rather  as  inclusive  of,  retarding  force,  the  latter  being  sup- 
posed to  differ  from  the  former  merely  in  its  algebraical 
sign  ;  and  hence,  when  wc  speak  of  a  force  generating  a  Telo- 
city in  a  body,  we  intend  the  term  to  include  forces  wiuA 
destroy  velocity. 

Accelerating  force  may  be  uniform  or  variable ;  it  is  called 
uniform  when  equal  velocities  arc  generated  in  eqoal  time^ 
variahle  when  this  is  not  the  case. 

Accelerating  force  w  mtaaurtd,  if  uniform,  6y  iHt  rtlocitj 
ftntrated  in  a  unit  of  time  ;  tf  variable,  bg  tht  vtUtcitg 


Let  (18  illustrate  the  mode  of  measuring  accelerating  force, 
bv  reference  to  the  case  of  the  earth's  attraction.  'We  observe 
that  bodies  fall  with  a  variable  velocity,  hence  we  know  that 
they  are  acted  upon  by  some  force ;  this  force  we  are  led  to 
attribute  to  an  attraction  residing  in  the  earth,  and  which 
we  call  ^avittj.  Again,  we  observe,  {or  at  least  we  will 
suppose  it  to  be  observed.)  that  the  increments  of  velocity 
of  a  falling  body  in  equal  times  are  equal ;  hence  we  con- 
clude that  gravity  is  a  uniform  force.  Let  us  consider  how  it 
is  to  be  measured ;  a  body  in  one  second  is  found  to  fall  from 
rest  through  l6.l  feet,  at  the  end  of  one  second  it  is  found  to 
be  moving  with  such  a  velocity  that  it  would,  if  it  continued  to 
more  with  the  velocity  which  then  animates  it.  pass  over  in 
Ihc  next  second  32.2  feet.  Hence  32.2  feet  is  the  measure  of 
the  velocity  which  has  been  generated  in  one  second,  and  is 
therefurc  the  measure  of  the  accelerating  force  of  gravity.  It 
may  be  mentioned  here,  that  this  quantity  is  usually  denoted 
by  the  letter  if. 

It  appears  then  that  32.2  feet  is  the  measure  of  the  earth's 
attraction,  and  in  making  use  of  this  result  the  student  is 
requested  to  bear  carefully  in  mind  all  the  conventions  upon 
which  it  depends.  We  have  assumed  that  the  accelerating 
force  of  the  earth's  attraction  on  all  bodies  is  the  same ;  ap 
experimental  proof  of  this  is  supplied  by  the  fact,  that  under 
the  exhausted  receiver  of  an  air-pump  all  bodies  fall  equally 
rapidly;  the  difference  of  velocity  of  falling  bodies  in  air  is  due 
entirely  to  the  different  action  of  the  air  upon  them. 

15.  Prop.  If  \  be  the  velocity  generated  by  a  uniform 
ateeUrating  force  f  in  the  time  i,  then  will  v  =  ft. 

For/is  the  expression  for  the  velocity  generated  in  one 
Kooad;  and  since  the  force  is  uniform  an  equal  velocity  is 
Ifeaeratedin  each  second;  therefore  the  velocity  generated  in 
I  seconds  is  ft;  i.e.  »  =/(. 

Thu»  in  the  ease  of  the  earth's  attraction,  the  velocity 
generated  in  one  second  in  a  falling  body  is  3S.S  feet,  therefore 
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the  velocity  generated  in  2  seconds  is  64.4  feet;  by  which  we 
mean,  that  if  a  heavy  body  be  let  fall,  it  will  at  the  end  of  2 
seconds  be  moving  with  such  a  velocity  that,  were  that 
velocity  continued  constant  through  one  second,  the  body 
would  move  in  that  second  through  64.4  feet. 

16.  We  have  said  that  force  is  measured  by  the  velocity 
generated  in  a  unit  of  time,  but  now  we  must  observe  further 
that  there  is  a  certain  kind  of  force  which  cannot  be  so  esti- 
mated. This  kind  of  force  is  what  we  term  impulsive,  under 
which  name  we  include  all  forces  which  are  of  the  nature  of 
a  sudden  blow,  applying  the  name  oi finite  to  all  other  forces, 
such  as  that  arising  from  the  gravitation  of  bodies.  We  will 
first  give  formal  definitions  of  these  two  classes  of  force,  and 
then  attempt  to  explain  clearly  the  difference  between  them, 
and  the  necessity  for  different  modes  of  measuring  their 
effects. 

Def.  a  finite  force  is  one  which  requires  a  finite  time  to 
generate  a  finite  velocity. 

Def.  An  impulsive  force  is  one  which  generates  a  finite 
velocity  in  an  indefinitely  short  time. 

17.  Let  us  consider  what  takes  place,  when  an  impulsive 
force  results  from  the  impact  of  two  bodies  upon  each  other. 
For  distinctness  of  conception,  let  us  suppose  that  the  inipact 
is  that  of  two  ivory  balls:  when  the  balls  strike  each  other, 
they  appear  to  fly  asunder  instantaneously,  but  in  reality  a 
rather  complicated  action  takes  place  between  them  ;  the  first 
effect  after  impact  is  a  compression  of  each  of  the  balls,  very 
slight  of  course,  but  nevertheless  necessarily  existing  unless 
the  balls  be  absolutely  rigid,  which  no  substance  in  nature  is ; 
after  the  compression  has  ceased,  a  restitution  of  the  figure  of 
the  balls  commences,  in  consequence  of  their  elasticity,  and 
when  the  form  of  the  balls  is  restored  they  separate,  and  their 
action  on  each  other  ceases.  The  whole  action  just  described 
necessarily  occupies  a  certain  space  of  time  and  cannot  be  in- 
stantaneous, and  there  is  nothing  in  the  nature  of  the  forces 
considered  to  make  them  differ  essentially  from  those  which 
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we  liave  denominated /m'(c,-  nevertheless,  if  we  attempt  to 
measure  them  in  the  same  way  we  are  met  by  this  insuperable 
difficulty,  that  we  know  nothing  of  the  laws  according  to 
which  the  action  we  have  described  takes  place;  we  cannot 
observe  the  action  of  the  forces,  because  for  all  purposes  of 
observation  that  action  is  instantaneous ;  hence  we  distinguish 
these  impulsive  forces  as  a  new  class  of  forces,  not  because 
they  are  physically  different  from  those  which  wc  call  finite, 
hut  because,  since  they  generate  a  tinitc  velocity  in  a  time  so 
sTiort  as  to  be  considered  indefinitely  small,  we  are  compelled 
to  measure  them  in  a  different  way ;  and  we  measure  the 
accelerating  force  of  an  impulse,  not  by  the  velocity  which 
would  be  generated  in  a  unit  of  time,  but  by  the  whole  velo- 
citjr  actually  generated. 

It  will  be  seen  from  what  has  been  said,  that  no  force  in 
nature  can  entirely  coincide  with  the  definition  which  we 
have  given  of  impulsive  force.  We  may  in  fact  regard  that 
definition  as  a  mathematical  fiction,  to  which  certain  actual 
forces  approximate  sufficiently  nearly  to  justify  us  in  regard- 
ing them  as  of  the  nature  of  impulses  ;  in  like  manner  as 
ve  have  in  Statics  treated  of  rigid  bodies,  although  no  bodies 
in  nature  are  rigid  according  to  the  strict  definition  of  the 
term. 

The  measure  of  the  moving  force  of  au  impulse  will  be 
considered,  when  we  come  to  speak  in  general  of  the  connec- 
tion between  accelerating  and  moving  force. 

18.  The  first  Law  of  Motion  would  enable  us,  with  the 
help  of  such  mathematical  calculation  as  we  shall  hereafter 
enif^oy,  to  solve  all  problems  of  rectilinear  motion  ;  but  we 
bare  at  present  no  means  of  determining  the  motion  of  a  body 
which  is  moving  under  the  action  of  various  forces  in  different 
directions,  or  of  a  body  which  being  in  motion  is  acted  upon 
by  a  force  not  in  the  direction  of  the  motion.  That  whieli 
we  require  is  furnished  us  by  the  i'eeond  Law  of  Motion, 
which  we  shall  at  once  enunciate. 

19.  When  any  numlier  of  farcea  act  upon  a  body  in  motion, 
tath  producet  ita   vohole   effect  in  altering  the  magnitude  and 
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directum  of  the  hodg*s  vthciiy^  us  if  it  acted  singly  on  the  body 
at  rest 

• 

The  application  of  this  law  is  as  follows :  At  any  moment 
a  body  has  a  certain  Telocity,  also  if  it  were  at  rest  each  of 
the  forces  would,  acting  separately,  generate  in  it  a  certain 
velocity  in  a  certain  direction ;  we  must  suppose  that  the 
body  has  all  these  velocities  simultaneously,  and  if  they  be 
compounded  by  the  rule  of  the  parallelogram  of  velocities, 
the  resultant  velocity  will  be  the  actual  velocity  of  the  body. 

20.  With  regard  to  the  proof  of  the  second  Law  of 
Motion,  we  may  appeal  to  such  experiments  as  the  following. 
A  ball  let  fall  from  the  mast  of  a  ship  in  motion,  will  fall  at 
the  foot  of  a  mast,  notwithstanding  the  onward  course  of 
the  ship:  in  this  instance,  the  velocity  of  the  ball  is  com- 
pounded of  that  which  it  has  in  consequence  of  the  motion  of 
the  ship,  and  of  that  impressed  upon  it  by  the  action  of 
gravity ;  for  before  the  ball  is  let  fall,  it  has  the  same  hori- 
sontal  vdocity  as  the  ship,  and  when  let  fall,  it  does  not 
lose  this  velocity,  but  only  has  it  compounded  with  another, 
viz.  that  due  to  gravity;  and  as  the  ship* also  retains  the 
same  horizontal  velocity,  (for  it  is  supposed  to  be  sailing  uni. 
formly,)  the  ball  falls,  with  reference  to  the  deck,  exactly  as 
if  the  vessel  were  at  rest 

Illustrative  of  this  law  also  are  such  facta  as  these ;  that 
we  walk  with  the  same  ease  in  different  directions  along  the 
earth's  surface,  although  we  know  the  earth  to  be  not  at 
rest;  that  we  can  walk  across  a  railway  carriage  in  rapid 
motion  ;  and  doubtless  many  others  will  suggest  themselves  to 
the  mind  of  the  thoughtful  student.  Perhaps  the  most  satis- 
factory is  this;  the  time  of  oscillation  of  a  pendulum  is 
independent  of  the  plane  in  which  it  vibrates,  notwithstand- 
ing the  earth's  motion. 

Further  experimental  proof  arises  from  the  fact  of  calcu- 
lations, based  upon  this  law,  leading  in  the  most  delicate 
cases  to  correct  results.  Perhaps  however  it  may  be  said, 
that  when  the  idea  of  force  has  been  completely  seized  and 
thoughtfully  considered,  the  truth  of  the  second  Law  of 
Motion  will  present  itself  to  the   miod  in   a  form  rather 
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aiiomatical  tlian  experimental;    but   this  is  a   question   on 
which  we  shall  not  here  raise  a  discussion. 

21.  Hitherto  wc  hnve  considered  force  only  as  measured 
by  the  velocity  which  it  generates,  in  other  words,  we  have 
been  concerned  with  accelerating  force :  we  must  now  examine 
the  proper  mode  of  estimating  force,  when  we  take  into 
account  the  quantity  of  matter  moved,  or  when  we  regard  it 
as  moeiny /oree. 

The  quantity  of  matter  in  a  body  ia  usually  termed  its 
moM;  but  how  are  we  to  define  the  term  mass?  If  we 
verc  to  conceive  matter  to  be  made  up  of  ultimate  atoms, 
niiieh  atoms  should  be  all  precisely  alike  in  magnitude  aud  in 
all  their  qualities,  then  we  might  measure  the  mass  of  a 
brxly  by  the  number  of  atoms  it  contains;  but  this  is  not 
K  practicable  method,  and  we  are  compelled  to  measure  the 
mass  of  a  body  by  its  effects;  we  measure  the  mass  of  a 
body  by  its  weight,  or  we  consider  two  bodies  to  be  of  the 
same  mtus  if  they  are  of  the  same  weight.  In  this  mode 
of  estimating  mass,  it  is  assumed  that  the  attraction  of  the 
eirth  on  all  particles  is  the  same,  that  is,  that  the  attraction 
dependent  upon  the  nature  of  the  matter  attracted; 
iption  which  appears  to  be  justified  by  the  fact 
ly  alluded  to,  that  bodies  of  all  kinds  fall  with  equal 
wiocity  under  the  exhausted  receiver  of  an  air-pump,  and 
of  the  truth  of  whicli  Newton  assured  himself  by  a  variety 
of  etperitnents*.     We  can  only  define  the  mass  of  a   body 

*  KevUn  commtncti  the  Piiudpia  villi  ■  detiniiion  o!  mam ;  he  lelli  u>  [hat 
"ikf  qiuiuilji  of  Tnitlei  in  a  bodjt  \f  tatatMitA  b|r  ihr  pioduci  of  \a 
Mpriuiile."  And  he  cipUini  hit  definition  thus  :  "Air  when  lU  deniil 
■■1  >hBi  it  fill*  i"ice  Ihe  tpace  »hieh  it  did  Tufore,  miiM  be  quadrupled  in  quanlitjr ; 
tta  umc  b  true  of  tnaw  or  duit  condensed  bj  campietaion.  Aud  Ihe  nsme  holila  of 
■U  h*dUs  eondeaied.  hj  ohite'er  oaUK,  Thli  ^tiantily  of  matter  I  denote  hj  the 
MM  «r  Bedg  or  Mw.  And  Ihe  maas  b(  eTcrjr  hoiy  ii  determined  bj  iia  icfighl  { 
Ar  I  hsT*  u«ertBiTied  bj  iroil  afcurate  eipctiine<i(9  ititb  pen<lulun»  ihat  the  maKi  ii 
Iw^MritDil  io  ihe  weight. " 

Utri  ll  will  be  obwncd,  that  although  Newlon  opeahi 
bf  Hm  •wldiD*  and  ihe  dentil;,  ret  ihe  uliiniaie  tundud  of 
lii^  in  tin  ihe  oalj  lew  of  deniiiy. 

A*  iBmtiaocd  in  <*»  <*i"i  't  >■  cleailr  usumed  that  ifae  a 
ill  hinds  of  matler,  and  onlj'  TOties  in  difter 
ln(  4liircTcn:  ininlitin  of  maun.    For  ilium 


is  doubleJ, 


e  1b  the  \eeighl,    thai 
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then,  as  being  a  quantity  proportional  to  its  weight,  8o  that, 
if  Wbe  the  weight  of  a  body,  and  M  its  mass, 

or  ir=  CM. 
where   C  is  some  constant  quantity,  the  numerical  value  of 
which  will  depend  upon    circumstances  to  be  presently  ex- 
plained. 

The  method  of  defining  mass  deserves  further  explanation. 
The  method  of  defining  it  already  given  is  what  may  be  called 
the  statical  method;  we  might  however  have  defined  mass 
dynamically,  as  is  sometimes  done ;  we  might  say  that  two 
bodies  were  of  equal  mass  when  the  same  force  would  in  the 
same  time  generate  in  them  equal  velocities:  it  could  tlieo 
be  made  matter  of  experiment  whether  the  same  force  would 
in  equal  times  generate  equal  velocities  in  bodies  of  equal 
weight,  and  if  this  should  prove  to  be  the  case  then  wc 
might  substitute  for  the  dynamical  definition  of  mass  the 
more  convenient  statical  definition,  namely,  that  bodies  are 
of  equal  mass  when  they  are  of  equal  weights.  We,  on  the 
other  baud,  have  eommenced  by  defining  mass  statically,  and 
we  shall  have  presently  to  connect  this  statical  definition  with 
the  dynamical  effects  offeree. 

22.  Before  proceeding  further,  wo  must  deSoc  the  term 
Momentmn,  which  wc  shall  use  frequently. 

Def.  The  momenCum  of  a  particle  of  matter  is  its  nuM 
multiplied  by  its  velocity ;  the  momentum  of  a  body,  or 
system  of  particles,  is  the  sum  of  the  products  of  the  nusKS 
of  the  particles  by  their  respective  velocities. 

weigha  laoit  Ihaii  ■  Cubic  inch  of  woud,  bhiI  il  might  be  argueit  (bit  tbk  •«>  •■  mm( 
of  the  ip'tsia'  inientii]'  of  tht  cnih'a  amiciioo  [or  iMd  ihw  foi  woad,  n«  m  ti 
chmiliujr  >ub*lvicu  hare  a  gtestec  iffinliy  foi  one  nitulaocc  than  anMhM  )  bM  llfa  h 
exacilr  vhkl  ii  dcnlrd  In  Ibc  ca«  of  the  earth '■  attnction,  and  It  la  iMiiliil  Aw  Ai 
gnalcT  graiitallon  af  Iha  lead  Ihan  uf  ihe  wood  ii  due  to  the  gtt»ta  dc|M>  oT  dMMW 
Kith  which  the  particlt*  in  it  *i*  packed.  M'iiliuut  enictittg  upoa  sihn  txrmlmmt^ 
the  fact  meniioned  In  the  leii,  lunielr.  the  equal  lelocitr  of  all  aabMMKOT  iwrtw  ■ 
eahau*led  rtcelTii,  ii  very  ilrong  in  faToui  of  tlie  aMtnian  ;  btcaiue.  If  there  vMt  «7 
ditTerencs  In  the  action  of  the  earth  oo  different  lubilaacei,  >e  miffht  •Kp«cl  il  M  l» 
Ihtvn  in  lb*  dlAttnee  of  vcladt;  fcnoaied  m  *fU  m  in  that  of  pr«Nin*  fMdund. 
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The  phrase  quantity  of  motion  ia  sometimes  used  instead 
of  momentum. 

23.  Let  us  now  inquire  concerning  the  method  of  mea- 
suring moving  force :  in  other  words,  when  pressure  commu- 
nicates motion  to  a  body,  what  will  be  the  proper  measure 
of  its  effect  ?  The  answer  is  given  by  the  Third  Law  of 
Motion,  whicli  we  may  enunciate  as  follows  : 

When  pressure  produces  motion  in  a  body,  the  momentum 
generated  in  a  unit  of  time,  supposing  the  pressure  constant,  or 
vhich  would  be  generated  svppoBing  the  pressure  variable,  is  pro- 
portional to  the  pressure. 

24.  The  result  of  this  law  is,  that  as  velocity  generated 
U  the  measiu-e  of  accelerating  force,  so  momentum  generated 
is  the  measure  of  moving  force.  And  if  /*  be  a  uniform 
pressure,  v  the  velocity  generated  in  the  time  t,  in  a  body 
the  mass  of  which  ia  Jfl,  we  shall  have 

Afv  -  Pt. 
Suppose  /  to  be  the  accelerating  force  corresponding  to 
tbe  pressure  P,  then  we  have 

"-A 

nence,  comparing  the  last  two  formulse, 

P=  Mf, 
or,moTing  force  -  mass  x  accelerating  force. 

Thus  the  third  Law  of  Motion  teaches  us  how,  when  a 
pressure  is  given,  to  deduce  the  accelerating  force  due  to  it, 
for  we  have  only  to  divide  the  pressure  by  the  ma-ss  moved 
*n<i  we  have  the  accelerating  force  required.  Let  us  take 
tte  example  of  the  pressure  caused  by  the  weight  of  a 
body ;  let  W  be  the  weight,  M  the  mass  ;  then  wc  know  that 
tie  accelerating  force  is  that  which  was  before  denoted  by 
J,  hence  by  the  third  Law  of  Motion  we  must  have 

IT  =  Mg*, 
and  therefore  the  constant  Cin  the  formula  of  Art.  si,  is  to 

*  The  adoplinn  of  ihU  fonnuls  compeb  ui  la  tike  k  peculiar  quuitilr  m  (he  unit  of 
•ti^i  in  D/nunic*. 


i  


I 

\  Hmt  lie  win  derrre  asscazu^e  fr:in  ^zjaxintrs  ^e 
^4  tremted  in  qtme  &  .nzftdr^nc  Tninirtsr  ^^i  ^7%£d, 
r^ecommeod  the  omfsiin.  :c  -iiis  ir^'iL*  fn  ^e  irsc 
^  :^^tlie  snbjecc :  tie  scnft^n.::  aa.  s^iarrr^'j  zxl  --:  rr-:d* 
:  -^  the  mannifr  fa  vEiitzfL  ij-nLnn^iiL  ZTni»zhzi&s^  pre^ 
uselves  to  cne  znisil  oc  r  :iti9<:ii.  ~:izs  le  ▼£!  sr-.-d;: 
'  if  he  has  a  tOLerazij  £-:«:«i  z^vriztsi  kzinrLedf^. 


vUdi  Rsohs  froiB  the  cfon  vijc^  -mt  muLe.  viih  the 
■lUHe  vliich  in  mliij  docs  zwi  exisc 

plUM  ii  not  peifccdy  anooih  iLtre  is  a  resoAKxe  to  boii- 
I  md  I  aDDOt  dwplanf  the    bodr  npcD    the   pkne  whhoai 

I  i  wUril  ihall  prodoce  a  force  prcAter  than  this  resuttnce. 

^  if  I  widi  to  imat  the  bodj  rerticaUy,  there  is  also  a  re- 

■otioB  vUdi  1  mwt  oTcrrome  hv  a  snperior  force.  In 
*  n  not  fiudtg  anj  motion  bo  lon^  as  I  do  not  exert  an 
^  B  tha  «%lit  of  the  body,  or  than  its  adhesion  to  the 
i4|  hat  if  ve  wippoae  the  existence  of  neither  graritjr  nor 

3l  the  body  in  motion,  howerer  small  an  eflfort   1  exert, 
t  maj  be  the  mam  of  the  body:  henoe,  if  I  find  that  it 
ka  m  gieatrr  ellbit  to  oommnnicste  the  same  motion  to 
nothfr,  I  eottdnde  that  the  first  is  composed  of  a  greater 
4^  than  the  other;  and  if  I  oonld  compare  with  precision 

Vmvo  cserted,  their  mtio  would  be  the  same  ns  that  of 
idieiL    It  is  npon  a  similar  principle  that  the  measure 
m  is  founded,  that  is,  the  principle  of  reference  to  the 
^eea  which  will  put  them  in  like   states   of  motion, 
'Uflh  is  firanded  the  method  of  measuring  ibroes  when 
^  onm  of  the  bodies  moTed  and  of  the  relodties  generated. 


Hi 
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be   replaced  by  g,  the  accelerating  force  of  the  earth's  at> 

traction". 

If  in  the  formula  P  =  Mf,  we  make  M  =  l,  we  bave  P  -/, 
in  other  words  accelerating  force  may  be  regarded  as  the 
moving  force  upon  a  unit  of  mass ;  and  this  is  a  very  useful 

Fat  lei  p  be  the  deniiijr  of  a  body  e(  which  the  mus  ii  M  miid  the  Tolume  I' ;  In 
other  worda,  lei  p  be  >uch  ■  quiniiif  ihul  M  ^  pV,  ihen 
ff-  =  pVg. 
In  ihU  roimaU  let  FT  ^  1,  and  p  '^  I, 

9 
thit  i*,  ihe  utiit  of  oelght  li  ihe  ^  pan  of  ihe  weight  of  a  onk  of  ralimit  af  ibc 
■ubilsnce   whose  deniily   is  taken  for  unity.     In  genenl.  distilled  wain  al  a  liKa 
lempcralare  to  lakcn  aa  the  iianilanl  lubilaDce.  and  a  cubic  foot  u  iba  unit  of  Tolunc. 
and  the  *eight  of  a  cubic  Toot  of  diiiillcd  water  ii  found  to  be  KKWoi:  heoee  the  unit 

of  weight  in  Uynunics  muit  be  ■^--  oz. 

■  The  Third  Law  of  Moiioo  is  enunciated  In  a  dilTerent   fonn  by  Nc«te>i  ■ 
r<i11awt>  : 

Heaclimt  ii  alaai/i  c^ual  ami  oppwti  la  action  f  ar  Ihf  m'llHal  aclimt  ^f  Bf 
bodiei  ttptn  each  other  ate  alwagi  equal  and  in  opposite  direetiani. 

la  lUuttialion  of  the  Law  Newton  hu  ibeee  rematlu : 

"  Whatever  body  prettes  or  draws  another,  U  in  tike  manner  iiielf  pietud  oi  dnm. 
If  a  atone  ia  preaaed  with  the  tinger,  the  linger  i>  alio  preaacd  by  ihe  itofie.  It 
hone  drawn  a  burden,  the  horte  will  be  [*a  la  a]mk)  alta  drawn  bacic  by  the  bmde 
far  ihe  rope  by  which  Ihe  burden  it  drawn  being  e([U(lly  itrelcbed  ihrnDghani  w 
pull  ihe  hone  lowirdi  the  burden  as  much  at  ihc  burden  towarda  ihe  bona,  ■ 
will  impede  the  moiioD  of  the  one  ai  much  at  it  eipediies  the  moLion  of  ifae  oibOk 
if  one  bodj  impinging  upon  another  change  ila  motion  in  any  miune 
itself  undergo  the  jame  change  in  it«  own  motion  only  in  the  eppoaile 
account  of  the  eqailily  of  the  mutual  preaiure.  It  i>  the  change  of  maiioo, 
not  of  Telocity,  which  is  equal  to  the  action  in  aucfa  casea.  al  lta*t  in  boiliei  odbvwiat' 
moving  freely.  For  the  change  of  the  Telociciea  of  two  Impinging  bodiea,  «iM* 
manunia  of  the  iwo  are  equally  changed,  li  invenely  at  the  maaMS  of  iha  ballet.** 

From  thia  it  will  be  teen,  that  the  ihird  Law  of  Motion  ai 
not  eniiiely  equiTiIenl  lo  the   Law  ai  alaied  in  the  lent;  the  reaim  ii  that  be  ti 
before,  namely,  in  ihe  aecoiiil  of  the  dcRniliona   which  prrfacc  iha  PHndpte,  M 
down,  that  (he  c|uam<iy  of  a  body's  motion  i*  to  be  meaaured  by  ihe  peadotl  MA 
maat  and  the  velocity ;  uken  in  canjunclion  with  thi*  dtflnilion  the  law  b  c^nlH 
to  that  of   the  ten:    for  Newton 'i  third   Law  aunta  that  action  an4  reactlaa  a 
necetiarily  equal  and  oppoiile,  and  if  ihe  action  be  rcpresenled  by  a  plemil 
reaction  by  ihe  motion  produced  the  equality  muat  hold;  It  la  not  poaaibU  li 
It  olherwiae,     Bui  how   to   meacurc   ihe  motion  produced  ?     Newton  ha*  I 
down  the  rule,  Ihai  It  I*  to  be  meaaured  by  thai  which  ae  have  nllrd  momemtumf 
hence  hit  aiierlion,  ihat  action  aud  reacllun  are  er[ual  and  oppsaite,  brmam  rqalrakt 
(o  thai  of  the  lexi,  that  ih*  momentum  genenied  by  a  prcanire  i*  prop<m)aaal  M  4 
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mode  of  considering  the  subject,  for  it  wiH  tend  to  enforce 
the  rcm»rk  which  was  formerly  made,  namely,  that  what  we 
call  accelerating  force  and  moving  force  are  not  difl'erent 
kinds  of  force,  but  force  considered  in  two  different  ways: 
if  we  compare  two  forces  by  their  effects  upon  different 
masses,  then  wc  must  take  account  of  those  masses,  or  we 
must  estimate  the  forces  as  moving  forces;  if  on  the  other 
hand  we  select  a  particular  mass  and  compare  the  forces 
bv  their  effects  upon  that  mass,  then  we  estimate  the  forces 
as  acceleraling  forces. 

We  may  exhibit  the  third  Law  of  Motion  from  a  slightly 
different  point  of  view,  by  saying,  that  it  establishes  a  relation 
between  the  statical  measure  of  force,  which  is  tlie  pressure 
produced,  and  the  dynamical  measure,  which  is  the  velocity 
generated.  This  remark  perhaps  requires  elucidation ;  let 
Ufl  take  the  case  of  gravity,  or  the  weight  of  bodies;  in 
'statical  problems  it  is  sufficient  to  estimate  the  weight  of  a 
body  by  the  number  of  pounds  to  which  it  is  equivalent,  but 
tbis  method  is  evidently  not  sufficient  in  Dynamics,  inasmuch 
as  it  only  gives  us  the  ratio  of  one  weight  to  another  without 
tSbrding  any  help  towards  measuring  the  absolute  effect  of 
the  weight  in  producing  motion.  Suppose,  however,  that  in 
Statics  we  agree  upon  speaking  of  bodies  as  of  different  mass 
according  as  their  weightjj  are  different,  that  is,  suppose  that 
we  agree  upon  considering  the  mass  of  a  body  A  as  being 
twice  as  great  as  that  of  a  body  B  of  the  same  volume,  or  the 
density  of  A  as  being  half  that  of  B,  when  the  weight  of  A 
it  twice  as  great  as  that  of  B ;  suppose  also  that  at  the  same 
time  in  Dynamics  we  agree  upon  speaking  of  the  mass  of  A 
being  twice  as  great  as  that  of  B,  when  the  same  force 
■ill  in  the  same  time  generate  only  half  the  velocity  in  A 
irkidi  it  will  in  B\  then  the  question  is,  whether  these  two 
•distinct  methods  of  defining  mass  lead  to  the  same  results, 
the  third  Law  of  Motion  as  we  liave  enunciated  it 
es  us  that  they  do, 

25.      This  Law  of  course  includes  impulsive  forces,  and 

miiy  therefore  say  that  an  impulsive  force   is   measured 

whole  momentum  generated  by  it.     (See  ^^t^Tj 
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26.  With  regard  to  the  truth  of  the  third  Law  of 
Motion,  it  may  be  considered  either  to  rest  oa  experiment, 
confirmed  by  the  coincidence  with  fact  of  inDumerablc  eaU 
culations  founded  upon  it,  or  perhaps  to  be  deducible  without 
experiment  from  previously  established  principles. 

We  shall  content  ourselves  ivith  giving  an  account  of  one 
experiment,  divested  of  all  the  refinements  by  means  of 
which  Atwood  was  able,  with  a  machine  constructed  for  the 
purpose,  to  obtain  great  accuracy  of  result*. 

Let  IF  and  W  be  two  weights,  of  which  Wis  the 
greater,  connected  by  a  fine  string  passing  over  a  small 
fixed  pully.  Then  W  will  descend,  and  as  W  and  W 
are  pulling  in  opposite  directions,  the  weight  producing 
motion  is  If  -  W,  and  the  weight  moved  is  JF  +  W', 
The  advantage  of  this  experiment  is,  that  we  can  alter 
the  difference  between  the  weights  { fF  -  IF')  as  much 
as  we  please,  while  the  weight  moved  ( IF  +  ^V)  re- 
mains the  same.     Now  by  numerous  experiments  it 

IF-  IF' 
was  determined,  that  the  ratio       —  ,^  '^  in  all  cases 

proportional  to  the  accelerating  force,  or  that  the  pres- 
sure producing  motion  is  proportional  to  the  product  of  tlie 
weight  moved  and  the  accelerating  force,  or  (which  is  tlw 
same  thing)  the  product  of  the  mass  and  the  accclcr&ting 
force :  which  result  is  in  accordance  with  the  third  Law  of 
Motion. 

27.  The  mode  of  estimating  force,  when  the  mass  of  th« 
body  moved  is  taken  into  account,  being  confessedly  a  diffi- 
cult subject  to  grasp,  we  shall  exhibit  it  from  another  potnl 
of  view.  The  following  articles  are  taken,  with  some 
sions  and  adaptations,  from  the  Traiti  de  Micanique  of  Potssoa^ 
and,  as  will  be  noticed,  do  not  refer  to  the  third  Law  of 
Slotion;  the  treatment  of  the  principles  of  Dynamics  under 
the  heads  of  the  three  Laws  of  Motion  is  in  fact  a  purc^ 
English  method,  and  is  taken  from  the  Principia  of  Newtoo; 
it  has  its  advantages,  at  the  same  time  the  student  will  pr^ 

uucb  lintpllGcd,  ind  iJitiiMl  u  iIm  furfpMft 
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bftbJy  find  tbat  he  will  derive  assistance  from  examining  the 
subject  aa  treated  in  quite  a  different  manner.  We  should 
however  recommend  the  omission  of  this  article  in  the  first 
reading  of  the  subject ;  the  student  can  scarcely  fail  to  profit 
by  observing  the  manner  in  which  dynamical  principles  pre- 
sented themselves  to  the  mind  of  Poisson,  but  he  will  profit 
much  more  if  he  has  a  tolerably  good  previous  knowledge. 

MCASI'IIE   OP    FoHCE   IVHES   THE    NAM   MOVii^    IB  TAKEN    INTO    ACCOUNT. 

1.  "Before   ehcwins  how  to  take  nccount  of  the  mosses  as  aifecliiig  tlie 
lion    of  fonrs    when    they  act  upon  difTiTent  bodies,  it  is   Jcsirnble  to 
rectify  an  inexact  expresaion,  which  is  frequently  employed,  and  which  tends 
to  confudon  of  thought. 

'Conceive  that  a  body  ia  placed  upon  a  horizontal  plane,  and  that  it  is 
pTCTcuted  from  moving  by  any  friction.  If  1  wish  to  make  the  body 
slide  upon  the  plunc,  it  will  be  necegsary,  on  account  of  the  inertia  of 
oulter,  la  make  use  of  a  certiun  effort ;  if  to  this  body  we  join  a 
tecond,  tlicn  a  third,  and  eo  on,  it  will  bo  necessary  to  employ,  in  order 
to  produce  the  same  motion,  a  force  more  and  more  considerable.  I 
shall  liave  in  each  case,  the  sciuiation  of  having  an  effort  to  make ;  but  I 
muft  not  conclude  from  this  that  the  matter  offers  any  rcdstance  to  the 
tffort,  and  that  there  exists  in  bodies  what  is  very  improperly  culled  a  /oree  itf 
iurtia,  'fV'lien  we  e:ipress  ourselves  thus,  we  confound  the  sensalion  wluch  we 
upcricoce,  and  which  results  from  the  effort  which  we  make,  with  the 
Mooation  of  a  rc^tance  which  in  reality  does  not  exist. 

"  When  the  plane  ia  not  perfectly  smooth  there  is  a  resistance  to  hori- 
tMtal  motion,  and  I  cannot  disploce  the  body  iipou  the  plane  without 
cuKiog  an  effort  which  hliall  produce  a  force  greater  than  this  resistance. 
Id  hke  manner,  if  I  wuih  to  raise  the  body  vertically,  there  is  also  a  re- 
ii»tince  to  this  motion  which  I  must  overcome  by  a  superior  force.  In 
both  ouea,  I  thall  not  produce  any  motion  so  long  aa  I  do  not  exert  an 
rfort  greaUr  than  the  weight  of  the  body,  or  than  its  adhesion  to  the 
ImiMnial  plane ;  but  if  we  suppose  the  existence  of  neitlier  gravity  nor 
bktion,  1  shall  put  (he  body  in  motion,  however  amall  an  effort  1  exert, 
ud  however  great  may  be  the  mass  of  the  body:  hence,  if  I  find  that  it 
k  McciMry  to  make  a  greater  effort  to  communicate  the  same  motion  to 
OM  body  than  to  another,  I  conclude  that  the  firtt  is  composed  of  a  greater 
fnastity  of  matter  than  llie  Other ;  and  if  I  could  compare  with  precision 
tiw  iffiirta  which  I  hare  exerted,  their  ratio  would  be  the  same  iia  that  of 
ttt  manes  af  tlie  bodies.  It  is  upon  a  similar  prineiplo  that  the 
at  tka  raasBCs  of  bodies  isfounded,  that  is,  the  principle  of  reference 
■■■piiladea  of  the  forces  which  wilt  pat  them  iu  like  sUt«s  of  motion, 
nd,  eonrersely,  upon  which  is  founded  the  method  of  measuring  forces  when 
the  mass  of  the  bodies  moved  and  of  the  velocities  generated. 


that  of 

I  to  the  1 

motion,  ■ 

es  when  ^ 

nerated,  ^^^^^B 
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2.  "Two  ntaterul  particle*,  belonging  to  IwdiM  wMch  *n  of 
natatcs,  lisre  tlicir  masaet  equal  or  uneqaal,  according  aa  equal  foreo 
impreMed  upon  theiu  generate  in  (he  same  time  equal  or  unequal  Tetocitio. 
Suppose,  for  diitinctnen'  sake,  that  the  fonvs  applied  to  these  two  partlclci 
are  verttral,  and  that  when  placed  in  the  opposite  scales  of  a  balance  then  U 
eqoilibrium.  These  fonvs  will  on  tins  hypotbesii  be  equal ;  and  tliia  tKinf 
•o,  if  the  two  particle*  are  made  cntlrclj'  free,  and  the  tame  fbrca  put  tlwm 
in  motion,  their  moaee*  will  be  equal  or  unequal,  according  aa  the  inde&utdy 
amall  velocities  ivliich  tbey  receive  in  the  fint  instant  of  their  motion  are  cqwl 
or  unequal. 

"  When,  in  ttiis  manner,  the  masses  of  different  material  pKrtidea  hire  teca 
ascertained  to  be  equal,  we  can  by  joining  them  form  other  particlea  barinf 
their  maaaea  in  any  given  ratio.  Thus,  if  we  call  the  maaa  of  each  (rf  the  equl 
particles  ;i,  and  denote  by  "i  and  m'  the  masws  of  two  other  partidea  Ibrafd 
respectively  of  n  and  ri'  of  the  first,  we  shall  hare 


"  Now  let  u,  r,  r',  be  ludefiaitcly  small  velocltic! 
let 

"  If  two  forces  /  and  f  imprcas  on  tha  n 


I  and  f  whole  number^ 


I  and  nt'  the  velocities  ■ 


e  instant  of  lime,  then  will  the  following  proportion   b« 

f-.r  ■-:'•'■■  M. 

"  For,  wo  may  in  fact  regnrd  /us  the  sum  of  a  numbrr  (n)  of  equal  fcrcM 
which  impress  the  same  velocity  r  on  each  of  the  ii  equal  particle*  of  which 
ID  is  composed ;  so  that  denoting  by  It  one  of  these  equal  forcca,  we  iluU 
have 

/---  nk. 

"  Let  h  he  the  force  which  is  capable  of  iiDprcuing  the  velocity  n  on  aach 
of  the  equal  particles,  in  the  time  which  is  required  by  ilie  force  k  to  uupna 
upon  it  the  velocity  r.  These  forces,  acting  on  the  same  material  pvticle,  will 
be  to  each  other  in  the  same  proportion  as  u  and  e^  and  tineo  r=ni,  ««  aul 


In  like  I. 


e  shall  hax 


regarding  /  as  liio  sum  of  n'  forces  (*")  capable  of  imprc^ng  ihc  Talaefa;  rf  1 
on  each  of  the  equal  panicles  constituting  m',  and  denotii^  by  ft'  lb*  fuK*  1 
which  will  impress  on  each  of  these  particlM  the  velocity  u.  M 
h'  being  forces  which  are  capable  of  impreaaing  in  the  umo  inatoal  of  tioM  tkl  I 
Mme  velocity  u  on  two  particles  of  equal  mass,  that  Is  to  say,  on  twa  of  dl«  1 
ptrtioUt  tba  cominoa  mus  of  which  has  been  npKMntad  by  fi,  il 


THIRD    LAW    OF    UOTION.  287 

Itlnt  t»wedes  (bat  we  iniut  hate  4=^.    AcconUng  to  the  preceding  equationa 
re  shall  therefore  have  also, 

f^inh,       /■=iVA; 
ind,  obseiTing  tlie  valaes  of  m,  m',  f,  f',  wp  shall  be  able  lo  conclnde  the  truth 
of  ihe  proportitm  whioh  it  was  required  to  prove.  > 

i  being  established,  tel  us  coneiJer  a  body  of  any  magnitude  and 
form,  all  tlie  particles  of  which  move  in  panillel  straight  lines,  with  a  i 
vrfocity  which  may  vary  with  tlie  time.  Suppose  this  body  divided  into  an 
bfioile  nnraber  of  material  particles  equal  in  mass,  such  as  those  which  we  liavo 
just  defined.  We  may  attribute  the  motion  of  all  these  particles  to  forces 
which  will  he  eqnal  and  parallel  throughout  the  whole  extent  of  the  body: 
ir  resultant,  for  any  portion  of  the  body,  will  be  equal  to  their  sum,  and  may 
snppoeed  to  be  applied  at  the  centre  of  gravity  of  this  same  portion.  The 
corresponding  forces  for  any  two  portions  will  be  proportional  to  llieir  masses  ; 
consequently,  if  we  denote  by/the  total  force  which  acta  upon  the  body,  m  ita 
i,  and  f  the  force  which  corresponds  to  a  portion  of  this  mass  assumed  as 
unity,  we  shall  have 

As  for  the  force  9,  it  will  be  measured  by  the  Telocity  generated  in  tho 
panicles  of  the  body  in  an  iudefinitely  small  time ;  or  we  may  say  that  It 
ii  measured  by  the  velocity  generated  iu  a  unit  of  time  if  the  change  of 
relocity  be  uniform,  if  otherwise,  by  that  which  would  be  generated  in  a  unit 
o  snppoiiing  the  velocity  to  change  at  the  same  rate  as  at  the  moment  in 
■jQesliou. 

"The  force/,  wliich  is  the  resultant  or  the  sum  of  the  indefinitely  small 
ftircn,  which  we  may  suppose  to  be  appUed  lo  all  the  particles  of  which  tho 
body  is  composed,  ia  called  moviitg  furct :  the  factor  ^  of  its  value  mp  is  called 
aeakraling  force,  and  ia  nothing  else  than  the  moving  force  which  acta  upon  tt 

"The  moving  force  becomes  a  prtuurt,  wheu  the  mass  upon  which  it  acts 
u  iirvTcnled  from  moving  by  a  fixed  plane  perpendicular  to  its  direction. 
A  prenare  and  a  moviog  force  tlicrefore  differ  from  each  otlier  only  in  tliig, 
that  tlic  indefinitely  small  velocities  which  a  pressure  tends  to  produce  are 
continually  destroyed  by  tho  resistance  of  tho  fixed  plane,  whereas  those 
which  are  actually  produced  during  each  instant  by  the  moving  force 
arcumuUto  in  the  moving  body,  and  after  a  finite  time  a  finite  velocity  is 
preduced.  Two  pressures  are  to  each  other  as  the  masses  multiplied  by  the 
itiGnitfly  small  relocities  which  they  tend  lo  impress  upon  them  in  the  tame 
inMut  of  time,  and  which  in  fact  they  would  impress  upon  them  if  the  masses 
fere  free. 

4,  "  If  the  motion  common  to  all  the  particles  of  a  body  be  uniformly  acce- 
lenud,  and  we  call  jf  the  increase  of  velocity  which  takes  place  in  each  imit  of 

r,  we  hare 


1 


1 


For  i-^tf"*  CQBidiil  lone  f  acting  upon  *  mua  wl,  and  pradadnf  • 
Telodlj^  inKimit  of  tinie,  ire  »hoiil<I  bare  in  like  mwineT 

Now  obMrratioa  hw  Bheini  that  two  beaTj  bodice  wtuttever  be  tlie  differ- 
ence of  the  ealtflanrM  of  which  they  »«  eoinpoain],  acquira  the  hi 
Telocity  in  falling  in  vaconm  during  the  same  interval  of  time.  !n  the  a 
of  gtatity  then  we  hare  s^^i  ""il'  conseqnenlfy,  the  weights  /  «nd  f  «t 
any  two  bodies  axv  as  their  masea  m  and  m'.  The  (imple  ha,  tcati&ed 
by  d«ly  experience,  that  heterogeneoiu  bodies  hare  equal  weighti  tmilir 
different  Toluenes,  would  not  suf&ce  to  decide  whether  Iheir  tnaae*  are  equal 
or  anequal ;  il  is  necessary  to  know  bc^des,  that  (rnvity  iropresM*  upM 
tbem  the  same  motioQ,  tt>  be  able  to  conclude,  fiom  the  equality  of  tho 
weights,  the  equality  of  the  quantities  of  matter. 

"  The  weight  of  a  heavy  body  which  falla  in  Tacunm  is  its  moring  fotoet 
and  gravity  is  its  accelerating  force.  For  Bhortciess'  sake,  we  naaslly  eiU 
(he  velocity  g  gracHif  ;  properly  speaking  it  is  only  the  measnre  of  tiu  fotw 
of  gravity, 

fi.  "If  given  forces  act  at  the  sur&ce  or  npoo  other  parts  of  a  aoliil  bwly, 
and  all  its  particles  have  equal  and  pamllel  velocities,  it  follows  tliai  thtM 
forces  must  have  a  single  resultant,  whii^  will  coincide  in  magnitude  and 
direction  with  the  moving  forcv,  as  we  have  just  defined  it,  and  fratn  which 
we  can  deduce  the  accelerating  force  by  dividing  it  by  the  whole  mMi  al 
the  body. 

"  Suppose,  for  example,  that  a  heavy  body  falls  in  air,  in  water,  or  Ib  u; 
otiiirr  fluid,  and  that  its  farm  and  its  density,  if  it  is  not  ham 
Bymmetrical  round  a  vertical  axis,  It  is  vvideot  Uiat  everything  bring  alik* 
ronnd  about  this  axis,  all  points  of  the  body  will  describe  rerltcsl  ■ 
lines ;  which  implies,  since  tlie  body  is  supposed  solid,  that  they  a 
sante  velocity  at  the  snme  instsnl-  The  rvsistanco  of  thv  mctliBI 
acts  on  the  surface  of  the  body,  »ill  be  equivalent  llien  to  a 
direction  of  the  aib  of  figure.  Let  It  denote  it*  intendty  a 
^  the  corresponding  part  of  Iha  accdeiBling  fora:  of  the  body,  i 
mass ;  then  we  shall  have 


C  "  The  some  constant  force,  acting  sucGesu vely  upon  dlRvrent  n 
produce  uniformly  accelerated   motions,  in  which   the  accelerating  lorw,  m  | 
the  constant  increment  of  the  velocity  in  each  unit  of  time  will  bt  mtra 
jiroportional  to  the  man. 

"  Thus,  for  example,  /  being  the  weight  tng  of  a  msia  m.  If  w«  ■ 
fills  moss  to  one  extremity  of  a  thre«d  wliich  la  allachcd  by  its  ol 
mity  to  another  maw  m'  placed   upon  a  horitontal  plane,  it  is  e 
tbcBc  two  tn&mM  will  receive  tlie  same  unifoniily  acceletat«d  i 
will  b&  that  due  to  the  moving  force  /  If  vre  neghct  Um  ttt 
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ni  of  the  verticat  portion  of  the  threai].    If  then  we  call  ^  the  accelerating 
tone  of  (his  motion,  we  aholl  have 


or,  which  ia  the  same  thing. 


,/^gc 


the  Mine  as  that  of  a  beavjr 
with  the  rerticftl. 


btiag  mcfa  an  angle  that 

Conseqaentty,  the  motion  in  qucBlion   wi 
lod}r  upon  MX  inclined  plane  which  makes  b 

All  bodies  being  moveable,  and  capatile  of  receiving  velocities  which  are 
(nveraely  proportional  to  their  massea,  when  they  are  Bubmitled  during  the 

:  length  of  Ume  to  the  action  of  the  same  force,  it  foliowa  that  thero  ia 
BO  anch  thing  as  a  body  actually _ffjwrf;  thoae  which  we  called  fixed  are  bodies 
of  which  the  masses  ore  very  large  in  comparison  with  those  upon  which  the 
moving  foreea  depend,  and  which  receive  consequently  from  the  action  of 
tboae  forces  only  indefinitely  small  velocities.  At  the  surface  of  the  eartli, 
&raB  are  the  bodies  which  are  attached  to  the  surface  and  which  with  the 
ttrrertiial  globe  may  be  considered  as  making:  only  one  mass ;  and,  in  fact, 
taking  this  maSB  for  the  m'  of  the  preceding  example,  we  see  that  the  velocity 
^,  which  will  be  impressed  upon  it  in  a  unit  of  time  by  a  weight  mg  corre- 
iponding  to  a  maa  m  of  ordinary  magnitude,  may  be  regarded  as  altogether 


7.  "  It  is  usual  to  employ  the  term  quantity  n/  tnofion  to  denote  the  product 
rfa  body's  mass  by  its  velocity.  It  would  however  be  more  correct  to  speak  of 
the  juanlity  of  velocity,  since  it  is  the  velocity  which  animates  the  body,  and 
,tbe  motion  ia  only  a  subsequent  eiTect 

"There  is  no  force  which  produces  instantaneously  a  finite  quantity  of 
mMioa  The  impact  of  a  solid  body  in  motion  against  a  solid  body  at  rest 
impfcnes  npon  it,  in  a  very  short  space  of  time,  but  not  infinitely  short,  a 
'dodty  which  under  some  circumstances  may  bo  very  great;  and,  during 
tiiB  interval  of  time,  the  two  bodies  are  not  sensibly  displaced.  However 
Wd  we  may  suppose  them  to  be,  they  will  be  always  slightly  compressed ; 
I'm  Telocity  passes  from  one  to  the  other  by  infioitcly  small  degrees;  and  if 
V*  uglect  all  conaderation  of  tbo  elasticity  of  the  bodies,  their  mutual 
xdm  wilt  cease  as  soon  as  their  velocities  are  equal.  This  rapid  comniuni- 
(ifioB  tit  velocity,  without  any  senuble  displacement  of  the  mosses,  is  wliat 
*B  cdl  a  perctution  or  an  impiiUej  it  is  equivalent,  as  we  see,  to  a  moving 
btr*  acting  daring  a  very  short  time  with  a  very  great  intvnsily. 

"  CotuidctiDg  an  impulse  in  this  manner  as  the  sum  of  the  infinitely  nnall 
tnioosof  a  moving  force,  we  may  conclude  that  it  can  be  resolved  into  two 
Mber  tmjnilaea,  in  given  directions,  according  to  the  rule  of  the  parallelogram 
of  ftrets,  u  may  each  of  the  successive  actions.  If,  for  example,  we  exert 
B^  (lie  heait  of  a  wedge  a  normal  impulse  which  we  will  call  P,  it  will  be 
inlnd  istQ  two  otbera  perpendicular  to  the  /are*  of  the  wedge ;  and  if  wo 
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denote  theae  two  components  by  Q  and  Q",  by  f  and  f  tba  kngth  of  lb 
corresponding  faces,  and  by  H  that  of  the  bead  of  the  wedge,  it  it  Mwy  M 
see  that  we  shall  bare,  according  to  the  rule  grivea  by  the  paraUelognm  of  , 

Q.F::K:H, 
Q  -.p-.-.K'  .H; 


whence  we  have 


PK 

H  ' 


«-^^ 


H  ' 


Thus,  sopposing  that  this  impulse  P  arises  from  a  mass  in  atriking  tba  hnd 
of  the  wedge  with  a  velocity  n,  its  two  faces,  or  rather  tha  fixed  ebrtMiv 
against  whidi  they  press,  will  be  under  the  tame  condition*  ■»  if  Utaf  «M» 
(tnick  normally  by  the  same  mass  m,  animaled  with  velocitia  propotliMiil 


to  their  lengths,  and  expressed  by 


"•'-R- 


oppoeite  dJiM- 


a  "  If  a  solid  body  at  rest  be  struck  at  the  same  i 
tions,  by  two  other  bodies  of  which  the  maasei  are  n 
ties  o  and  tf ;  and  if  these  three  bodies  be  lyromolricat  around  tbc  aaine  a^ 
both  as  to  form  and  as  to  density,  and  if  all  the  particles  of  the  ImI  t*o  noit 
parallel  to  this  straight  line,  their  impulses  upon  the  intermediate  body  will 
produce  equilibrium,  when  the  quantities  of  mution  mv,  mV  are  cquil,  lU 
ia  to  say,  these  quantities  of  motion  will  puss,  in  tb 
time,  into  tho  intermediate  body,  and  will  destroy  each  otliei  ivitliunt  wnribly 
displacing  that  body. 

"The  equilibrium  will  also  be  produced  if  we  suppress  the  intcrmedittt 
body,  and  allow  the  communication  of  velocity  to  taku  ploeo  directly  bMwMs' 
the  two  others.  Thus  two  solid  bodies,  moving  in  the  same  stnuglit  line,  wH 
be  reduced  to  rest  if  they  impinge  upon  each  other,  provided  their  n 
inversely  as  their  velocities ;  and,  conversely,  the  products  of  the  m 
velocities  are  equal,  when  equilibrium  is  produced  by  the  impact  of  two  mHA 
bodies.  We  suppose  here,  as  has  been  alreody  svd,  that  the  two  bodiea  m 
■ymmetrical  about  une  and  the  name  simight  line,  and  the  relodtiea  ef  aft 
point*  of  the  bodies  parallel  to  this  straight  line,  which  ia  that  which  | 
through  the  centres  of  gravity  of  the  two  maasea.  The  COndUioD  «f  a 
briom  in  the  impact  of  such  bodies  is  the  equality  of  theii  % 
motion,  or  the  equation 

m  and  m'  being  their  massM,  and  i>  and  v*  thnr  velodlln. 

"It  follows  from  this  law  of  equilibrium  that  impMt  t 
diiwit  means  of  measuring  llie  moae  of  a  body.    Suppose  a  knowa  » 
a  to  be  impreased  upon  ell  points  of  n  body,  the  moH  of  which  b  fti 
(mily ;   then   if  we  could  aeoertain   the  velocity  r,  with  which  all 
uuthet  body  must  be  aoimated,  In  onlet  that  the  two  bodica  I 
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^M)  tBoh   otber  msy  be  reduced  to  rest,  tha   mata  of  tltiB  Becond  body 

would  b«  represented  niiiDerically  by  the  ratio  ~;    but  it  ia  nnneceBMry 

to  remark  that  this  h  not  a  practicnblo    method,  and  that  it  is   always 
Ike   ireighl   of  bodies   to   which   we   refer,  when  wa  wish  to   estimate   their 

"  It  follows  also  that  two  blows,  inflicted  on  a  solid  body,  mast  be 
regvded  as  equivalent,  when  lliey  can-eapond  to  equal  quantities  of  inolion; 
•0  that  in  the  last  example,  the  head  and  the  two  faces  of  the  wedj^  will 
experience  the  some  effecia,  or  will  bo  struck  with  the  sumo  ener^,  if  the 
mots  m  and  the  velocity  a  he  replaced  by  a  mass  m'  and  a  velocity  a',  such 
tlwt»ia  =  m'u'. 

9.  "  The  science  of  Dynamics  ia  a  continual  application  of  the  principles 
which  have  been  here  explained,  and  of  which  it  is  necessary  to  obtain 
a  distinct  apprehension  before  proceeding  to  the  resolution  of  problenu 
relative  to  the  motion  of  bodies." 

28.  We  are  now  prepared  with  Dynamical  principles, 
whicit  we  sfiall  proceed  to  apply  to  the  cases,  of  a  particle 
under  the  action  of  uniform  forces,  and  of  the  collision  of 
bodies.  A  more  genera)  application  of  the  principles  would 
require  the  use  of  a  higher  calculus,  than  any  with  which  the 
■todent  is  supposed  to  be  acquainted. 


ON  THE  RECTILINEAE  MOTION  OF  A  SINGLE  BODY 
CONSIDERED  AS  A  PAETIOLE,  UNDEE  THE  ACTION 
OF  A  UNIFORM  FORCE. 

The  followiog  is  the  fundamental  proposition  of  this 
bsodi  of  Dynamics. 

29.     Prop.     If  b  be  the  space  described  from  real,  in  the 

flaw  t,  by  a  body  under  the  action  of  a  uniform  accelerating 

ft' 
/twcfl,  f,  thert  8  =  -  . 
*  2 

Suppose  the  time  to  be  divided  into  n  equal  intervals, 
etch  equal  to  t,  so  that  t~nr;  then  the  velocity  of  the 
bodj  at  the  end  of  the  iBt,  snd,  3rd... intervals  will  be  /r, 
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S/r,  S/r.. .rcBpectively;  (Art,  15).  Kow  suppose  the  body, 
instead  of  moving  as  it  actually  does,  to  move  through  the 
whole  of  each  interval  of  time  with  the  velocity  which  it 
had  at  the  beginning  of  the  interval,  and  let  «,  be  the  space 
which  would  be  described  in  the  time  t  on  this  hypothesis; 
again,  suppose  the  body  to  move  through  each  interval  with 
the  velocity  which  it  has  at  the  end  of  the  interval,  and  let 
«j  be  the  space  described  on  this  hypothesis ;  then 

s,  =  0.T+/r.T  +  2/T.T  +  ...  +(n  -  1)/t.  t 


h-f-r 


«/r' 


2/t  .  T  +  3/t  .  r  +  ...  +  n/T . 
2  i    \       nl 


Now  it  is  manifest  that  a  is  intermediate  in  value  (o  «, 
and  «f ;  but  when  we  suppose  the  interval  -r  to  be  indefinitdy 
small,  and  n  indefinitely  great,  we  bring  the  two  hypothetiol 
cases,  which  we  have  supposed,  to  coincide  with  the  real  mo- 
tion of  the  body,  and  in  this  case  -  is  indeSnitelj  si 


30.  We  shall  give  another  proof  of  the  same  propo- 
sition, which,  though  in  some  respects  inferior  to  that  which 
precedes,  is  worthy  of  the  student^s  attention  on  accouol  of 
its  brevity. 

Let  A  be  the  point  from  which    , 

the  body  starts,  B  its  place  at  the  ^  ** 

end  of  the  time  t^  so  that  AB  -  b  :  then  the  velocity  of  the 
body  at  B  ^ft.  Now  suppose  the  body  to  start  from  B  with 
a  velocity /(,  and  to  proceed  towards  A,  tlic  force  y acting  in 
the  same  direction  as  before,  and  therefore  retarding  its  mo- 
tion :  at  the  end  of  the  time  t  the  body  would,  if  no  foree 


1 
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acted,  have  described  a  space  /r' ;  also  we  know  that  the 
space,  through  which  the  force  _/"  would  carry  it,  is  s;  hence 
the  space  through  which  the  body  will  move  in  the  time  t, 
when  it  starts  with  a  velocity  Ji,  and  is  retarded  by  a  force 
/,  must  be  /i^  -  g.  But  at  the  end  of  the  time  (  the  body 
will  be  at  J,  since  the  force /will  destroy  the  velocity /i,  in 
exactly  the  same  space  which  it  required  to  generate  it. 
Hence  we  have 


Cor.     If  «  be  the  velocity  of  the  body  at  the  end  of  the 

V* 

time  t,  V  "ft ;  .•.«=■  — ,  or  v*  =  2^.     Hence,  when  a  body 

falls  under  the  action  of  gravity,  this  being  a  uniform  force, 
tlie  velocity  «  the  time,  and  the  square  of  the  velocity  cc  the 
ipace  described. 

31.  If  the  body,  instead  of  starting  from  rest,  begins 
to  move  with  a  given  velocity,  the  formulae  of  the  pre- 
ceding article  are  easily  adapted. 

For  let  V  be  the  initial  velocity,  u  the  velocity  at  the  time 
f,  ( the  space  described.  Then  the  velocity  at  the  time  t  is 
IJie  original  velocity  ±  that  which  is  generated  or  destroyed 
by  the  force,  or 

the  upper  or  lower  sign  being  used,  according  as  the  force 
ucelerates  or  retards. 

And  the  space  will  bo  that,  which  would  have  been  de- 
scribed by  the  body  moving  uniformly  with  a  velocity  V 
*  that  which  it  would  describe  under  the  action  of  the  force 
only,  or 

2 

the  upper  or  lower  sign  being  taken  according  to  the  same 
role  as  before. 


■ 


^ 
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Cob.     We  can  obtain  v  in  terms  of  *  :  for 

32.  For  diatinctnesa'  sake  we  wUl  here  collect  in  • 
tabular  form  the  formulee  which  have  been  proved,  and 
which  may  be  applied  to  a  variety  of  examples. 

When  the  body  starts  from  rest, 

..^  1 


■  ■(A-). 


«-  f> 
When  the  body  starts  with  an  initial  velocity  F, 

-    I (B), 

v'.F'iS/.  J 
the  upper  or  lower  sign  to  be  taken,  according  as  /  accele- 
rates or  retards  the  motion. 

33.  These  formulio  possess  peculiar .  interest,  becauw 
they  apply  to  the  case  of  a  body  falling  under  the  action  of 
gravity.  We  have  before  said,  that  gravity  is  a  nniforro  force, 
at  least  it  is  sensibly  so  for  small  distances  above  tbe  eartli'A 
surface  ;  we  may  here  remark  in  addition,  that  in  conse- 
quence of  the  earth  not  being  actually  spherical,  the  force 
of  gravity  is  not  exactly  the  same  at  all  points  of  the  earth's 
surface,  but  varies  slightly  with  the  latitude ;  we  may  con- 
sider, however,  that  for  all  ordinary  purposes  its  mognitade 
is  measured  by  the  quantity  y  -  32,8  feet  The  value  of  ■; 
IS  not  determined  by  direct  experiment,  but  may  be  most 
accurately  found  by  observations  of  tiie  pendulum,  aocordtaf 
to  principles  hereafter  to  be  developed. 
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34.  We  shall  now  illustrate  the  formulae  (A)  and  (B) 
by  some  examples  of  falling  bodies. 

Ex.  1.  Two  bodies  are  let  fall  at  an  interval  of  i",  to 
find  how  far  they  will  be  apart  after  the  lapse  of  4"  from  the 
fall  of  the  first. 

Let  ss'  he  the  spaees  through  which  they  have  respec- 
tiftly  fidleu,  then 

V»-s«--  X  9; 
«  2 

.M  -  «' .  ^  X  7  B  16.1  X  7  «  112.7  feet,  tiie  distance  required. 

Ex.  2.  When  two  bodies  are  let  fall  from  the  same 
point,  but  not  at  the  same  moment,  the  distances  between 
them  nt  the  end  of  successive  equal  intervals  of  time  in- 
crease in  arithmetical  progression. 

Let  ss'  be  distances,  described  by  the  two  bodies  re- 
q>eetively  in  the  time  t  from  the  fall  of  the  first,  r  the  in- 
terval of  time  between  the  starting  of  the  two,  then 

*        2   ' 

•  -  /  is  the  distance  between  the  bodies  at  the  time  t ;  call 
this  d,  and  let  d^,  4^..Jbe  the  distances  corresponding  to  the 
times  t  -^  ti,t  +  2ii; 

.\jdm-  i2^T-T»|, 
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^^i-fiaC'  +  OT-T*}, 


&c.  K  &c. ; 

.%  di  -  c2  «  ^f  jT  «a  dj  -  di  «  &c.  ; 

that  is,  the  quantities  ddid^..Mc.f  are  in  arithmetical  pro« 
gression. 

Ex.  S.  A  stone  is  thrown  into  a  well,  and  it  is  observed 
that  9^'  elapse  before  the  sound  of  its  striking  the  bottom  b 
heard  ;  neglecting  the  time  occupied  by  the  transmission  of 
the  sound,  find  the  depth  of  the  well. 

Let  a  be  the  depth ; 

then  ^  1  ^  2*  «  2a  «  64.4  feet. 
2  ^ 

Ex.  4.  A  ball  is  projected  upwards  with  a  given  velocity; 
it  falls,  and  on  striking  the  earth   rebounds  with  a  loss  of 

f  -  j     part  of  its  velocity ;   find  to  what  height  it  will  rise 

afler  any  given  number  of  rebounds,  and  the  whole  space 
which  will  be  described  by  the  ball  before  coming  to  rest. 

Let  V  be  the  velocity,  then  the  height  to  which  it  rises 

When  it  reaches  the  earth  its  velocity  is  V,  therefore  the 
velocity  of  rebound  is    V  [l  — J    by   hypothesis,  and  the 

height  to  which  it  rises  =  —  ( l  —  1  . 

In  like  manner,  the  height  to  which  it  rises  after  the  second 
rebound  «  —  (i  — ) 

And  similarly,  it  will  be  seen,  that  the  height  after  the  p^ 


FALUNO    BODIU. 


S97 


rebound  ^  —  1 1  — |   ,  which  is  the  answer  to  the  first  part 

of  the  question. 

The  whole  space  described  by  the  ball 


g 

r* 

9 


p 


F»      «• 


-  (■  -  y 


gif-iji^  If       ^  2n  -  1  * 


35.  The  formulsB  {A)  and  (B)  are  applicable,  with  a 
slight  modification,  to  the  case  of  a  body  falling  down  a 
smooth  inclined  plane.  In  this  case  we  must  conceive  the 
force  of  gravity  to  be  resolved  into  two  parts,  one  parallel  to 
the  phine,  the  other  perpendicular  to  it ;  the  latter  will  pro- 
duce pressure  on  the  plane,  the  former  will  accelerate  the 
motion  of  the  body,  and  is  the  only  part  with  which  we  shall 
be  here  concerned.  Let  a  be  the  inclination  of  the  plane, 
then  the  resolved  part  of  ^  parallel  to  the  plane  will  be^  siua, 
ind  this  quantity  must  be  used  for  /  in  our  fundamental 
fimnulie. 

Ex.  1.  To  find  the  velocity  acquired  by  a  body  in  falling 
down  a  g^ven  indmed  plane. 

Let    JB   be   the    inclined  B 

phme,  a  its  inclination,  P  the  / 

place  of  the  body  at  a  given 
time,  BP  a  «,  t;  B  the  velocity 
tt  P;  then  we  have  by  our 
formula, 

which  gives  the  velocity.  If  we  draw  BC  perpendicular  to 
the  horisontal  line  through  J^  and  call  V  the  velocity  at  J, 
we  have 

y»  -  ajr .  ^JB  sin  a 

mftg.BC 
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Hence  the  velocity  is  the  same  at  J,  as  if  the  body  had 
faUen  through  the  vertical  space  BC:  that  is  to  say,  the 
velocity  generated  by  gravity,  depends  upon  the  vertical 
space  through  which  it  is  allowed  to  act ;  a  result,  which  might 
perhaps  have  been  anticipated,  and  which  was  in  fact  assumed 
by  Galileo. 

!Ex.  2.  A  body  is  projected  upwards,  along  an  inclined 
plane,  with  a  given  velocity,  iind  how  high  it  will  ascend, 
and  the  time  of  ascent. 

If  V  be  the  velocity  at  the  time  t,  when  it  has  ascended 
through  a  space  s,  a  the  angle  of  the  plane,  and  V  the  given 
reloeiiy  ^  pntjection,  we  have 


v' 


>  F*  -  gjr*  sin  a ; 

when  i^  *  0  ithe  body  will  stop»  and  the  distance  required 
will  be  givi^n  by  the  equation, 


8  = 


For  the  time,  we  have 

v  =  F  -  ^«  sin  a, 
and  the  body  stops  when 


^smix 


Ex.  S.  "Let  ACB  be  a  circle  in  a 
vertical  plane,  A  its  highest  point;  the 
time  of  descent  down  all  chords  drawn 
through  A,  considered  as  inclined  planes, 
will  be  the  same. 

Let  AP  be  any  chord,  a  its  incli- 
nation to  the  horizon  ;  draw  the  vertical 
diameter  AB,  and  join  BP^  then  ABP 
mgcfl  ^  BAP  «  a :  now  if  /  be  the  time 
of  descent  down  AP,  we  shall  have 


-4P«^sina-  ; 


HOTIOK  ON  AN  tUCUXED  PLANE. 


but,  AP  M,  AB  sin  a. 


,=  v^i 


- ,  wbicb  is  indepefideiit 
of  o,  and  ia  therefore  the  same  for  all  chords. 

Ex.  4,  From  a  given  point  to  draw  the  line,  down  which 
as  an  inclined  plane  a  particle  will  descend  to  a  fixed  lioe  ia 
the  shortest  time  possible. 

Let  A  be  the  given  point,  and 
through  it  draw  a  horizontal  line  to 
meet  the  given  line  in  B;  in  the 
pyen  line  take  BC  equal  to  BA ; 
jmn  AC,  which  shall  be  the  line  re- 
qmred. 

This  will  easily  appear  from  the 
fact  that  a  vertical  circle  having  A  for  its  highest  point  will 
WtfeA  the  given  straight  line  in  C ;  for  if  AC  be  not  the  line 
of  quickest  descent,  let  AED  cutting  the  circle  just  mentioned 
in  £  be  the  required  line ;  then  the  time  of  descent  down 
it  is  equal  to  the  time  down  AE,  and  therefore  is  less  than 
iHe  time  down  AD.  Therefore  AC  is  the  line  of  quickest 
Wnt. 

And  it  may  be  shewn,  that  in  general  the  line  of  qniclcest 
oBcent  from  a  point  to  any  given  curve  will  be  found,  by 
oeicribing  a  circle,  to  touch  the  horizontal  line  passing  through 
Ihe  given  point  at  that  point,  and  also  to  touch  the  given 
lune.  The  chord  joining  the  points  of  contact  will  be  the 
tu>e  of  quickest  descent 


ON  THE  MOTION  OF  TWO  FALLING  BODIES 
CONNECTED  BV  A  STKINQ. 

36.  We  have  distinguished  problems  of  this  class  from 
those  which  we  have  been  recently  engaged  in  considering, 
because  in  those  we  were  able  to  regard  gravity  only  as  an 
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V  =  a  +  - 


accelerating  force,  wliereas  in  these  we  must  consider  the  masi  ' 
moved,  and  deduce  the  accelerating  force  by  the  third  Law 
of  Motion. 

Ex.  1.  Suppose  we  have  two  bodies,  the  masses  of  which 
areJIf  and  Jtf*  respectively,  connected  by  a  fine  string  passing 
over  a  smooth  peg  or  small  pully  J,  the  only  effect  of  which 
is  to  change  the  direction  of  the  string. 

Let  M  be  greater  than  M' ;  then  the  moving  force 
producing  motion  is  the  difference  of  the  weights,  or 
Mff  -  M'g,  and  the  whole  mass  moved  \a  M  +  AT,  con- 
sequently the  accelerating  force  is  ^ — 'Tr^' 

Hence,  if  x  be  tho  distance  of  M  from  A  at  the 
time  I,  a  the  distance  when  the  motion  commenced, 
we  shall  have 

M-At  gt^ 
''M  +  Af   2   ■  S 

Let  it  be  required  to  determine  the  tension  of  the  string. 

To  do  this  we  observe,  that,  if  the  weight  Jfy  were  sus- 
pended at  the  extremity  of  a  string  and  were  at  rest,  the 
tension  would  be  Mg,  the  accelerating  force  g  being  entirely 
employed  in  producing  tension.  As  it  is,  however,  a  portion 
of  the  accelerating  force  acting  on  M  is  employed  in  pro- 
ducing motion,  and  the  remainder  in  producing  tension  oT 
the  string;  now  the  former  portion  we  have  determined  to 

f      M-M'  ^ 

the  tension  •>  M  Ig  -  — — jpSl 
sMAt 

en    expression,  which,  it  may  be  observed,  involves  M  and 
M'  symmetrically,  as  manifestly  it  ought 

This  problem  may  be  solved  in  another  manner,  which 
will  give  us  at  once  the  tension  of  tho  string  and  the  »e> 
celerating  force. 


9»1 

Tlnia^  let  T  be  &e  ttnoB.  of  c&e  scoiip  c&sl  dbe  saovxiii^ 


upoo  tike  bodf  Jf  wSL  be  Jf  /  —  71  ami  cbe  aeeelaasciis 
f<wt?e  tliciefaiey — ^.     bKe 


upon  Jh  wiD  lie  ^  —  "jt^I  sbA  ^eie  tvo  ■■■&  be  c^pid^  bittk 

of  opposite  algAnaal  sigm^  aoce  one  of  tike  bo<&es 
nrily  ffinrifff  witb  Ac  sme  vdocicT  widk  wUeb  tike 


^-^?--?  + 


(s 


i)  "*^' 


and  T^  ^^—^f,mahe£are; 


ind  the  aoodeniiii^  ISo 

Ex.  2.     Let  a  take  a  nmnerical  ilhistration  of  the  hst 
emnple. 


Suppose 
descend  in  i 


2-1  a      l6.i  ^    ^ 

=  5^  feet 

8  +  18         s 


Also  in  this  ease  the  tension  of  the  string  »  §  Jf<7  a  two^ 
thirds  of  the  heayier  weight. 

Ex.  3.  Two  weights  are  placed  upon  two  opposite  in« 
dmed  planes,  and  connected  by  a  fine  string  which  passes 
o?er  a  snudl  puUy  at  the  highest  point  of  the  planes ;  to 
detennine  the  motion. 
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Let  JB,  AC  he  the  two  planes^  a» 
fi  their  respective  inclinations. 

Then  the  part  of  the  weight  Mff 
which  is  eflfective  in  producing  motion 
is  Mgsina,  and  that  of  JliTg  in 
AT^sinjS;  the  diflference  of  them  or 
Mg  sin  a  —  3fg  sin  fi  is  the  moving  force ;  the  mass  moved  is 
M  +  M' ;  therefore  the  accelerating  force  is 

Jf  sin  a  —  Af  sin  /3 

mVm'       ^• 

If  jff  be  the  distance  of  M  from  J  at  the  time  /,  a  the 
distance  at  the  beginning  of  the  motion, 

3/  sin  a  -  M^  sin  /3  j^t^ 

J7  Si  d  -f" rs — —  • 

.  M-h  AT  2 

The  tension  of  the  string  may  be  found  as  in  Ex.  l. 

Ex.  4.     A  numerical  illustration  of  the  preceding. 
Suppose  Af  =  SAT,  a  =  so^  /3  -  6o» :  then, 

s      \/s 

i       2~  gi^ 
«  -  a  +  — — .— - 

S  +  1        2 

S  —  1.7 
■■  a  +  — ^  ^Z*  «  a  +  2.6<*,  nearly. 


ON  PROJECTILES. 

37.  We  now  come  to  the  case  of  motion  not  rectilinear; 
and  the  principal  problem,  to  which  the  formuls  already  es- 
tablished are  applicable,  is  that  of  the  motion  of  a  projectile« 
that  is/  of  a  heavy  body  which  has  been  projected  in  a 
direction  not  vertical.  The  results  which  we  obtain,  it  may 
be  observed,  arc  not  practically  correct,  since  we  omit  the 
consideration  of  the  resistance  of  the  air,  and  suppose  the 
body  to  move  in  a  perfect  vacuum. 


BT  A  armoiQ* 
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38.     nmpmtk^mpn^KtiUmiattm 

It  is  eTident  that  tbe  path  will  be  ia  one 
plane :  let  it  fie  in  the  plane  of  the  paper, 
and  let  P  be  the  point  of  projectkio,  PXB 
the  line  in  whidi  the  body  is  prelected, 
which  win  manifestly  be  a  tang^it  to  the 
eonre  described. 

Let   V  be  the  Telocitr  of  projectioo^ 
ind  N  the  point  at  whidi  the  body  would  ^r 
irtive  with  this  Tdocity  in  the  time  f,  so 
that  PJV^=  ru 

From  N  draw  XQ  rertical,  and  make  XQ  « 


X 


5ri* 


then. 


since  the  space,  which  the  body  would  deacribe  in  the  time 
t  under  the  action  of  grarity  only,  is  \Q,  and  if  grarity 
bad  not  acted  the  body  wonid  hare  been  at  A^  therefore 
when  the  body  is  simnltaneoaaly  animated  by  its  original 
Telocity  V,  and  that  generated  by  graiity,  it  will  be  at  Q. 

Complete  the  paralleli^:ram  PFQX,  then 

PV^NQ^^^, 
QV^PN^  rt; 

.-.  Qv^^  p/*=  — .pr. 

9 
Bat  in  the  parabok  QV*^4SP.PV.     (See  Conic  Sec- 
tions, Prop.  IX.  page  l^.)     Hence  Q  lies  in  a  paraboh^  of 
wUch  the  axis  is  rertical,  and  the  distance  of  P  from  the 

directrix  or  focus  is  — . 

^9 

CoE.  From  the  point  P  draw  PM 
perpendicular  to  the  directrix;  then 

P-2y.5'P-2y.PJlf. 

Hence,  the  velocity  at  any  point  of 
the  paretbola  is  thai  fffhich  would  be 
acquired  infalUngfrom  the  directruv. 


p 


39.      To  def ermine  the  position  of  the  focitt  of  the  parabola. 

Let  P  be  the  point  of  projection, 
PQ  the  direction  of  projection,  JSB 
the  axis  of  the  parabola,  PM  verti- 
cal, PB  horizontal;  and  let  QPB 
(which  ia  called  the  angle  of  projec* 
tion)  -  a. 

From  P  draw  PS,  making  the  Bamc  angle  with  PQ  as 
PQ  makes  with  P3f;  then,  by  a  property  of  the  parabola,  the 
point  5",  in  which  PS  meets  the  axis,  is  the  focus. 

Now  SPB  -  QPB  -  QPS  -  QPB  -  MPQ 
=  a-rKV  +  a  =  2a-90°; 
.-.  PB  =  SP  sin  2a,     SB  =  -  SP  cos  2«, 


but  5"^  = 


.PB- 


•  —sin  2a,   SB~ cos 2a*. 

2^7  2J7 


1^ 


The  lines  PB,  SB,  determine  the  position  of  .S" ;  for  we 
have  only  to  measure  the  distance  PB  horizontally,  and  BS 
vertically,  and  we  shall  determine  S.  Or  we  may  determine 
the  position  of  the  line  PS  as  above,  and  take  in  it  a  point 

V 
the  distance  of  which  from  P  is  — ;  this  will  be  the  focus. 

Cor.  If  a  ■=  45",  the  focus  of  the  parabola  is  in  tlie 
horizontal  plane  passing  through  the  point  of  projection. 

40,  To  determine  the  greatest  height  to  wktch  the  profectilt 
wUl  rise. 

The  velocity  of  projection  may  be  supposed  to  be  re- 
solved into  two  velocities,  one  horizontal  «  Vcos  a.  the  other 
vertical  =  Fsin  «.  The  vertical  motion  of  the  body  will  be  the 
same  as  if  it  were  projected  vertically  with  this  latter  velocity ; 
hence,  if  h  be  the  height  required,  we  have 
V  sin'  a 


h- 


2i7 

*  Tht  qoMlUlf  ~  —  CO*  3a  will  bt  petilivi 
■uppncd  (0  b«  ptua  than  >0>. 


bccauit  tn  the  Ugstv  i»  km  I 


PROJUCTILEH. 

41.     To  find  the  latua  rectum  of  the  ■parabola. 

Draw  the  perpendicular  SY  on   the  tangent 

fY,  which  19  the  line  of  projection  ;  let  A  be 

the  vertex,  then  AY  \a  a.  tangent  at  the  vertex, 

and  therefore  horizontal.     (See  Conica,  Prop,  vi, 

LPT  167.) 

\l    Then  SYA  =  go"  -  o,  and  SPY  =  MPY -=  ^  -  u; 

-  .*.  the  lalus  rectum  =  ^AS  =  ^SY  cos  a  =  ^SPcos^a 

aP 

=  - —    cos'  a. 
9 

*2,  To  find  the  ramje  of  the  pi-ojectile,  that  is,  the  distance 
/mi  the  point  of  projection  at  which  the  body  meets  the  hori- 
"tloi  plane  through  the  point  of  projection,  and  the  time  of 

The  range  will  evidently  be  twice  the  distance  of  the  point 
of  ptojection  from  the  axis  of  the  parabola.     But  this  distance 

yt 
wu  shewn  in  Art.  sg  to  be  —  sin  9a  ; 

v 

.'.  the  range  ■=  —  sin  2a ; 
g 

To  find  the  time  of  flight  we  bave  only  to  observe,  that 
tie  horizontal  velocity  of  the  body  is  uniform  and  equal  to 
f"  cog  o,  and  therefore  that  the  time  which  elapses  between 
toe  moment  of  projection  and  the  moment  of  the  body 
sinking   the    ground    is  that    occupied    by   a  body  moving 

through  the  space  —  sin  2a  with  the  velocity  Fees  a; 


-•,  the  time  of  flight  = 


r»  sin  9a     2  F 

K  ■ —  a 

gVcosa       g 


The  same  result  may  be  arrived  at  from  the  consideration 

the  vertical  motion  of  the  body.     For  since  the  vertical 

Telocity  of  projection  is   V  sin  a,  the  time  of  flight  will  be 

that  which  elapses  before  a  body  projected  vertically  with  a 

Telocity  V  sin  a  falls  and  strikes  the  ground ;  and  this  time 

20 
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is  manifestly  expressed  by  ,  since  the  time  of  ascent 

9 

will  be  and  the  time  of  fallinf'  the  same. 

9 
Cor.     The  greatest  value  which  sin  2a  can  have  is  1, 
which  corresponds  to  a  t'  45^ ;  hence,  the  range  of  a  projectile 
will  be  greatest  when  the  angle  of  projection  is  45*. 

43.  The  preceding  arc  the  principal  propositions  re- 
specting projectiles.  We  shall  now  give  a  few  examples, 
which  may  be  multiplied  to  any  extent. 

Ex.  1.  A  body  is  projected  horizontally  with  a  velocity 
of  4  feet  per  second,  to  find  the  latus  rectum  of  the  parabola 
dcscnbed. 

The  general  expression  for  the  latus  rectum  is  —  cos' a; 

and  iu  this  case  a  -■  0,  and  F  ~  4; 


the  latus  rectum  -  - 


16 


5  1  foot,  nearly. 


"When  the  body  is  projected  horizontally,  it  is  manifest 
that  the  point  of  projection  is  the  vertex  of  the  parabola,  and 
the  general  investigation  of  the  path  becomes  much  simpU* 
fied. 

Let  JQ,  be  the  direction  of  projection, 
and  let  Q  be  the  point  at  which  the  body 
would  arrive  from  A  in  the  time  t  with  a  K 
velocity  V;  .:  AQ~  Vt. 


ffC 


BO  that  QP  is 


Again,  take  QP 

the  distance  through  which  the  body  would 
fall  in  time  (  under  the  action  of  gravity  only  :  then  /•  is  the 
actual  place  of  the  body  at  the  time  t. 
Complete  the  rectangle  ANPQ ;   then 
PN~Vt, 


SOT 


.-.  PN*  -  rv 


afTS 


.AX-r 


but  in  the  jMuabola  PA^^^AS.AX  ( 

page  167) ;      ' 

.-.  4JS  = . 


Cooies*  PropL  t. 


Ex.  2.  A  body  is  projected  at  an  angle  of  S(f,  with  the 
Tdocitj  which  it  would  acqinre  in  fidling  through  5  feet ;  find 
the  range. 

In  general,  the  range  «  —  sin  ^ 

9 


and  in  this  case. 


.-.  —  —  la 
9 


and  the  range  s  10  sin  fio^  a  \/s^feet. 

£x«  S.  To  find  the  refaUion  between  the  Telocity  and 
togle  of  projection,  in  order  that  the  projectile  may  strike  a 
giTen  point. 

Let  O  be  the  p<mit  of  pro-  A 

jeetioD,    OM  horizontal,  and 

MP  vertical;  let  P  be  the  ^         ^ ^^ 

pfea  point,  then  it  will  be 
giTen  provided  we  know  OJ£ 
aodirP:  let  OM^h^MP^k. 
Dniir  JB  the  axis  of  the  pa-  q 
ntbola,  and  PN  perpendictdar  to  JB. 

F' sin  8a 
Then  we  have  proved,  (Arts.  39,  40)  that  OB  «  — i — -  > 


^ 


.\  AN 


mAAB 

F«sin«a 


F»sin*g 
^9 


^ 


'-k.PN^h^ 


P  sin  2a 


but  the  latus  rectum 


%V* 


cos^a; 


20—2 


2^      J  ' 


\     2ff  J' 


or  h*-ih—  eina  cosa  +  2  *  —  co8*a  =  0, 
9  3 

which  is  the  relation  between  a  and  V  required. 

Suppose,  for  instance,  that  a  =  45",  A  -  90,  A  -  9,  then,  to 
find  V,  we  have 

V*         V* 
A«-A  — +&  — 0, 
9  9 

g        h~k       81 

-  57  feet  per  second,  nearly. 

Kx.  4.  Given  the  velocity  of  projection,  to  construct  for 
the  direction  in  order  that  the  projectile  may  pass  through  ft 
given  point. 

Let  0  be  the  point  of  pro- 
jection ;     P  the  point  through   ^ 
which  the  projectile  is  to  pass ; 
V  the  velocity  of  projection. 

Draw  OJI/vcrtical  and  equal 

to  — ;  ATJV  horizontal,    which 

will  be  the  directrix ;  PN  per- 
pendicular to  the  directrix;  with  centres  O  and  P,  distances 
OM  and  PN,  describe  two  circles ;  if  these  do  not  intersect 
the  problem  is  impossible ;  if  they  do,  let  S  and  ^  be  their 
points  of  intersection ;  S  and  S"  will  be  the  foci  of  two  pan- 
bolos,  either  of  which  may  be  the  path  taken  by  the  prqjectilb 
Join  OS.  OS' ;  bisect  MOS,  MOS"  by  OT,  OT ;  these  wiU  be 
the  directions  of  prtyection  required. 
The  demonstration  is  obvious. 


M» 


other,  there  ml  be  a^raK^RCCan  of  ingectkn.    btibs 
case  it  will  be  eaflraecB  Aak  we 


(OJf  +  JWJ»  -  (OJf  -  JTPf  +  JOT* 
or    *0M.2rF~MX*, 


tint  is,  meemiBmg  totihe  eBlatiiMi  mAopktA  m  the  jmce£afi 

eampte, 


7 


(=-*)-' — <^) 


Let  OS,  lor  the  Hike  at  iJartntion,  iatradnce 
tion  mto  the  eqoatioo  of  the  freeedaag  riaimile :  thtt 
tion  may  be  writtea  Haa^ 

y^  fa  ft 

y  F  5 


•.  (- -2*«iii"aV-4i*am'aC06*c 


-  4  an'a  (1  -  8iii*a)  (r.?!ZtV 

•■■•■^•(^-T***")-**'v(F-*)*?-"^ 

or    8mi*a( *) 0, 


/.  Ssin'a 


:^t 


F* 


r^'-gk' 


or  the  equation  giyes  only  one  value  for  a,  which  is  in  accord* 
iaoe  with  the  result  before  announced. 

Ex.  S.    The  conTerse  of  the  preceding ;  that  is,  given  the 
direction  to  construct  for  the  Telocity. 


«10 


Let  0  be  the  point  of  projection ;  P  the 
point  through  which  the  projectile  is  to  pass : 
OT  the  given  direction.  Draw  MOV  verti- 
cal; /TparaJIel  to  OT.  Take  OM  such  that 
PV*^  *0M.  OF,  that  is.  take  OAf  a  third  pro- 

PV 
portional  to  OF  and  —  ;  then  the  horizontal 

line  through  M  is  the  directrix,  and 

V-^iff  .  OM. 

Ex.  6.  An  attempt  is  made  by  using  aighla  of  different 
elevations  to  take  account  of  the  parabolic  path  of  a  rifle-ball. 
The  formula  of  Ex.  3,  will  enable  us  to  calculate  the  proper 
elevation  of  the  sight. 

It  will  be  understood  that  the  sight  of  which  we  speak  u 
a  point  near  the  lock  of  a  gim,  elevated  above  tlie  barrel,  bo 
that  when  the  line  joining  this  point  with  the  ^ght  nt  the 
extremity  of  the  barrel  is  directed  towards  the  mnrk,  the  line 
of  the  barrel  does  in  reality  point  al>ove  the  mark  so  as  to 
allow  of  the  ball  dropping  before  it  strikes.  Let  ^  be  the 
angle  which  the  elevation  of  the  sight  above  the  barrel  sub- 
tends at  the  extremity  of  the  gun  ;  then  a  is  the  real  angle  of 
elevation  of  the  gun,  a  -  ^  the  elevation  of  the  line  of  sight, 
and  consequently  we  must  have  ft  ■  A  tan  (a  -  <p). 

Now  resume  the  formula  of  Ex.  S,  which  may  be  writtea 
thus. 


!/!'• 


COS  a  (A  s 


-fcCOSn) 


-  A  COS  a  {sin  a  -co8ataQ(a  -  <f>)\ 

,  sin  ^  A  sin  ^ 

—  A  cos  a r — '-^ —  —  — — ■ — 


cos  {a  ~  p)       cos  ifi  +  anip  tan  a 

but  k{l  +  tan  a  tan  ^)  -  A  tan  a  -  A  tan  ^, 

k  +  k  tan  fb 

.■.tano  =  -~- — ^, 

h  -  k  tan  tp 

cos  d( (A  -  k  tan  (p)  *  mn<b(k  +  k tkn  A) 

.-.  CO8A  +  ain0tana"^ —  -    ^ 

^  ^  h-ktma<p 


PBOJ  ectii.es. 


C09  tp  {h—  k taa <p) ' 


sum  cos 


t>ih~ktaiitp). 


«  A  ain  <^  cos  <p  —  k  sin'  <p. 
This  ia  the  accurate  equation  for  calculating  0,  but  since  in 
practice  V,  the  velocity  of  the  ball,  is  enormously  great,  0  is 
wry  small,  and  the  term  k  sin'0  is  therefore  practically  inscn- 
lible ;  omitting  this  term,  we  have  the  very  neat  equation, 


nhich  gives  a  value  of  0  independent  of  k  ;  in  other  words, 
tbe  adjustment  of  the  sight  depends  only  upon  the  horizontal 
dljtBQce  of  the  mark,  and  is  independent  of  the  height  of  the 
nark  above  the  ground. 

The  result  of  this  example  may  be  expressed  by  saying, 
list  the  angle  0  is  the  angle  of  elevation  proper  for  the  gun, 
'1  order  to  strike  a  point  in  the  horizontal  plane  and  at  the 
Mme  horizontal  distance  as  the  given  point. 

MOTION  OF  A  PARTICLE  ON   A   CURVE. 

■U.  When  a  heavy  particle  moves  on  a  plane  curve,  the 
plane  being  supposed  to  be  vertical,  a  portion  of  the  weight 
of  the  body  will  be  employed  in  producing  pressure  on  the 
curre,  and  the  other  portion  in  producing  motion.  Hence, 
in  considering  the  motion  of  a  body  on  a  curve,  we  suppose 
the  force  of  gravity  at  any  point  to  be  resolved  into  two 
parta,  one  acting  along  the  tangent  of  the  curve,  the  other 
*Iong  the  normal;  the  former  is  the  port  which  produces 
motion,  and  is  the  only  part  with  which  we  shall  generally  be 
Muccrned.  \Vc  have  already  considered  a  particular  case  of 
inutiou  on  a  curve,  when  we  treated  of  a  body  falling  down 
>n  inclined  plane;  but  in  that  case  the  inclination  of  the  plane 
being  always  constant,  the  force  producing  motion  was  uni- 
fonn,  whereas  in  the  more  general  problem  of  motion  on  any 
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curve  the  intensity  of  the  force  varica  from  point  to  point. 
Consequently  the  formulee  which  we  have  hitherto  used  are 
inapplicable ;  we  shall  be  able  however  to  give  one  proposition, 
which  we  can  demonstrate  by  general  rcaaoning.     We  shall ' 
recur  to  the  subject  hereafter.  ' 


45.  When  a  heavy  body  falls  dowa  the  surface  of  a  amootk 
curve,  the  velocity  at  any  point  is  t/iat  due  to  tltc  vertical  HtigU 
through  which  the  body  has/alien. 

la  the  iirst  place  we  observe,  that  tlie  pressure  of  the 
curve  is  always  perpendicular  to  the  direction  of  the  motion, 
and  therefore  destroys  no  velocity. 

In  the  next  place,  the  proposition  ia  true  for  on  toclinad 
plane,  as  has  been  shewn.     {.See  Ex.  I,  pn^  297.) 

Aud,  lastly,  we  may  consider  tho  cur\x  to  be  a  succcsaoD  J 
of  inclined  planes,  the  planes  being  indefinitely  short  in  Icngttl  j 
and  great  in  number,  and  tlie  proposition  being  true  for  eadi] 
will  bo  true  for  all,  and  therefore  for  the  curve.  For  thougk  1 
it  may  be  argued,  that  there  is  always  a  loss  of  velocity  iaj 
passing  from  one  plane  to  another,  yet  we  know  that,  wb«o' 
the  planes  are  so  far  increased  in  number  and  diminished  in 
magnitude  as  to  be  considered  coincident  with  the  curve, 
this  will  not  be  the  case,  since  by  oiu-  first  observation  oo  | 
velocity  ia  lost*. 

Cott.  Hence,  if  a  body  fall  down  a  smooth  curve,  m  fotj 
instauce  in  the  interior  of  a  hemispherical  bowl,  it  will  often 
passing  the  lowest  point  rise  to  the  same  vertical  height  as  thtH 
from  which  it  fell.  IVactically  the  extent  of  oscillatioa  wiU  bm 
continually  diminished  by  friction,  until  the  body  U  brought 
to  rest  at  the  lowest  point.  I 


*  TKt  ptoof  or  ihii  propmiilon  !•  Mmeilii 
EIrmentary  Trealit  on   itnhania,  but  1  ■ 

nude  more  utiiraciorj.  The  rnt  difficulty  in  pauing  from  At  ctm 
Inclined  pUnet  (o  ihil  of  r  conilnuoui  curve  It  the  neglect  of  lb*  lo*i 
necemiil)'  uIih  pUce  in  puilnif  from  ewh  Inclined  pluw  to  lh(  ntxt 
giln  helgi  IVom  ubietiinjf  how  il  ii  denioniinieil  in  ptgt  317,  that  ia  tl 
coniidttcd  at  •  paljigDo  of  an  loHniM  Dumber  of  >ld««  no  relodtf 
inltoyri. 


en  more  at  Impli,  ai  Id  Wh««ein» 
avart  thai  Iha  rcaaoal^  to  thiwlf 


46.  There  is  one  potitt  eoanected  with  the  motkiii  of  4 
body  on  a  curve,  of  whidi  we  can  ^ve  a  genefml  expU- 
nation,  and  on  irbich  it  ta  desirsUe  to  hare  dBtmct  notions ; 
and  that  is,  the  existence  of  what  is  caQed  centrifiiffal  forte. 
The  explanation  is  applicable,  not  only  to  (he  motion  of  a 
body  constrained  to  more  npon  a  cnrre  line  or  earre  surface, 
but  also  to  that  of  a  body  describtng  any  path  not  rectilinear 
under  the  action  of  any  forces. 

When  a  body,  acted  npon  by  any  force,  mores  in  the 
direction  in  which  that  force  act^  it  has  a  tend^icy  at  each 
tnoment  to  proceed  only  with  the  velonty  which  it  has  at 
that  moment ;  this  follows  from  the  first  taw  of  motion,  or 
is  the  cooseqaence  of  the  inertia  of  the  body.  But  when 
a  body,  acted  upon  by  any  force,  mores  transreisely  to  the 
ilirectioD  of  the  force,  it  has  a  tendency  at  each  moment, 
not  only  to  proceed  with  the  velocity  with  which  it  is  then 
animated,  but  also  to  continue  to  more  in  the  direction  in 
which  it  is  moving  at  the  instant  in  question;  this  also  is 
\  consequence  of  the  first  law  of  motion.  The  motion  there- 
fore may  be  conceired  of  as  though  the  body  were  under 
Ihe  action  of  a  force,  always  tending  to  make  the  body 
leare  the  path  which  it  actually  describes ;  the  force  which 
measures  this  tendency,  is  called  the  centrifugal  force,  &  name 
liable  to  much  objection,  because  there  b  in  fact  no  force 
acting  on  the  body  to  draw  it  out  of  its  path,  the  tendency 
lo  leave  that  path  being  the  result  of  its  own  motion  only. 

Hence  if  we  conceive  the  forces,  acting  on  a  body  which 
describes  a  plane  curve,  to  be  resolved  into  two,  one  in  the 
direction  of  the  tangent,  the  other  in  the  direction  of  the 
Bonnal,  we  may  say  that  the  former  portion  is  expended  in 
accelerating  or  retarding  the  body's  motion,  the  latter  in 
changing  its  direction,  or  (in  other  words)  in  counteracting 
the  centrifugal  force.  And  if  the  body  be  constrained  to 
move  on  a  curve,  the  normal  portion  will  be  employed  in 
counteracting  the  centrifugal  force,  and  also  in  producing 
pressure  on  the  curve.  Therefore,  when  a  heavy  particle 
mores  upon  a  curve  in  a  vertical  plane,  the  pressure  on  the 
ci]r>-c  is  not  the  resolved  part  of  the  weight  in  the  direction 
of  the  normal,  as  would  be  the  c>ise  if  the  particle  were  at 


S14  DYNAMICS^ 

rest,  but  is  greater  or  less  than  that  resolved  part  according 
as  the  centrifugal  force  tends  to  increase  or  diminish  the 
pressure. 

Suppose,  for  instance,  a  particle  ilf  to  be 
falling  down  the  interior  of  a  smooth  hemi- 
spherical bowl  ABC  in  a  vertical  plane ;  draw 
MT  a  tangent  to  the  semicircle,  then  MT 
is  the  direction  in  which  the  body  is  moving, 
and  in  which  it  would  continue  to  move  if  unrestrained,  and 
if  gravity  were  to  cease  to  act ;  it  is  evident  then  that  the 
motion  of  the  body  in  this  case  causes  a  pressure  upon  the 
bowl,  since  it  tends  to  make  it  move  in  a  direction  in  which 
it  cannot  move  in  consequence  of  the  interposition  of  the 
bowL  In  this  case  therefore  we  should  say,  that  the  pressure 
was  increased  by  the  centrifugal  force. 

But  if  the  particle  M  be  moving  on  the 
exterior  of  a  semicircular  curve  Ji7C,  ai^d  if 
iU7^  be  the  direction  of  its  motion  at  any 
time,  then  similar  considerations  shew  that 
the  motion  of  the  body  tends  to  diminish   ^  ^ 

the  pressure ;  and  in  this  case  there  will  be  a  certain  point  at 
which  the  pressure  due  to  the  weight  of  the  body  will  be  en- 
tirely counteracted  by  the  centrifugal  force,  and  when  the 
body  has  reached  this  point  it  will  leave  the  curve  and  describe 
a  parabola. 

A  familiar  instance  of  the  action  of  centrifugal  force  is 
the  case  of  a  stone  thrown  with  a  sling ;  omitting  the  considera- 
tion of  the  action  of  gravity,  this  reduces  itself  to  the  problem 
of  a  body  attached  to  one  extremity  of  a  string  the  other  ex- 
tremity of  which  is  fastened;  the  body  will  revolve  with  a 
uniform  velocity  in  a  circle,  and  the  tension  of  the  string, 
which  will  depend  upon  the  rate  of  the  body's  motion  and  the 
length  of  the  string,  will  measure  the  intensity  of  the  centric 
fugal  force.  We  say  that  the  velocity  will  be  uniform,  because 
the  tension  of  the  string,  (which  is  the  only  force  acting  upon 
the  body)  being  always  in  a  direction  perpendicular  to  the 
direction  of  the  body's  motion,  it  can  have  no  effect  either  to 
increase  or  diminish  the  velocity.  If  the  string  be  suddenly 
cut»  the  body  goes  off  in  the  direction  of  the  tangent  of  the 


UOTION    ON    A    CURVE. 


815 


circle  in  which  it  has  previously  moved,  and  with  the  velocity 
which  it  had  previously. 

We  have  said  that  the  notion  of  centrifugal  force  applies 
to  the  case  of  free  curvilinear  motion,  as  well  as  the  motion  of  a 
body  constrained  by  a  curve.  In  this  case  the  centrifugal 
force  will  be  measured  by  the  resolved  part  of  the  force,  im- 
pressed upon  the  body,  in  the  direction  of  the  normal  to  its 
path.  Let  us  take  the  esample  of  the  projectile.  Let  H  be 
the  focus,  P  tlie  position  of  the  projectile,  PT  the  tangent, 
(see  figure  page  167),  then  the  accelerating  force  in  the  direc- 
tion of  the  normal 

=  5  sin  57*/*, 
AT         Sy         AS 

""S  g.p'^l}  gp-9  gy' 

or  the  centrifugal  force,  estimated  as  a  moving  force,  will  be 
Mg  — r;,  or  will  vary  inversely  as  the  perpendicular  from  the 

focus  on  the  tangent. 

We  will  give  one  case  of  constrained  motion  in  which  the 
eentrifugal  force  may  be  determined ;  the  method  which  wc 
shall  adopt  is  peculiar,  and  the  result  will  be  better  understood 
hereafter;  it  may  however  be  worthy  of  the  student's  atten- 
tion. The  case  is  that  of  a  body  revolving  uniformly  in  a 
circle,  either  in  consequence  of  being  attached  io  a  string 
the  tension  of  which  will  measure  the  centrifugal  force,  or  in 
consequence  of  being  constrained  to  move  in  a  circular  groove 
the  pressure  upon  which  will  take  the  place  of  the  tension  of 
the  string.  The  latter  supposition  will  be  the  more  convenient, 
because  we  can  arrive  at  it  by  first  supposing  the  body  to 
move  in  a  groove  of  the  form  of  a  regular  polygon,  which  wc 
can  afterwards  make  a  circle,  in  the  same  way  as  in  Trigono- 
metry wc  found  the  circumference  and  area  of  a  circle  by 
first  finding  those  of  a  regular  polygon. 

Let  AB,  BC  be  two  adjacent  sides  of  the 
polygon,  and  let  6  be  the  angle  between  them 
which  will  also  be  the  angle  which  a  side  of  ' 
the  polygon  subtends  at  the  centre.  Let  a 
side  of  the  polygon  -  a,  the  radius  of  the 
circumscribed  circle  ■=  r,  and  the  number  of  sides  n. 
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Kow  suppose  a  body  of  mass  M  to  move  along  the  side 
AB  of  the  groove  with  a  velocity  V ;  resolve  the  velocity  F 
into  V  cos  Q  along  the  side  BC  and  VAvl  0  peipendicular  to  it ; 
then  it  is  this  latter  velocity,  which  being  destroyed  by  the 
side  BC  causes  the  pressure  upon  the  groove,  and  the  sum  of 
all  such  pressures  throughout  the  motion  will  be  the  measure 
of  the  whole  pressure  sustained  by  the  groove.  Assuming 
then  the  velocity  V  to  remain  unaltered,  we  shall  have  for  the 
sum  of  all  the  momenta  destroyed  in  the  course  of  one  revo- 
lution of  the  body  nM  V  sin  0. 

0       0 
Now  fiilf  Fsin  0  -  2n3f  Fsin  -cos  - 

Q 

—  nMV  chd  0 .  cos  - 

2   . 

^nMY-^  -cos-. 

r        2 

But  when  the  number  of  sides  of  the  groove  is  indefi- 

Q 

nitely  increased  na  ^  27rr,  and  cos  -  »  1 ;  and  the  above  ex- 

2 

pression  becomes  27rMF.      Now  let  P  be  the  pressure  which 

we  desire  to  find ;  then  the  time  in  which  the  body  revolves 

27rr 
being  -— ,  the  momentum  destroyed  by  the  groove  in  that 

27rr 
time  will  be  -^ .  P ;  hence  we  have, 

~P^2nMK 

or   Pmii—. 

r 

It  will  be  observed  that  the  correctness  of  the  preceding 
result  depends  entirely  upon  the  fact  of  F  remaining  the 
same  throughout  the  motion ;  let  us  prove  that  this  is  the  case, 
from  the  expression  given  for  the  velocity  in  the  preceding 
investigation.  We  found  that  along  the  side  SC  the  velocity 
would  be  F  cos  0,  similarly  along  the  next  side  it  would  be 


i 
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T  cotfOt  >tnd  so  on,  and  oo  rwnpleting  the   rerolotioii  the 
Telodtj  would  be  VctxTB. 

0 
Now,  CO80S1 -2aii*    »i-^chd'0^ 

«* 


21*  1.2       V2r»; 

But  when  the  nmnber  of  the  sides  of  the  polygon  is  inde- 
finitdy  increased  na  becomes  2vr«  and  therefore 

.      1(1. l) 

n  !•« 

»  1,  when  n  is  indefinitely  great ; 

lience  at  the  conclusion  of  a  revolution,  the  velocity  »  K  as 
it  first  We  were  therefore  justified  in  assuming,  that  the 
Telocity  would  remain  the  same  throughout  the  motion. 

Let  us  take  a  numerical  example  of  the  formula  above 
demonstrated. 

Ex.  A  ball  weighing  lib.,  attached  to  a  string  the  length 
of  which  is  s  feet»  makes  a  revolution  in  4  seconds ;  to  find  the 
tension  of  the  string. 

P       P 
We  have    -zy  »  — ; 
Mg     gr 

/•  if  we  estimate  the  tension  in  lbs.,  the  number  of  lbs.  re« 

F*  2irr 

quired  will  be  —  •    Now  -^r-  « the  time  of  revolution, 

gt  V 
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2irf 


and  r  ^  3.  .'.  V  ^  —  , 

2 

,    r»  1  1       97r*         Stt* 

and  —  = X  -  X cs a  .229882  lbs. 

gr       S2.2       3         4         128.8 

It  is  not  difficult  to  perceive,  that  the  formula,  which  we 
have  demonstrated  for  the  centrifugal  force  in  a  circle  when 
the  velocity  is  uniform,  is  also  true  when  the  velocity  is  varia- 
ble ;  the  quantity  V  will  in  this  case  be  no  longer  a  constant 
quantity.  For  instance,  if  we  have  a  particle  falling  in  the 
interior  of  a  hemispherical  bowl ;  when  it  reaij^es  the  bottom 
P  a  2gr  by  Art.  45  :  hence  the  pressure  due  to  the  centrifugal 
force  is  2Mg,  and  the  whole  pressure  is  sMg  or  three  times 
the  weight  of  the  particle. 

Again,  if  we  take  the  case  (before  referred  to)  of  a  parti- 
cle falling  down  upon  the  convex  surface  of  a  vertical  circle, 
we  can  determine  the  actual  point  at  which  the  body  will 
leave  the  curve ;  for  let  the  particle  descend  from  the  highest 
point  B,  let  O  be  the  centre  of  the  circle,  M  the  position  of 
the  body  when  its  velocity  is  F,  and  let  BOM  »  0 ;  then 

F'*  —  2^^  (r  -  r  cos  0) ; 

also  the  resolved  part  of  gravity  in  the  direction  of  the  nor- 
mal is  ^cosd;  the  particle  will  leave  the  curve  when  the 
centrifugal  force  is  just  equal  to  the  pressure  due  to  gravity, 
that  is,  when 

2g  (1  -  cos  0)  ^  g  cos  09 

m 

or  cos  0  «  f , 
which  determines  the  point  required. 

The  principles  which  have  been  developed  explain  certain 
results  which  at  first  sight  appear  paradoxical :  thus  a  pail  oT 
water  may  be  made  to  revolve  in  a  vertical  circle,  so  that  the 
water  shall  not  leave  the  pail;  the. only  condition  to  be  satii^ 
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ficd  is,  that  if  r  be  the  mdius  of  the  circle  in  which  the  pail 
revolves,  V  the  velocity  at  the  highest  point. 


This  curious  result  is  exhibited  conveniently  by  the  centri- 
fugal rnilway,  which  consists  of  a  rail  bent  into  a  spiral  form 
and  lying  as  nearly  as  possible  in  a  vertical  plane,  one  extre- 
mity being  much  higher  than  the  other;  a  car  descends  from 
the  higher  extremity  and  ascending  in  virtue  of  the  velocity 
acquired  follows  the  spiral  rail,  the  passenger  in  the  car  having 
his  head  downwards  whenever  the  rail  assumes  the  form  of  an 
arc  having  the  concanty  downwards.  It  is  not  dilhcult  to 
calculate  the  height  from  which  it  is  necessary  to  descend,  in 
order  to  raake'^he  passage  of  such  a  portion  of  the  raihvay 
safe ;  suppose  the  arc  to  be  circular  and  its  radius  r,  also  let 
X  be  the  height  of  the  starting  point  of  the  car  above  the 
highest  point  of  the  concave  portion  of  the  mil,  then,  omitting 
all  consideration  of  friction,  the  square  of  the  velocity  at  that 

point  will  be  Sff.v;  therefore  the  centrifugal  force  will  be ; 

and  this  must  be  greater  than  the  force  of  gravity, 

"     -  >0, 


.  we  mnst  have  ~ 


This  condition  determines  the  smallest  elevation  which 
can  be  safely  given  to  the  upper  extremity  of  the  railway. 


ON  THU  COLLISION  OR  IMPACT  OF  BODIES. 

47.  In  investigating  the  circumstances  of  motion  which 
attend  the  collision  of  bodies,  there  are  two  cases  for  us  to 
consider;  (I)  that  of  inelastic  bodies,  (s)  that  of  elattie. 
We  must  define  the  meaning  of  these  terms. 

We  have  already,  when  speaking  of  impulsive  force,  de- 
scribed the  nature  of  the  actioa  which  takes  place  when  two 


SM 


DT^'AMICS. 


elastic  bodies  impinge  upon  each  other;  now  if  when  two 
bodies  impinge  upon  each  other,  after  the  compression  of  I 
their  6gures  due  to  the  impact  has  ceasetl,  a  force  of  resti- 
tution of  figure  comes  into  operation,  the  bodies  are  called  ' 
etastic,  but  if  there  is  no  such  force,  then  they  are  called 
inelastic-  To  take  examples,  ivory  and  glass  are  highly 
elastic  substances,  a  lump  of  putty  or  clay  is  perhaps  as  free 
from  elasticity  as  any  substance. 

Let  us  consider  the  impact  of  inelastic  bodies. 

48.  Ttco  inelattie  baUa,  moving  in  the  game  direction  hut 
vUh  different  vclocUiet,  impinge  upon  each  other ;  to  deUrmine 
the  motion  after  impact. 

Let  AfAf  be  the  masses  of  ^ 

the  two  balls,  V\^  their  velo- 
cities before  impact. 

When  the  bodies  impinge, 
there     will     be    an    impulsive 


pressure  between  them,  which  ~1 
wc  will  call  R,  and  the  value 
of  which  it  must  be  our  busi- 
ness to  find.  This  pressure 
will  of  course  be  equal  in  magnitude  and  opposite  in  its  direc- 
tion upon  the  two  balls,  i.e.  accelerating  one  and  retarding 
the  other. 

The  momentum    of  the  ball  M  before  impact    is    ifT, 
therefore  its  momentum  after  impact  is  MV  —  R,  and  there- 
fore its  velocity    V~  •—  . 
M 

Similarly,  the  velocity  of  the  ball  Af  after  impact  is 

-^- 

But  since,  by  the  hypothesis  of  inelasticity,  there  is  no 
force  after  impact  to  separate  the  bolls,  they  will  proceed 
with  a  common  velocity ; 

.■.r.-"-.  r  +  — : 
M  !/■■ 


nm.T.THTfwi  or  bcuxos.  SZl 


••^'jT^i^'-n, 


and  die  cammnfn  -yelocaty 


If  die  InBi  «re  jDonng  in  epponie  direetions*  we  bftw 
ooly  to  wxile  -  r  inBtead  of  F". 

Cob.     If  we  call  r  the  xeiocitj  after  impact^  wc  baTe 

jfr+irr=jfr+irr; 

that  is  to  say,  flie  sum  of  tiie  momenta  of  die  baOs  is  die 
aame  after  impact  as  before  it. 

This  result  m%ht  bare  been  ooncladed  at  once  from 
genend  reasoning.  For  when  one  body  impinges  upon 
tnother,  it  can  only  lose  momentum  by  generating  momen* 
tun  equal  to  that  wbich  it  loses ;  this  follows  from  the  third 
Law  of  Motion;  and  hence  it  is  evident  that  no  momentum 
can  be  lost  by  the  impact.  And  this  reasoning  applies  not 
only  to  inelastic  bodies,  but  to  elastic,  because  whatever  be 
the  nature  of  the  dynamical  action  no  momentum  can  be  lost 
by  one  body  without  generating  an  equal  amount  in  the 
other. 

The  same  thing  will  hold  of  any  number  of  balls,  moving 
in  any  directions :  that  is,  if  if,  M'  ...  be  the  masses  of  any 
nunber  of  balls,  V,  V* ...  their  velocities  before  impact, 
V)  t^, ...  after  impact,  we  must  have, 

Afi/  +  i/v+  •..  «ifr+iirr  + 


•  •• 


49.     We  can  now  proceed  to   the   problem  of  elastic 

bodies.     We    may    consider,  the   impact   as   consisting  of 

two  parts,  viz.  during  the  compression  of  the   bodies,  and 

doriog  the  restitution  of  their  forms :  as  long  as  comprcs*> 

lion  continues,  the  problem  is  precisely  the  same  as  if  the 

bodies  were  inelastic,  and  if  we  call  the  impulsive  pressure 

between  them  during  compression  R,  the  value  of  B  will 

be  that  already  found  on  the  supposition  of  the  bodies  being 

inelastic ;  for,  though  the  bodies  do  not,  for  any  sensible 

21 
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time  after  impact,  move  with  the  same  velocity,  yet  during 
that  very  short  time  in  which  the  compression  takes  place 
they  do  so ;  hence  the  force  of  compression  is  already  de- 
termined. When  the  restitution  of  form  takes  place,  a  new 
force  is  brought  into  action,  which  we  shall  distinguish  as 
the  force  of  restitiUion,  and  shall  call  R';  to  determine  R' 
we  must  have  recourse  to  experiment,  and  it  is  found  that  the 
ratio  of  jR"  to  JS  is  independent  of  the  velocity  of  the  bodies, 
and  dependent  only  on  the  nature  of  the  substances  of  which 
they  are  composed.  So  that,  if  we  make  B^  »  eR,  we  may 
consider  6  to  be  a  known  quantity,  since  in  any  given  exam- 
ple, if  the  substance  of  the  bodies  is  given,  the  value  of  e  may 
be  found  from  experiment,  or  by  reference  to  tables  of  elas- 
ticity. The  quantity  e  is  called  the  modules  of  elasticity  ;  it  is 
always  some  quantity  less  than  1.  The  limiting  case  of  e 
being  actually  •  l  is  that  of  perfect  elcuticity,  but  there  is  no 
such  case  in  nature. 

60.  Ttoo  elastic  balls  moving  in  the  same  direction,  but 
with  different  velocities^  impinge  upon  one  another ;  to  find  the 
velocities  after  impact. 

Let  MM'  be  the  masses  of  the  bodies, 

VV'  their  velocities  before  impact, 

vv after  ••....... 

RB^  the  forces  of  compression  and  restitution  respec- 
tively, so  that  the  whole  impulsive  force  between  the  balls 
«  -R  +  -R'  «  -R  (1  +  €),  where  e  is  the  modulus  of  elasticity. 

We  may  find  R  on  the  supposition  of  the  bodies  being 
inelastic ;  hence  by  our  previous  investigation  (Art.  48), 

MM'    ,         ^, 

,...r-£i«'-r-(.4.)^.K-(,«)^,(K-r,, 
„..r+^-r+(...)|.r-*(.*.)--;^^,(F-n. 

If  the  balls  are  moving  in  opposite  directions  we  must  change 
the  sign  of  F',  as  in  Art.  48. 


Cob.    Wekn^kr 

If  we  »mnMBe  r  to  be  greater  daa  F.  sad  tiat  after  the 
impect  the  bell  JT  is  dnvcm  €m.  ij  M  ul  c&e  ifirectxoa  m 
vhidi  it  wes  mofing  bcfiose  finpectj  w'  w3L  be  gicetet  tbea  r> 
and  we  mej  write  tbe  pvecc&ig  eqaatim  tbisy 


r  — r 


r-  r 

Nofir  F-  F*  is  the  rdmHn  vdoextr  of  the  !nlb  befiire 
impaet,  tliat  is,  the  late  at  wU^  tber  appraadh  each  other, 
and  «'  —  V  is  the  rdatire  Tdocitj-  after  impact,  or  die  rate  at 
litiA  they  sepanUe;  hence  the  peecedSa^  ftmnila  nar  be 
ezpnased  bjr  sajin;,  that  the  ratio  of  the  rdatrre  veloexties 
Wore  and  after  impact  is  a  qnaotitT  depending  oolj  oa  tbe 
utoie  of  the  snbstaaees  of  ahidi  tbe  baDs  are  compoaed. 
Thb  is  a  law  wfaidi  may  be  caailj'  made  the  salgect  of  direct 
obterratioii,  and  from  it  eomersd^  maj  be  deduced  the  law 
vbidi  has  been  ennnciated  in  Art.  -19,  and  which  has  been 
made  the  basis  of  oor  inrestigations. 

For  we  have 

B  +  lt 


F- 


»'-r+ 


R  +  BT 


M'    * 
bat  by  experiment, 

,-e'«_«(F-f'^ 

...  .,(F-  r)  -  (F-  n  -(«  +  Jf)^±^. 
or  Jl  +  il  -  (I  +  «)  ^f^,  (F  -  FO, 

21— S 
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51.  An  elastic  ball  impinges  directly  upon  tifiMd  pUfM;  t» 
find  the  velocity  after  impact. 

Let  V  be  ball's  Telocity  before  impact, 

V  after  

RR'  tbe  forces  of  compressioo  and  restitution, 
e  the  modulus  of  elasticity. 

Then,  to  find  R,  wc  suppose  tbe  body  inelastic ;  but  in  this 
case  there  would  be  no  velocity  after  impact,  since  the  plane 
is  fixed ; 

•••  ^'-5-0.    or  R  =  MV; 
M 

.-.R  +  R'-H  +e)MV, 

and  v-  r-(l  +  e)  V -  -  eV. 

Hence  the  ball's  velocity  will  be  diminished  in  the  ratio 
of  1  ;  fl.  The  negative  sign  indicates  that  the  motion  after 
impact  must  be  in  the  opposite  direction  to  that  before  impact, 
which  must  manifestly  be  the  case. 

&2.  By  oblique  impact  we  intend  to  express  those  casCl 
of  impact,  in  which  the  direction  of  the  velocity  does  not 
coincide  with  the  direction  of  tbe  mutual  impulsive  pressure 

53.     A  body  impingea  upon  aficed  plane,  in  the  dirtetiM  of 
a  line  maldnff  a  given  angle  tvith  the  normal  to  the  plane 
determine  the  motion  after  impact. 


Let  V  be  the  velocity  before  impact,  a  the  angle 
its  direction  makes  with  the  normal  to  the  plane :  e,  0 
lar  qui^ntitics   after  impact.     The  rest  of  the   notatioa  it 
before. 

We  may  suppose  the  velocity  V  to  be  resolved  into  two 
velocities,  one  parallel  to  the  plane  (Fsin  n),  the  other  per- 
pendicular to  it  ( K  cos  o) ;  the  former  will  not  be  altered  by 
tlie  impact,  the  latter  may  be  treated  as  in  the  case  of  direct 
impact,  and  will  therefore  he  diminished  in  the  ratio  of  l 
The  resolved  parts  of  the  velocity  after  impact,  parallel  and 


COLLISION    ( 


perpendicular  to  the  plane,  are  v  sin  Q,  and 
lively;  hence  we  shall  have. 


COB  9  respcc- 


9-  Kb! 


V  COB  $  =  —  eV cos  a ; 

.-.  cot  6  =  -  fi  cot  a,    and  v"  =  F'  (ain"a  +  e*  cos*a), 

which  equations  determine  Q  and  v. 

It  may  be  observed  that  this  investigation  is  applicable  tO" 
the  case  of  impact  on  any  surface,  by  substituting  for  the 
plane  on  which  the  impact  has  been  supposed  to  take  place 
the  plane  which  touches  the  surface  at  the  point  of  impact. 

Cob. 


If  the  elasticity  be  perfect,  or  «  = 

,  we  shall  have 

cot  0  -  -  cot  U, 

ov  e=-a, 

and  r*  "  P,  or  V  -  V. 

The  interpretation  of  these  results  is,  that  the  ball  will 
rebound  from  the  plane  with  a  velocity  equal  to  that  of 
incidence,  and  in  a  direction  making  an  angle  with  the  normal 
equal  to  ^hc  angle  of  incidence,  but  on  the  opposite  side  of 
the  normal. 

54.  The  more  general  case  of  the  oblique  impact  of  two 
balls  may  be  solved  in  like  manner  by  resolving  the  velocity 
of  each  ball  into  two,  namely,  one  in  the  direction  of  th& 
mutual  impulsive  pressure,  and  the  other  in  the  direction  at 
right  angles  to  it ;  then  the  latter  portions  of  the  velocities 
will  not  be  affected  by  the  impact,  and  the  former  will  be 
modified  exactly  in  the  same  way  as  if  the  impact  had  beea 
direct. 

We  shall  subjoin  a  few  examples  of  impact. 

Ex.  1.  A  perfectly  elastic  ball  impinges  directly  upon 
another,  and  this  upon  a  third ;  compare  (/te  velocity  communi- 
caled  to  the  third,  with  that  which  would  liavc  been  communi- 
cated ifthefirat  had  im^nged  upon  it. 
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Let  MM'Jt'he  the  masses  of  the  balls,  rthe  vdocity 
of  M  before  impact. 

Let  R  be  the  force  of  compression,  then  we  should  find, 
by  an  investigation  such  as  that  in  Art.  48,  that. 

.*.  the  velocity  of  it  after  impact 

iR  SM        rr    f  '  ,\ 

"  — =  " Z7  V,  (smce  *  ■  1). 

it     M  +  it    '^  ' 

In  like  manner,  the  velocity  communicated  to  it! 

at  iM 


it  +  M"'M+ir 


r. 


But  the  velocity,  which  would  have  been  communicated,  if 
Jtf  had  impinged  upon  M", 

ii£      „ 


M  +  it' 


.  *k*     *•  A'        iit(M+3f') 

•  •  *^*  ~*'^  '^"^^  "  (^if+irKM+ACy 

Ex.  2.  In  the  direct  impctct  of  perfketlp  eloitie  hodie$,  the 
sum  of  the  massea  of  the  bodies  multy>lisd  each  6y  the  square  of 
iU  velociip  is  the  same  bqfbre  and  after  impact. 

Let  M3t  be  the  masses  of  the  bodiesi  W  their  rei^ctiye 
Telodtiea  beforet  and  vt/  after,  unpaci 

Then,  we  have  seen  (Art.  50),  that  . 
flinee  e  >■  1 : 
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or #4-  F-if'+F' (1). 

Again, 

orlf(©-F)--jr(©'-  r) («). 

Multipljing  together  (i)  and  (2),  we  hare 

or,  lfc«  +  Jtf V«  -  Jtf  F«  +  3tr'\ 

The  mass  of  a  body  multiplied  by  the  square  of  its  velocity 
18  called  its  Vis  Viva ;  hence  it  appears,  that  when  the  elas- 
ticity is  perfect,  the  sum  of  the  Via  Viva  of  two  impinging 
bodies  is  not  altered  by  impact. 

Ex.  $.  In  the  eoUirion  cf  imptrfectly  elastic  bodiei,  Vi$ 
y'wk  is  tost  by  the  impact. 

In  this  case  we  have 

«l8o»-t/-F-r-(l+«)(r-  F')--e(r-F'); 

.'.  {Mv  +  Bfv'y  -  {MV  +  MF'y, 
«Bd  MWif) -  vj  -  MM:e{V-  D* 

mMM'iv-  ry-(i~<^MM'xr-  vy-, 

.-.  by  addition,  (M+ M*)(Mi>»  +  Mv'*)  ~  (M  +  M){MV*  +  M  V*) 

-(i-^MMiv-ry, 

orift»»+J#'«'»-ifF»+JirF*-  (I  -  e*)  Jf  ,^(F-  Vy-, 

Ja  +  JUT 

^Uch  proyes  the  propositkw,  since  e  is  less  than  u 
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Ex.  4.  An  eUutie  ball  faUs  from  a  given  height  wpi 
given  inclined  plane ;,  to  find  the  lotus  rectum  of  the  pare 
described  after  the  rebound. 

Let  /3  be  the  angle 
of  the  plane :  A .  the 
point  from  which  the 
body  falls;  P  the  point 
of  impact,  AP  •  A.  Let 
PN  be  normal  to  the 
plane,  PB  horiaontal, 
and  PM  the  direction 
in  which  the  ball  goes 
off  after  impact;  also 
Itt  BPM^e. 

Then  the  Telocity  with  whidi  the  body  reaches  P  «  V 
and  the  angle  APN  —  /3>  hence  if  F  be  the  velocity  withi 
the  ball  leaves  the  plane, 

P  -  2gh  (sin«^  ^ifcoeffi).     (Art.  53.) 

Again»  NPM^  90^  .  j3  4. 0,  hence  we  have,  (by  the  1 
artide,) 

tan03-9)-«cot/3. 
The  latos  rectum  of  the  parabola  deacribed 

-  —  ooa'ft    (Art  41.) 


And  we  have 


tan3-tan9 


i^tan^tanff     tan^' 
tan*^-tanetan3-«  +  €tan^tan0; 

tai^^-a 


.\  tantf 


and  cosW 


tan^(l4^tf)' 
tan'3  (I  +  eY 


1  4^  tanV     Un'>i(i  A^ef^  (laaP^-  «)P 


tan»3(l^#V 


w^ 


L     r#  iiiiii  ■■■!  «tf 


le  time  Li 
eir  centre  of 


^  Jk  r 


9e  the  eeasie  <if  cancx  in£ 


If  the  JMJSKL    vt   woBL  iuc   iut  l^inffS:    llf 
sat  rest  before !■■■«&.  lac&x  ^dL  m  «:  ^««;  t^b*r 


asuie  method  of  deabmaBzacaiiL  luf  M  t^qdiSsL  ^  ls«i: 
of  moT  nrnnhrr  of  2«Ia. 


^  of  the  laUt  »  «rrfgr  tfcfll  tiie  fi^usdy  <jii— innrnprjf  |(^ 
nay  k  tke  yrmftwi 


JL  1,  we  bsre  afaieadr  fenui  Utt  ^xfnmuuL  Sw  ^^ 
oommmiicsted  to  M^^  vaajtij  ---— —  %^  -  ^     «^      * 

^  is  the  TelocitT  of  J!£    It  vS  be  iriWSsiiMaj  there- 

JfJf' 
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Ex.  4.  Jn  elastic  ball  falls  from  a  given  height  upon  a 
given  inclined  plane;,  to  find  the  UUus  rectum,  of  the  parabola 
described  after  the  rebound. 

Let  )8  be  the  angle 
of  the  plane :  A .  the 
point  from  which  the 
body  falls;  P  the  point 
of  impact,  AP  «  A.  Let 
PN  be  normal  to  the 
plane,  PB  horizontal, 
and  PM  the  direction 
in  which  the  ball  goes 
off  after  impact;  also 
let  BPM  »  e. 

Then  the  velocity  with  which  the  body  reaches  P  =  y/^gh^ 
and  the  angle  APN  —  jS,  hence  if  F  be  the  velocity  with  which 
the  ball  leaves  the  plane,  - ; 

P  =  Zgh  (8in«)3  +  6*  C08«)3).     (Art.  S3.) 

Again,  NPM  ■■  90°  -  )3  +  0,  hence  we  have,  (by  the  same 
article,) 

tanO3-0)-6Coti3. 

The  latus  rectmn  of  the  parabola  described 

2F» 
cos'0.    (Art.  41.) 

9 
And  we  have 


and  cos*d 


tan  /5  -  tan  {f          e 

1  +  tan /3  tan  0  "tanks' 

tan^jS- 

-  tan 0 tan  fi^  e+  e tan  fi  tan 0 ; 

^     ^        tan'iS  -  a 

.%   tan  0  - jr^ r  , 

tan)8(l  +  e) 

1 

tan»/3  (1  +  ey 

1  +  tan'0      tan'j3  (i  +  ef  +  (tan»/3  -  «)* 
tan»/3  (1  +  «)•  ._,^    (1  +  e)* 


8ec»^  (tan»/3  +  O 


8m*/3 


tan'/J  +  e** 
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.-.  —  cos»0  -  4A(rin«/3  +  ««cos«i3)  sin'/J    ^^  "*■  ^^* 


g  \      r-  /-/        f  tan*/3  +  «• 

-4Asm«j3co8*)3(l  +e)« 
«  A  sin'g/S  (1  +  «)*. 

* 

Ex.  5.  To  determine  the  motion  0/  the  centre  of  gravity 
of  two  elastic  balls  after  direct  impact. 

At  the  time  t,  let  x^  af\  ofp  be  the  distances  of  the  two  balls 
and  of  their  centre  of  gravity  respectively  from  any  fixed  point 
in  the  direction  of  motion.  The  rest  of  the  notation  as  before. 
Then,  by  Art.  4S,  page  246, 


fj 


'  Mof  +  3fw      Mv  +  M'v 

Hence  the  centre  of  gravity  will  move  with  the  uniform 

I    velocity  r — — — z^zr— ,  or  with  the  velocity  which  it  had  be- 
i  M+  M 

\    fore  impact.    If  the  motion   be   such  that   the  centre   of 

\    pavity  is  at  rest  before  impact,  then  it  will  be  at  rest  after 

impact. 

The  same  method  of  demonstration  may  be  applied  to  the 
collision  of  any  number  of  balls. 

Ex.  6.  jtf  'perfectly  elastic  ball  M  impinges  directly  upon 
^HotAer  M'  and  this  upon  a  third  M'^,  to  find  the  relation  between 
^  masses  of  the  haUs  in  order  thai  tlie  velocity  communicated  to 
^  Jmt  may  be  the  greatest  possible. 

In  Ex.  1,  we  have  already  found  the  expression  for  the 

sJIfJIf' 

Telocity  communicated  to  Jf ',  namely  (j^  .  j^'^tj^j.  j^'\  ^^ 

where   V  is  the  velocity  of  M.    It  will  be  necessary  there- 
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-^ :-^^, as  small  as  possible.     This  we  shall  do 

by  the  method  given  in  the  note  on  page  45. 

Let  ^JM'^M-HM^m 

MAT 

.'.  Jit*  +  (M  +  M")  AC  +  MM"  m  xMJt, 

M*  -  {Mw  -M-  M')  Jf'  +^= •  '^ 

%  4 

The  smallest  value  that  #  ean  hare  is  that  which  makes 

or  Sfm  s/lnt% 

that  is,  the  mass  of  the  middle  ball  must  be  a  mean  pro- 
portional between  the  masses  of  the  first  and  third. 


NEWTON. 


SECTION  I. 

P>IOBIBaOII  OOVOBBHDra  THH  OUBTATUXB  OT  OUBTX  UBSa] 

SECTION  IL 

SECTION  IIL 
tunroiz  ooHTAOtnta  thx  thiobt  oi  otomidal  oooxLLnnasB.} 


NEWTON. 


INTHODUCTOEY  REMARKS. 

1.  It  may  perhaps  assist  the  student  towards  the  right 
understandings  of  those  extracts  from  Newton's  Principia 
which  follow,  if  we  preface  them  with  a  few  remarks  respect- 
ing their  general  purpose. 

2.  The  ordinary  processes  of  geometry  and  trigonometry 
are  sufficient  for  the  mensuration,  and  for  the  discussion  of 
the  properties,  of  straight  Hnes  and  figures  bounded  by 
straight  lines;  but  these  methods  fail  when  we  come  to 
the  consideration  of  curve  lines  and  figures  bounded  by 
curves.  We  require  then  some  method,  which  shall  enable 
us  to  extend  our  calculations  to  this  more  difficult  case,  and 
such  a  raethod  is  propounded  and  developed  by  Newton  :  he 
considers  that  although  a  figure  inclosed  by  a  curve  line  is 
not  a  polygon,  yet  a  polygon  may  be  made  to  approach  as 
near  as  we  please  to  such  a  figure  by  increasing  the  number 
and  diminishing  the  length  of  its  sides;  according  to  a  common 
phraseology,  a  figure  inclosed  by  a  curve  line  may  be  re- 
garded as  the  limit  of  a  polygon,  and  thus  we  are  enabled 
to  e 3 tend  to  the  former  propositions  proved  concerning 
the  latter. 

We  have  already,  in  fact,  anticipated  this  view  in  more 
than  one  case,  as  for  instance,  in  determining  the  area  and  cir- 
cumference ofa  circle, (Trig.  Art.  51,  page  118);  for  we  deduced 
those  expressions  by  observing  the  values  to  which  the  area 
and  circumference  of  a  regular  polygon  continually  approxi- 
mated, when  the  number  of  the  sides  was  increased  and  their 
length  diminished  indefinitely'. 

We  also  anticipated  the  principle,  when  we  regarded  the 

tangent  of  a  curve  as  the  line   drawn  through  two  points  in 

the  curve,  when  one  of  those   points  is  made  to  move  up 

indefinitely  near  to  the  other ;  in  other  words,  we  regarded 

■  Exuninc  ilw  Am.  W— »B,  ftga  )SI— IHI. 
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the  tangent  as  tbe  limiting  position  of  Uie  secant,  "when 
the  points  through  which  the  secant  is  drawn  coalesce. 
(Conies,  page  l6l). 

3.  Having  used  the  term  limit,  let  ua  endeavour  to  define 
it  strictly. 

Dep.  The  limit  of  the  value  of  a  quantity  is  the  value  to 
which  the  quantity  continually  approaches,  (though  it  never 
reaches  it,)  and  from  which  it  may  be  made  to  differ  by  less 
than  any  assignable  quantity,  when  any  element  on  which  tbe 
quantity  depends  is  indefinitely  increased  or  diminished. 

The  limiting  position  of  a  line  would  be  similarly  defined. 
Ilence  it  appears,  that  we  do  not  assert  that  a  quantity  ever 
is  equal  to  its  limit,  but  only  flint  it  continually  approximates 
to  it.  Thus  we  do  not  say  that  a  circle  is  a  polygon,  or  a 
tangent  a  secant,  but  only  that  a  polygon  continually  appKx- 
imates  to  a  circle  as  the  number  of  its  sides  is  increased 
and  their  length  diminished,  and  that  a  secant  continually 
approaches  to  a  tangent  as  the  points  of  section  approach 
each  other. 

4.  The  difficulty,  which  we  have  pointed  out  as  existtDf 
in  the  application  of  mathematics  to  Geometry-,  exists  aUo 
in  the  application  of  them  to  Mechanics.  'I'hus  we  have 
seen,  that  in  our  treatise  on  Dynamics  we  were  restricted 
to  the  consideration  of  uniform  force,  because  wc  had  no 
calculus  which  enabled  us  to  treat  of  force  varying  rrotn  one 
moment  to  another.  We  moy  however  consider,  that  If  we 
suppose  the  case  of  a  number  of  impulses,  and  suppose  these 
impulses  to  be  indefinite  in  number  but  also  indefinitely 
BUiall  in  intensity,  wc  shall  have  a  hypothetical  Bystetn  of 
impulses  approximating  as  near  as  wc  please  to  the  choraoter 
of  continuous  varying  force ;  in  other  words,  a  continoous 
varying  force  may  he  regarded  as  the  limit  of  a  system  of 
impulses. 

5.  The  method  of  calculation,  which  Newton  has  founded 
on  this  idea  of  a  limit,  and  which  lie  has  developed  in  the 
first  section  of  his  Principia,  he  calls  The  method  of  prim* 
and  vttimate  ratios.  The  propriety  of  the  name  will  be  seen 
by  considering  an  example. 
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Let  tis  snppose  PQ  to  be  a  portion  of  a     ^ 
curve,  PT  the  tangent  to  it  at  P.  TQ  per-        ■'^==^,„^ — T 
peodicular  to  PT:  then  we  may  consider  the  ^^1 

curve  PQ  to  be  traced  out  by  a  point,  moving 
according  to  some  given  law,  and  PT  to  be  traced  out  by 
»  point,  which  moves  in  the  direction  in  which  the  former 
point  was  moving  at  P.  Now  it  will  be  hereafter  proved, 
that  the  limit  of  the  ratio  of  the  Unes  PT  and  PQ.  when  TQ 
is  drawn  indefinitely  near  to  P,  is  one  of  equality ;  hence,  if 
we  regard  PQ  and  PT  as  described  by  two  points  be^nning 
to  move  from  P,  we  may  speak  of  their  nascent  state,  and 
say  that  tbeir  prime  ratio  (tlint  is,  the  ratio  which  they 
hare  at  first,)  is  one  of  equality;  or,  on  the  other  hand,  we 
way  suppose  PQ  and  PT  to  be  continually  diminished  by 
the  approach  of  TQ  to  P,  and  then  we  may  speak  of  their 
■vanishing  state  and  say,  that  their  ultimate  ratio  is  one  of 
equality.  Prime  and  vJtimate  therefore  are,  in  general,  ex- 
pres^ons  for  the  same  thing,  contemplated  from  two  different 
points  of  view, 

6,  It  may  be  well  to  observe,  that  when  Xewton  speaks 
of  two  quantities  being  ultimately  equal,  he  does  not  mean 
that  they  ever  are  really  equal,  but  that  they  are  tending  to 
the  same  limit;  thus,  to  take  an  algebraical  illustration, 
according  to  Newton's  phrase,  o  +  it  and  a  +  2j  are  ultimately 
equal  when  x  is  indefinitely  diminished,  because  both  tend  to 
the  same  limit,  viz.  the  quantity  a. 

And,  in  like  manner,  in  the  example  adduced  in  the 
preceding  article,  Newton  would  speak  of  PT  and  PQ  being 
nilimalely  equal;  not  asserting  thereby  that  those  lines  are 
(ter  really  equal,  but  only  that  they  constantly  tend  to 
equality,  and  that  the  difference  between  their  ratio  and 
unity  diminishes  indefinitely  as  the  line  TQ  approaches  P. 

In  the  Scholium  at  the  conclusion  of  the  first  section 
Xcvton  himself  considers  some  of  the  objections  which  may 
be  raised  against  his  method. 


NoTK.  In  the  following  version  of  the  three  sections, 
lome  demonstrations  and  propositions  h.ive  been  introduced 
which  are  not  found  in  the  Prineipia:  all  such  interpolations 
are  marked  by  being  inclosed  in  parentheses. 


SECTION  L 

ON  THE   METHOD  OF   PRIME  AND  ULTIMATE  KATIOS. 


Lemma  L 

Quantities  and  the  ratios  of  quantities  which  tend  eonstanilf 
to  equality,  and  may  be  made  to  approximate  to  each  other  if 
Uss  than  any  assignable  difference,  become  uUimatehf  equal. 

For  if  not,  let  them  become  ultimately  unequal,  and  their 
difference  be  ultimately  2>.  Therefore  they  cannot  approii- 
mate  to  each  other  by  less  than  the  difference  D,  and  this  is 
contrary  to  the  hypothesis,  which  is,  that  they  may  approxi- 
mate by  less  than  any  assignable  difference.  Wherefore  tbej 
do  not  become  ultimately  unequal,  that  is,  they  become  ulti- 
mately equal.     q.e.d. 

Lemma  IL 

If  in  any  figure  AaE,  bounded  by  the  straight  lines  AtL^ 
AE  and  the  curve  acE,  there  be  inscribed  any  numher  of  paral- 

lelograms  Ab,  Be,  Cd on  equal  bases  AB,  BC,  CD 

and  sides  Bb,  Cc parallel  to  the  side  of  the  figure  Aa,  and 

the  parallelograms   aKbl,    bLcm,    cMdn be   completed: 

then  J  if  the  breadth  of  these  parallelograms  be  diminished  ani 
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tkeir  taimber  inatoMd  iitde/tniufy,  tKe  wffiwart  fvtiot  ^  tk* 

iitKribed  figure  AKbLcM ,   the  ^rwmter^ed  Jlffan 

AalbmcndoE,    ouf   the   curnlinear  Jtgvre   AabcdE,    wiU   be 

rotiof  of  equalitif. 

For  the  difference   of   the  inscribed   and  circumscribed 

figures  19  the  Bum  of  the  pamUelograms  Kl,  Lm,  Mi*.  Do , 

that  is.  (since  the  bases  are  all  equal)  the  parallelogram  JalB. 
But  tliis  parallelogram,  by  dimiQishing  its  breadth  indeE- 
nitely,  may  be  made  less  than  any  assignable  quantity, 
llierefore,  by  Lemma  I.,  the  inscribed  and  circumscribed 
figures,  and  a  Jarliori  the  camlinear  figure  which  is  inter- 
mediate to  the  two,  become  ultimately  equal.      Q.iJ>. 


The  tame  ultimate  ratio*  are  also  ratioi  of  equality,  when 
Iht  hreadthf    of  the  parallelograms    AB.   BC,   CD art 

Mtqval,  and  all  are  diminiahed  indefinitely. 

For  let    AF   be 

tqaal  to  the  greatest 
breailtb,  and  com- 
plete the  parallelo- 
ema  JafF>  Then 
this  parallelogram 
•ill  be  greater  than 
the  difference  be- 
'■een  the  inscribed 
lad  circumscribed 
figures ;  but,  when 
its  breadth  is  dinii- 
Dtsbed  indefinitely,  it 
will  become  less  than  any  assignable  quantity,  and  therefore 
tfmiori  the  difference  between  the  inscribed  and  circum- 
Bctibed  figures  will  be  less  than  any  assignable  quantity. 
IIcDce,  as  in  the  preceding  Lemma,  the  ultimate  ratios  of 
Jhc  inscribed,  the  circumscribed,  and  the  curvilinear  figure, 
irill  be  ratios  of  equality.     q.k.d. 
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Cor.  1.  Hence  the  ultimate  sum  of  the  evanescent  paral- 
lelograms coincides  with  the  curvilinear  figure. 

Cor.  2.  And  a  fortiori  the  rectilinear  figure,  whidh  is 
included  by  the  chords  of  the  evanescent  arcs  a6,  be,  cd,  &c. 
coincides  ultimately  with  the  curvilinear  figure. 

Con.  S.  As  in  like  manner  does  the  circumscribed  figure 
which  is  included  by  the  tangents  of  the  same  arcs. 

Cor.  4.  And  the  perimeters  of  these  ultimate  figures 
are  not  rectilinear,  but  the  curvilinear  limits  of  rectilinear 
perimeters. 

Lbmma  IV. 

If  in  two  figures  AacE,  PprT,  are  inscribed  two  series 
of  parallelograms,  {as  in  the  preceding  Lemmas,)  the  number  in 
the  two  series  being  the  same,  and  if  when  the  breadths  of  the 
parallelograms  are  diminished  and  their  number  increased  indefi^ 
nitely,  the  ultimate  ratios  of  tlie  parallelograms  in  one  figure  to 
those  in  the  other  each  to  each  are  all  the  same ;  then  are  the 
figures  AacE,  PprT  in  that  same  ratio. 


For  as  the  parallelogramsT  are  each  to  each,  so  {compo-- 
nendo)  is  the  sum  of  all  in  one  figure  to  the  sum  of  all  in  the 
other,  and  therefore  the  figure  AacE  to  the  figure  PprT; 
for  by  the  preceding    Lemma,  the  ultimate  ratio  of  these 
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figures  to  the  eeries  of  inseribeil  parallelograms  is  a  ratio  of 
equfllitj*.     Q.H.D. 

Cor,  Hence  if  two  qiiantitiea  of  any  kind  be  divided 
into  the  same  number  of  parts;  and  those  parts,  when  the 
nuiober  of  them  is  increased  and  their  magnitude  diminished 
indefinitely,  have  a  given  ratio,  namely,  (he  first  to  the  first, 
the  eecond  to  the  second,  and  so  on,  the  whole  quantities  will 
be  to  each  other  in  that  same  given  ratio.  For  if  in  the 
figures  of  this  Lemma  the  parallelograms  be  taken  having  the 
same  ratio  to  each  other  as  the  parts,  the  sums  of  the  parts 
nil!  always  be  as  the  siuns  of  the  parallelograms ;  and  there- 
fore, when  the  number  of  the  parts  and  parallelograms  are 
increased  and  their  magnitude  diminished  indefinitely,  they 
will  be  in  the  ultimate  ratio  of  parallelogram  to  parallelo- 
^ro,  that  is,  (by  hypothesis]  in  the  ultimate  ratio  of  part 
lopart. 

[DtF.  One  curvilinear  figure  ia  said  to  be  similar  to 
Mother,  when  any  rectilinear  figure  being  inscribed  in  the 
first,  a  similar  rcctihnear  figure  may  be  inscribed  in  the  other. 

In  other  words,  similar  curvilinear  figures  are  the  limila 
of  similar  rectilinear  figures,  the  sides  of  which  have  beea 
inileGnitely  increased  in  number  and  diminished  in  length.] 

'IBymeuni  of  ihij  Lctnnn  we  maj  UdiI  the  knsoCaD  cllipie. 


f"  i(  ABit  be  ihe  ellipic,  AOa  the  Buxilisry  circle,  anii  we  deacribi:  In  ihne  a  >erii 
•fpuilltlogruni  on  equil  buo,  luch  *■  PP'N'N,  QQWN,  thcae  parBlUlagrami  ai 
HaKliuiliciM  FN:  Q.V.otM  BC  :AC,  (Conies,  Prop.  vi.  p.  17B,) 

ThSE&n 

■naDftUipu  lore*  of  circle  ::  BC  :  AC, 

or,  ire«  of  cllipte  = -7-^ .  ».4  C 
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Lbmma  v. 
The  hamologaua  sides  of  similar  curvilinear  Jigures  are  pro* 
portional,  and  their   areas    are   in  the  duplicate  ratio  of  the 
sides*. 

[Let  JED,  aed  be  two  similar  curvilinear  figures,  of  which 
the  sides  JE,  ED,  AD,  are  homologous  to  ae,  edj  ad^  respec- 
tively ;  then,  by  definition,  if  ABCDE  be  a  polygon  inscribed 
in  one,  a  similar  polygon  ahcde  may  be  inscribed  in  the  other. 


Join  EB,  EC...,  eb,  ec...^  dividing  the  polygons  into  the 
same  number  of  similar  triangles ; 

.-.  AB  :  ab  ::  AE  :  a€, 

similarly,  BC  :  be  ::  BE  :  be  ::  AE  :  ae^ 

CD  :  cd  ::  AE  :  ae. 


•*.  componendOf 

AB-^  BC  +  CD+  ...  :  a6  +6c  +  ci+  ...  ::  AE  :  ae. 

Now  this,  being  always  true,  will  be  true  when  the  number 
of  sides  is  increased  and  their  lengths  diminished  indefinitely ; 
but,  in  this  case,  the  rectilinear  figure  A  BCD...  becomes  ulti- 
mately equal  to  the  curve  line  AD,  and  abed...  to  ad ; 

.*•  AD  :  ad  ::  AE  :  ae  ::  ED  :  ed. 

*  [NewtOD  i^vet  thii  Ifemma  without  any  demonstration ;  that  given  in  the  text  ii  in 
fact  merely  an  ezpanaion  of  the  aasertion  that  similar  cnrrilinear  polygons  are  the  /tMtlt 
of  similar  rectilinear  polygons,  and  the  mind  which  has  grasped  the  principle  that  what  is 
true  of  two  polygons  is  necessarily  true  of  the  limits  of  those  polygons,  will  at  once  receire 
the  Leninu,  as  Newton  has  gi? en  it,  without  formal  dcmonitratioiLj 
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Again,  poly^n  EABCD :  polygon  eabcd  ::  AE*:  ae',  and 
this  being  always  true  will  be  true  in  the  limit  as  before; 
therefore,  (Lemma  HI.  Cor.  2.) 


curvii'.  figure  A  ED  :  cuttiI'.  figure  <ud 


AE*:<a* 

Ajf  XQ^ 

.lED'ied^ 


Coa.  If  JED,  aed,  are  similar  Bgures,  and  EC,  ec  equally 
inclined  to  ED.  ed,  then  EC :  ec  r.  ED  :  erf.] 

[A  curve  may  be  conceived  as  being  traced  by  a  point,  the 
direction  of  the  motion  of  which  is  continually  changing. 

The  tangent  at  any  point  of  a  curve,  thus  considered,  is 
the  straight  line,  in  which  the  generating  point  would  more, 
ir  instead  of  changing  the  direction  of  its  motion  it  moved  on 
in  the  direction  which  it  had  at  the  given  point. 

A  curve  is  said  to  be  one  of  continued  curvature,  when  the 
change  of  direction  is  not  abrupt,  but  gradual;  that  is,  if 
ACS  (fig.  Lemma  VI.)  be  an  arc  of  continued  curvature,  AD 
1  tangent  at  A,  and  BT  a.  tangent  at  B,  then  as  the  point  B 
mores  to  A  the  angle  BTD  which  determines  the  direction  of 
it9  motion  diminishes,  not  abruptly,  but  gradually,  and  ulU- 
DUtdjr  vanishes.] 

Lbmha   VI. 

If  any  arc  of  continued  curvature  ACB  be  subtended  by  the 
thord  AB,  and  have  the  tangent  ATD  at  A  ;  then  if  the  point  B 
■MM  up  to  A,  the  angle  BAD  will  diminish  indefinitely  and 
ultimately  vanish*. 

[Draw  the  tangent  BT  at  B ;  then,  since  the  curvature  is 
continued,  the  angle  BTD  continually  diminishes  as  B  ap- 
{■TMches  A,  and  ultimately  vanbhes ;  therefore  d  fortiori  the. 

[Il  vill  b«  euilf  icRi,  ibil  the  modeof  lining  the  ungtnt  lo  ■  curre,  which  hu 
ttoi  hen  adopled,  rainddc*  wilh  ihit  according  to  which  (he  ungent  it  consiilcrcd  ■*  Ihc 
kbing  pMilion  of  ihc  tccuit,  (tee  fxgt  161);  ror,»ii«lbe  angle  BAD  uttinutdj 
•Muho,  (be  *acaal  JB  ultinuttd/  colneidn  with  the  tugmt  AD.] 
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iEingle  BAT,  which  is  less  than  BTD^  continual! j 
and  iiltimately  vanishes*.     a.B.D. 


Cor.     Similar  conterminous  arcs,  which  have  their  chords 
coincident,  have  a  common  tangent. 


Let  the  similar  conterminous  arcs  APB,  Jpb,  have  their 
chords  AB,  Ab  coincident,  and  let  APp^  AQq  be  any  other 
coincident  chords ;  then  since  the  curves  are  similari 

AQ  :  Aq  ::  AB  :  Ab  ::  AP  :  Ap. 

Hence  the  arcs  AQP^  Aqp  are  similar,  and  therefore,  if  P 
move  up  to  A,  the  arcs  AP,  Ap  being  always  similar  will 
vanish  together,  and  the  chord  APp  in  its  ultimate  position 
will  be  a  tangent  to  both. 

*  [NewUm*!  demonitiation  of  this  Lcmroa  is  m  follows : 

Nam  si  angulus  ille  non  evanescit,  continebit  arciis  ACS  cum  tadgente  AD  anga* 
liim  rcctilineo  equalem,  et  propttrca  carratura  ad  panctum  A  noB  erit  foatiiiiia ;  contra 
hjpothcsid. 

The  demonstfation  gif  en  in  the  text  differs  from  the  above  chieflj  in  exhibiting  more 
•Implj  and  cleailj  the  idea  of  continuity  t  if  the  cnnratare  of  a  curre  at  any  point  ia 
eontinfied,  then  the  angle  between  the  tangents  at  two  pointt  indefinitclj  near  together  is 
itself  indeliniteljr  small ;  but  if  in  its  ultimate  position  the  line  AB,  which  will  then  be 
coincident  in  direction  with  AD^  makes  with  the  arc  ACB  a  finite  angle,  then  it  must 
follow  that  there  is  a  finite  angle  between  the  tangents  at  two  points  indefinitely  near  to* 
gether,  that  isy  there  is  ft  di9C9tUinmip  of  the  corTaHiie.] 
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Dbf.  The  subtense  of  an  arc  is  a  straight  line,  drawn 
from  one  extremity  of  the  arc  to  meet,  at  a  finite  angle,  the 
tangent  to  the  arc  at  its  other  extremity. 

0b3.  The  following  three  Lemmas  involve  a  common 
principle,  which  it  may  be  well  to  endeavom-  to  explain.  The 
porpose  of  each  Lemma  is  to  discover  the  ultimate  value  of 
a  ratio,  both  terms  of  which  become  in  the  limit  evanescent, 
and  the  difficulty  consists  in  determining  this  value  geometri- 
cally, The  artifice  made  use  of  by  Newton  is  this;  he 
Eubstitutes  for  the  ratio,  the  ultimate  value  of  which  is  to  be 
determined,  another  ratio,  which  is  such,  that  it  is  always 
equal  to  the  given  ratio,  but  yet  that  its  terms  become 
finite  and  not  evanescent  in  the  limit ;  the  difficulty  therefore, 
ju:jt  now  alluded  to,  does  not  enter  into  the  determination  of 
Uie  ultimate  value  of  this  subsidiary  ratio,  which  being  found, 
the  ultimate  value  of  the  given  ratio  is  also  known,  being 
equal  to  it.] 

Lemma  VIL 
1/  BD   he  a  stibtenee   of  ike  arc  ACIi   of  cotUinued  cur- 
vatare,  and   B  move  up  to  A,  then  will  tfie  ultimate  ratio  of 
liieare  ACB,  (Ac  chord  AB,  and  the  tangent  AD  be  a  ratio  of 

Let  JD  be  produced  to  some  fixed*  point  d,  and  as  B 
mores  up  to  A,  suppose  db  always  drawn  through  d  parallel 
lo  DB  to  meet  AB  produced  in  6,     Also  on  Al>  suppose  an 


■re  Jt^  to  be  described  always  similar  to  the  arc  ACB,  and 
iuviiig  therefore  ADd  for  its  tangent. 


•imt>lici<r'*  Hke  the  paint  d  i> 

(he  pToof  I  (he  oiilf  nee 
JMt*.    A  Umllar  obinvalion  ippliet  to  i 


en  of  u  »fixvd  polni,  but  this  conditfon  ii 
J  candiiion  is,  ihkt  Ad  ihould  Uwb/i  b* 
Ml  two  Leniiiiu.] 
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Tbea,  hy  Bimilar  figures,  we  shall  always  havd, 
AB  :  ACB  :  AD  ::  Ah  :  Ach  :   Ad; 
and  since  this  proportion  is   always  true,  it   is  true  in  tLc 
limit  when  B  has  moved  up  to  A. 

But,  in  this  case,  the  angle  bAd  vanishes,  and  therefore 
the  point  6  coincides  with  d,  and  the  lines  Ah,  Ad,  and  there- 
fore Acb  which  lies  between  them,  are  equal. 

Hence  also  the  arc  A  CB,  the  chord  AB,  and  the  tangent 
AD,  which  are  always  in  the  same  proportion  aa  Ach,  Ab,  and 
Ad,  are  ultimately  equal.     as-D.  i 

Cor.  I.  Hence  if  through  B,  BF  he  drawn  parallel  to  .1 
the  tangent,  cutting  any  straight  line  AF  always  passing  I 
through  A,  this  line  BF  will 
ultimately  have  a  ratio  of  equa- 
lity to  the  evanescent  arc  ACB, 

because  if  we  complete  the  pa-         '     '**■  **\ 

rallelogram  AFBD  it  has  always  a  ratio  of  equality  to  AD. 

Cor.  S.  And  if  through  B  and  A  any  number  of  straight 
lines  BE,  BD,  AF,  AG,  be  drawn,  cutting  the  tangent  AP 
and  the  line  BF  which  is  parallel  to  it ;  the  ultimate  ratio  of 
the  lines  AD.  AE,  BF.  BG,  and  the  chord  and  arc  AB  will  be 
a  ratio  of  equality. 

CoR.  s.  Hence  in  all  reasonings  concerning  ultimate 
ratios,  the  arc,  chord,  and  tangent  may  be  used  indiffereotJj 
one  for  another. 

Lemma  VIII. 

If  two  ttraight  l%m«  AR,  BR,  makt  with  the  arc  ACB  fh* 
chord  AB,  and  the  tangent  AD,  tlte  three  triangUts  RAB,  RACB, 
BAD ;  thetx  taken  the  point  B  vioves  up  to  A,  the  three  trianglti 
will  be  ttltimatelff  gtmilar  and  equal. 

Let  AD  be  produced  to  some  fixed  point  d.  and  as  B 
moves  up  to  ^  suppose  dbr  always  drawn  through  d  parallel 
to  DBR  to  meet  AB  produced  in  6,  and  AR  produced  in 
Also,  on  Ab  suppose   au    arc  Acb  to   be    described   always 
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sunilar  to  the  arc  ACB^  and  having  therefore  ADd  for  its 
tangent. 

▲  -n  d 


Then,  by  similar  figures,  we  shall  always  havei 
RAB  :  RACE  :  RAD  ::  rAb  :  rAcb  :  rAd. 

And  rinee  this  proportion  is  always  true^  it  is  true  in  the  limit 
then  B  has  moved  up  to  A. 

But,  in.  this  case,  the  angle  bAd  vanishes,  and  therefore 
the  point  6  coincides  with  d,  and  Ab  with  Ad\  and  the  tri- 
^gles  rAbf  rAd,  and  therefore  rAcb  which  is  intermediate  to 
them,  are  similar  and  equal. 

Hence  also,  the  triangles  RAB^  RACB,  RAD  which  are 
always  similar  to,  and  in  the  same  proportion  as  rAb,' rAcb f 
fAi,  are  ultimately  similar  and  equal.     q.b.d. 

Cor.  Hence  in  all  reasonings  concerning  ultimate  ratios, 
the  three  triangles  aforesaid  may  be  used  indifferently  for  one 
another. 

Lbmbca  IX. 

If  the  9traigh4  line  A£  and  curve  ABC,  given  in  poeitian^ 
em  each  other  in  a  finite  angle  at  A,  and  the  lines  BD,  CE  be 
dratpfi,  meeting  the  line  AE  in  any  other  finite  angle,  and  the 
atrve  in  B  and  C ;  then,  if  the  points  B  and  C  move  up  to  A, 
tke  ewrvUinear  triangles  ABD,  ACE  will  be  uUimately  in  the 
dmplioate  rafio  of  their  sides. 
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Let  JE  be  produced  to  some  fixed  point  e,  and  take  Jd 
such  that 

Jd  :  Je  ::  AD  :  JE. 

Draw  db,  ee  parallel  to  DB,  EC^  to  meet  JBy  JC  pro- 
duced in  6  and  c.  On  Jc  describe  an  arc  of  a  curve  similar 
to  JBC,  which  will  pass  through  b,  because  by  similar  figures 

Ab  z  Ac  ::  JB  :  JC. 

As  the  points  B^  C  move  up  to  J,  suppose  the  curve  Abe  to 
change  its  form  so  as  to  be  always  similar  to  the  curve  JBCx 
then  the  area  ABD  will  always  be  similar  to  Jbd,  and  ACE 
to  Jce ;   hence 


G 

area  ABD  :  area  Abd  ::  JD*  :  Jd\ 

and  aresiJCE  :  area  Ace  ::  AE^  :  Je*; 

hMUD"  :  JS*  ::  Jd^  :  J^; 

.\  area  JBD  :  area  JCE  ::  area  J6cl  :  area  Jce, 

and  this,  being  true  always,  will  be  true  iiltimately  when  B 
and  C  have  moved  up  to  J. 

But,  in  this  case,  if  JFGfg  be  the  common  tangent  to  the 
two  arcs  at  J^  the  angles  bjf^  cJg  will  vanish,  and  the 
areas  Jbd^  Jce  will  be  ultimately  the  areas  Jfd^  Jg^\ 
but 

area  Afd  x  area  Age  ::  Jd^  :  ^e^ 

::  AD^  :  ^^; 
•*.  alsoi  iiltimately, 

area  ABD  \  area  JCE  ::  -42)«  :  JE^. 

Q.B.D. 
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Tli«  spaces,  described  from  rest  by  a  body  under  Ike  action 
of  any  finite  force,  are  in  tlie  beginning  of  the  motion  as  t/te 
tquarei  of  the  times  wi  which  they  are  described'. 

Let  time  be  represented  by  spaces  set  off  along  the  line 
AK.  and  velocity  generated  by  lines  perpendicular  to  JK. 
Andlet  the  time  be  divided  into  a  number  of  equal  intervals 

M,BC,  CD, ;  let  Bb,  Cc,  Dd, be  the  velocities 

acquired  in  the  times  AB,  AC,  AD ;  and  complete  the 

parallelograms  Ab,  Be,  Cd.. 


Sappose  the  force  to  act  by  impulses,  which  would  cause 

we  body  to  move  during  the  times  AB,  BC,  CD,  uni- 

fonnly,  with   the  velocities  Bb.   Cc,  Dd respectively; 

then  the  spaces  described  during  the  1st,  2nd,  3rd inter- 

I'ilswill  be  represented  by  the  parallelograms  ^6,  Be,  Cd, 

*iid  the  space  described  in  any  given  time  {A£)  by  the  sum 
ot^such  parallelograms.  But,  if  we  suppose  the  intervals  of 
'ime  indefimtely  decreased  in  magnitude  and  increased  in 
Kumber,  the  series  of  impulses  will  constitute  a  continuous 
fcree,  and  the  sum  of  the  parallelograms  will  (by  Lemma  II.) 
be  equal  to  the  area  A^L 

'  [Tbc  rolloTing  is  ihe  orif-lnal  Lalln  of  ihe  dcmonsCnlian,  which  for  dumeu'  uka 
habecngiTcn  >t  grwia  length  in  the  icxt.    The  laim  tcfci  to  (he  figure  of  Lcmnu 


ipoauiiar  umpora  pa  lineaa  AD,  AE,  t 
£C'.  rt  ipatiB  h»  vslocitalibui  deacriplft.  enini 
tcrlpic  hoc  «l,  ipM  matui  initio  (p«  lemma  I^ 
Jf.    a.K.D.J 


veloduiea  gen  its  pet  oniiiutu  DB, 
II  ireB  ABD,  ACE  hit  ordinalii  de. 
.)  in  duptiuIiL  ratione  lemporum  ADf 
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Hence,  if  a  finite  force  act  during  any  times  AD  and  AK» 
we  shall  have, 

space  in  time  jtf/>  :space  in  time  AKii  area  ADdiwcetLAlTk. 

Also  the  angle  at  which  the  curve  Ak^  or  the  tangent  A  T, 
meets  the  line  AK  is  finite,  for  since  the  force  is  finite  the 
ratio  Kk  :  AK  is  always  finite,  and  therefore  the  ratio 
KT :  AK  (to  which  the  ratio  Kk  :  AK  is  ultimately  equal) 
is  finite. 

Hence,  (by  Lemma  IX.)  ultimately, 

area  ADd  :  area  AKk  ::  Aiy  :  AK^ ; 

that  is,  in  the  beginning  of  the  motion,  the  spaces  described 
are  proportional  to  the  squares  of  the  times  of  describing 
them*.     Q.B.D. 

Cor.  1.  Hence  it  is  easily  concluded  that  the  errors  of 
bodies  describing  similar  parts  of  similar  figures  in  propor- 
tionate times,  which  are  generated  by  any  equal  forces  applied 
in  a  similar  maimer  to  the  various  bodies,  and  which  are  mea- 
sured by  the  distances  of  the  bodies  from  those  places  in  the 
similar  figures  to  which  the  same  bodies  would  come  in  the 
same  proportionate  times  without  the  action  of  those  forces, 
are  approximately  as  the  squares  of  the  times  in  which  the^r 
are  generated. 


*  [The  tame  mode  of  demonstration  ii  applicable  to  the  proposition  already  proTed> 


(page  ^1,  Art  29),nameljr,  that  in  the  case  of  uniform  finite  force  «» 

For,  let  time  be  represented  bj  spaces 
set  off  along  the  line  ^  JT,  and  velocitjr 
generated  bj  lines  perpendicular  to  it,  as 
before.  Then,  since  the  velocitj  is  pro* 
ponional  to  the  time  in  which  it  is  gene- 
rated, the  points  6,  c,  d will  be  in  a 

straight  line ;  and  the  space  described  in 
the  time  ^f  will  be  represented  bjr  the 
triangle  AKk^  or  by  hslf  the  rectangle 
under  AK  and  Kk ; 

▼el.  X  time     force x  timel* 


2  • 


spacer- 


2 
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Cor.  s.  Also  the  errors  which  are  generated  by  unequal 
forces,  similarly  applied  to  similar  parts  of  similar  figures,  are 
as  the  forces  aud  the  squares  of  the  times  conjointly. 

Cor.  S.  The  same  thing  is  true  of  the  spaces  which 
bodies  describe  under  the  action  of  different  forces.  These 
Me  in  the  beginning  of  the  motion  conjointly  as  the  forces 
ind  the  squares  of  the  times. 

Cor.  4.  And  therefore  in  the  beginning  of  the  motion 
the  forces  are  as  the  spaces  described  directly,  aud  the 
squares  of  the  times  inversely. 

Cor.  5.  And  the  squares  of  the  times  are  as  the  spaces 
described  directly,  and  the  forces  inversely. 

pf  F  represent  the  force,  S  the  space,  and  T  the  time,  we 
tna;  deduce  the  three  preceding  corollaries  as  follows. 

Accelerating  force  is  measured  by  the  velocity  which 
would  be  generated  in  a  given  time  divided  by  the  time,  the 
force  being  supposed  uniform  throughout  the  time.  (See 
Djnamics,  page  27+,  Art.  14.)  Now,  if  the  force  were  to  be 
uniform  and  of  the  same  intensity  as  at  J,  the  curve  Ak  would 
eoiodide  with  the  tangent  AT; 

KT      KT.AK  _  ^  triangle  .^yr 

'Jk' 


.-.  F~ 


AK' 


AK* 


-  2  limit 


'f 


And  the  effect  produced  by  F  upon  the  body  is  inde- 
pendent of  any  motion,  which  it  may  have  when  F  begins  to 
wt  upon  it.  Hence,  if  8  be  the  space  through  which  a  force 
F  draws  a  body,  in  the  time  T,  from  the  position  which  it 

would  have  occupied  if  F  had  not  acted,  F  =  2  limit  — .] 
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If  quantities  of  different  kinds  be  compared  one 
another,  and  any  one  of  them  be  said  to  be  directly  or  in- 
versely OS  another ;  the  meaning  is,  that  the  former  is  in- 
creased or  diminished  in  the  game  ratio  as  the  latter  or  as  its 
reciprocal.  And  if  any  one  of  them  be  said  to  be  as  any  other 
two  or  more  directly  or  inversely,  the  meaning  is,  that  the 
first  is  increased  or  diminished  in  the  ratio  which  ia  com- 
pounded of  the  ratios  in  which  the  others  or  their  reciprocals 
are  increased  or  diminished.  As  for  instance,  if  A  should  be 
said  to  be  as  Zf  directly  and  C  directly  and  D  inversely;  the 
meaning  is,  that  A  is  increased  or  diminished  in  the  same  ratio 

aaSxCx 

given  ratio. 


■  BC 


TDIGRESSION  CONCERNING  THE  CURVATURE  OP 
CUIIVE  LINES. 


Ob  the 


of  the   curvature   of  a 


I  at  ai\y 


1. 
point. 

Let  PQ.  Pq  be  two  curves  having  the  same  tangent  at  P, 
then  the  curvatures  of  these 
two  curves  at  the  point  P 
will  be  compared,  by  com- 
paring the  rate  at  which 
their  dcSection  from  the 
common  tangent  begins  to 
take  place.  Draw  the  sub- 
tense TQq,  and  join  i*Q, 
Pq ;  then  if  TQq  wore  to  move  parallel  to  itself  op  to  P,  PQ, 
Pq  would  ultimately  become  tangents  to  the  curve*  MJ.  Pi 
respectively,  and  the  ultimate  value  of  the  ratio  of  the  angled 
TPQ,  TPq  will  therefore  measure  the  ratio  of  the  curvature* 
of  the  curves  at  P. 


CUnVATCRB    OF    I 


cuirature  of  PQ  at  P      ,.    .    QPT     ,.    .    em  QPT" 

;;— i; ^  =  limit  — =r^  ■>  lirait  — r r— z, 

cunature  of  Pq  at  P  gPT  ain  qPT 


.i^ 


sin  PyQ 


J'9 


1  pry 


?r 


2.  Another,  and  perhaps  a  simpler,  way  of  viewing  this 
propositioa  is  to  consider,  that  if  from  any  point  T  in  the 
tangent  we  draw  a  perpendicular  to  meet  the  two  curves  in  Q 
ind  q  respectively,  the  deflections  from  the  tangent  will  be 
neasured  by  the  distances  of  Q  and  q  from  the  tangent,  that 
is.  by  Qr  and  qT.  Hence  the  ratio  of  the  deflections  of  the 
two  curves  from  the  tangent,  in  the  immediate  neighbourhood 
of  P,  will  be  measured  by  the  ultimate  value  of  the  ratio 

or 

IT- 

perpendicular  to  the  tangent,  but  the  ratio  will  be  the  same 

in  the  limit  at  whatever  angle  they  are  drawn. 

PThe  curvature  of  a  circle  is  the  same  throughout  and 
only  on  the  radius,  as  we  shall  shew  immediately; 
is  convenient  to  speak  of  the  ciu-vature  of  a  curve 
posed  point,  as  being  the  same  as  that  of  a  circle  of 
dius. 

4.     The  curvaturet  of  two  circles  arc  to  each  other  in  the 
»iw«  ratio  of  their  diameters. 

Let  PQ  V,  Pqv  be  two  circles  v      t 

^m%  diameters  PV,  Pv,  and  a 
Wmraon  tangent  PT  ;  from  any 
point  T  in  the  tangent  draw  TQq 
panllel  to  P  V,  and  draw  the  ordi- 
nates  <IN,  qn. 

curvature  of  PQ  V 

lacn — — — ,  „ 

curvature  of  Pqv 

K    .^QT     ,.    .    PJV 

-  hmit--  -lumt-iT- 
qT  P» 


NQ* 

,.    .,  NV     ..    .,  nv 
■■  limit  —;  =  limit  — ~  ■ 
nq  NV 


5.  Hence,  if  at  any  point  of  a  curve  we  draw  a  circle 
having  the  same  tangent  and  curYature  as  the  curve  has  at 
that  point,  we  may  take  the  reciprocal  of  its  diameter  as  the 
measure  of  the  curvature  of  the  curve  at  that  point,  and  the 
curvature  is  said  to  be  finite  when  the  diameter  of  the  circle 
is  Unite. 

This  circle  is  called  the  circle  of  ctirvature*,  and  the  radius, 
diameter,  and  chord  of  the  circle,  are  called  respectively  the 
radius,  diameter,  and  chord  of  curvature. 

We  shall  now  shew  how  to  calculate  the  chord  and  radius 
of  curvature  of  a  curve,  and  apply  the  method  to  the  Conic 
Sections. 


'  A  conTcnicnl  mode  of  vi 
driirn  ihraugh  three  poini 

Suppou  PQ 71  ID 
then  *e  know,  by  Euclid 
PQH.     Bia«L   PQ,   Qlt  u 


0,  ihen  wilt  O  lie  ihe  ci 


tie  circle  of  curviiute  li  to  coniider  il  v 
'c  which  m  indefinllelj  nur  logciher. 
n  ■  carre  indclmllclj  near  ugMber, 
to  deurlbe  ■  circle  aboul  the  tr 
,   IrO  perpend  iculu   li 


or  ihe  circle 


trUngl.    p^R 
ZZf         \ 


It  is  CMf  lo  proTe.  if  neceiMitir,  ihnt  the  circle  heic  defined  ii  really  idea* 
(Jcil  with  ihe  circle  oTcuivitiure  u defined  in  the  icxi  j  foriinee  the  circle  U 
described  Oirough  the  ihieepolnii  P,  Q,  R  oflhe  eur*e,  the  aiigle  conl^nedbMWMitkl 
linea  PQ,  QR  nikf  be  coniideied  la  be  ihe  angle  between  the  ire  and  ihe  ltti(tDI  eiih« 
in  the  circle  or  tlie  curve,  Ihal  la,  the  aiigia  between  ihe  arc  and  ihe  Uafcni  la  ih*  hb> 
tot  the  circle  and  the  curve,  in  other  worda  the  curvaiure  i<  the  taoie. 

Alio  il  it  eaij  from  ihii  definilion  of  (he  circle  of  ■ 


naj  be  obaerved  concerning  the  circle  of  cufvalure,  thai  il  generallf  paatti  ihloatk 
ve  al  the  pfunt  of  contact.  For  il  la  manlfeil  ihai  in  leaving  tha  point  at  (onlWI 
rve  will  paai  within  the  circle  or  without  It,  according  aa  lia  cutvalntc  btasd 
'  or  le*>  than  that  of  the  circle ;  now  In  general  the  curvature  of  a  cum  to  n»- 
tinuouilf  iDcreuliigor  deireaiing  in  p»alng  from  point  (o  point,  hence  aineeai  ihtpaM 
re  of  Ihe  curve  I*  (he  aame  ai  ihal  of  the  cirtte ,  it  will  ba  I*b  Is 
paning  to  a  point  on  one  aide  of  the  point  of  coniaci  and  greater  on  the  other,  thai  !•,  iha 
'e  will  lit  without  the  circle  on  one  aide,  and  within  oti  the  other.  At  potnti  af  a 
re  after  Increaiing  beglai  to  dencaw,  or  the  rtvtna,  lb*  rirdi 
vlU  be  whoUj  within  or  wholly  wiihoul  the  curve.  For  eitample,  at  ibe  cilretuiij  of  Dm 
nuuotaJlllofaneUipie,  the  circle  of  cunatuieliei  within  iheelllpse,  al  the  eilnmtl;  t/ 
IT  aii*  It  liei  without,  and  al  other  jwlnu  It  croatca  ib«  euna,  wd  Ilea  panlf 
within  and  patlly  wi  ' 
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-  6.  l(f  PqV  he  ihi  circle  of  curvature  at  any  point  P  of 
a  enrte  PQ,  and  P  V  a  chord  of  the  circle  drawn  in  any  given 
direction^  then 

PV  -  limit 


arc' 


subtense  parallel  to  the  chord  * 


Let  RQq  be  the  subtense;  join 
P?.  qV.  Then  the  triangles  P  Vq, 
PBq  are  evidently  similar ; 

...Pr-£?:.limit5^-limit^«-' 


JRq 


Rq 


«Q' 


RQ 
8mce,by  hypothesis,  limit     -   =  1. 

Rq 

Cor.     Hence, 


diameter  of  curvature  « limit 


arc' 


subtense  perpendicular  to  tangent ' 


7.  To  find  the  chord  of  curvature  through  the  focus,  and 
thi  diameter  of  curvature,  at  any  point  of  a  parabola. 

Draw  the  tangent  PT,  QR  parallel  to  SP,  QVQ'  parallel 
to  PT,  and  PV  parallel  to  the  axis.  And  let  SP,  QQ'  inter- 
«ect  in  n,  then  Pn^PV.     (Prop.  ii.  page  l64.) 


PQ^  Qn^ 

Chord  of  curvature  through  S  «  limit  -=^:r-  «  limit 


RQ 

nyt 
-  limit  ^  -  4SP.     (Prop.  ix.  page  169,) 


Pn 


23 
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To  find  the  diameter  of  curvaturey  draw  Qlf^  SV,  perpen- 
dicular to  the  tangent :  then, 

diameter  of  curvature  •>  limit  -Trr--  •  limit 


s:q         rq  smspr 

4SP  SP* 

m  4 


Bin  SPY        Sr 


8.  To  find  the  chord  of  curvature  through  the  centre,  the 
diameter  of  curvature,  and  the  chord  of  curvature  through  the 
focus,  at  any  point  of  an  ellipse. 


Let  C  be  the  centre ;  draw  QR  parallel  to  CP^  QF  to  the 
tangent  P  T :  then,  chord  through  the  centre 

-  limit      -  -  limit  —  -  limit  ^^ .  VG  (Prop,  viil  page  l8l) 

«  2  ^^,  since  VG^iCP  ultimately. 

Draw  PP  perpendicular  to  CD,  and  Q/J'  to  PT^;  then, 

PQ*  PQ^        1 

diameter  of  curvature  •  limit  — ;—  « limit 


RQ  RQ  sin  QRB: 

CD^     _l CD" 

"^CP  sTn  PCD  ^^Tf^ 

Again,  join  SP^  cutting  the  coi\jugate  in  E,  and]draw  QR** 
paraUel  to  it ;  then,  chord  of  curvature  through  the  focus 

PO'  PO* 

-  limit  ^.  limit^^sin  QR'R' 

CD*  CD*        CD 
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9.     The  same  far  the  hyperbola. 


The  investigations  are  the  same  as  for  the  ellipse ;  we  shall 
bowever  subjoin  a  figure. 

Obs.  The  three  preceding  propositions  belong  properly 
to  the  treatise  on  Conic  Sections,  but  could  not  be  introduced 
until  the  student  was  familiar  vrith  the  principles  of  limits. 


10.     The  foUomng  proposition  will  be  required  in  the 
succeeding  Lemma. 


If  in  the  curve  AB^  AG,  BG  be  drawn    %, 


perpendicular  to  the  tangent  AD  and 
^hord  AB  respectively;  then,  when  B 
moves  up  to  ^,  ^Cr  will  be  ultimately  the 
diameter  of  curvature  at  A. 

Draw  BD  parallel  io  AG,  then  the 
triangles  GAB,  ABD  are  similar; 


V.  AG 


AB" 
BD' 


.-.  limit  AG  -  limit  -=^  -  limit  ^  ' 


BD 
m  diam.  of  curvature.] 


BD 


23— « 


In  curves  of  finite  curvature,  the  $uhten»ea  art  vitimatebf  I 
the  ratio  oftha  squares  of  the  chords  of  conterminous  arcs. 

Let  AbB  be  the  curve,  having  the  cur- 
vature at  A  finite. 

Case  1.  Let  the  subtensea  bd,  BD,  be 
perpendicular  to  the  tangent.  Draw  hg, 
BG  perpendicular  to  the  chords  Ab,  AB,  and 
let  them  meet  the  normal  at  Aing  and  G 
respectively. 

Then,  when  b  and  B  move  up  to  A,  g 
and  G  will  ultimately  coincide  with  I  the 
extremity  of  the  diameter  of  curvature. 

By  similar  triangles,  BAD,  AGB,  and 
hAd.  Agb. 

AB' 
'AG 


BD- 


.  BD 


-=^^ 


And,  ultimately,  BD  :  bd  ::  -jj-  :  ~ , 


Cask  3.    Let  the  subtenses  be  inclined  at  any  given  angle 
to  the  tangent     Draw  b^,  BD',  perpendicular  to  the  tangent ; 


then,  by  similar  triangles,  BDD^,  bdiT, 

BD  :  bd  :•.  BDf  :  bd ; 

but,  ultimately,  Bff  :  bd  v.  AB^  :  Ab\  by  Cue  I ; 

.-.  ultimately,  BD  :  bd  ::  JB*  :  At^. 
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Cask  S.  Suppose  the  angle  D  not  to  be  given,  but  let 
the  lines  BD,  bd  pass  through  a  fixed  point,  or  let  B  and  b 
approach  A  according  to  any  other  fixed  law. 

Then,  since  the  angles  D  and  d  are  formed  according  to  b 
common  law,  they  will  continually  approximate  to  each  other 
as  B  aad  h  approach  A,  and  will  be  ultimately  equal.  Hciice 
this  case  is  reduced  to  the  preceding,  and  the  Lemma  is  there- 
fore still  true.     q.b.d. 

Cor.  1.  Hence  when  the  tangents  AD,  Ad,  the  arcs 
AB,  Ab,  and  the  sines  BC,  be  become  ultimately  equal  to 
the  chords  AB,  Ab;  their  squares  will  also  ultimately  be  as 
the  subtenses  BD,  bd. 

Con.  S.  The  squares  of  the  same  lines  are  also  ultimately 
as  the  squares  of  the  sagittal*  of  the  area,  which  bisect  the 
chords  and  converge  to  a  given  point.  For  those  sagittse  are 
as  the  subtenses  BD,  bd. 

Cor.  s.  And  therefore  the  sagitta  is  in  the  duplicate 
ratio  of  the  time  in  which  a  body  describes  the  arc  with  a 
given  velocity. 

Cos.  4.  The  rectilinear  triangles  ADB,  Adb  arc  ulti- 
tnstely  in  the  triplicate  ratio  of  the  sides  AD,  Ad,  or  as 
AD*  :  Ad^,  and  in  the  sesqiitplicate  ratio  of  the  sides  DB, 
db,  or  aa  DB  :  db  ;  they  being  in  the  ratio  compounded  of 
the  ratio  of  AD  to  Ad,  and  DB  to  db.  So  also  the  triangles 
ABC,  Abe  arc  ultimately  in  the  triplicate  ratio  of  the  sides 
BC.be. 

Cor.  5.  And  since  DB,  db,  are  ultimately  parallel  and  in 
Ihe  duplicate  ratio  of  AD  to  Ad,  the  curvilinear  areas  ADB, 
Adb  will  be  ultimately  (by  the  nature  of  the  parabola-j-)  equal 
to  two-thirds  of  the  rectilinear  areas  ADB,  Adb;    and  the 


■  [Ttw  MigilU  of  an  ue  1 
theuc) 

t  IThemre^fiinillcuri 
a  panboli,  having  A  for  lu  ri 
BtUmaul/     flCocJC,   -hie 


hard  la  ■  poinl  in 

lakcn  at  [he  arc  of 
ri  from  Cor.  1,  that 
Conici,    Piep.    r. 


segments  AS,  Ab  will  be  the  third  parts  of  the  same  triangtes. 
And  hence  these  areas  and  these  segments  will  be  in  the 
triplicate  ratio  of  the  tangents  AD,  Ad,  or  of  the  chords  or 
arcs  AB,  Ab. 

SCHOLIUM. 
In  all  these  propositions  we  suppose  the  angle  of  con- 
tact to  be  neither  infinitely  greater  nor  infinitely  less  than 
the  angles  of  contact  which  circles  have  with  their  tangents ; 
that  is,  we  suppose  the  curvature  at  A  to  be  neither  infinitely 
small  nor  infinitely  great,  or  Alto  be  finite.  For  DB  might  b« 
taken  proportional  to  AD' ;  in  which  case  no  circle  could  be 
drawn  through  A  between  the  tangent  AD  and  the  curve  AB, 
and  the  angle  of  contact  will  tliereforc  be  infinitely  less  than 
in  the  circle.  And,  in  like  manner,  if  DB  be  taken  succes- 
sively as  AD*,  AD"",  AD",  AD^,  &c.,  a  series  of  angles  of  con- 
tact will  be  formed  which  may  be  continued  indefinitely,  and 
of  which  each  will  be  indefinitely  less  than  the  preceding. 
And  if  DB  be  taken  successively  as  AD*.  AE^,  AL^,  AD*.  8tc, 
another  infinite  scries  of  angles  of  contact  will  be  formed,  of 
which  the  first  will  be  of  the  same  kind  as  in  the  circle,  the 
second  infinitely  greater,  and  each  successive  angle  infinitely 
greater  than  the  preceding.  Also  between  any  two  of  these 
angles  an  infinite  series  of  other  angles  of  contact  may  be 

And  ihe  praptrij  of  (he  puaboin  which  Newion  h«te  Maumei  tna;  b«  Iha  fnnt  i 
Let  Jbcilic  vcrlcxofiliep^ibuU,  MiHitci\tcctti\.  P.  Q 
two  coniifEuoua  pnlnu.    Dniw  fM,  IJX  petpfjidiculu  lo  tt>c  di- 
tfeiiii  Mid  join  QM.  SF.  SQ. 

Then  aiiicc  Ihe  imKCnl  ■!  P  biiecu  the  u>g\e  MPS.  and 
MP-SP,  MPQ.  SPQ  Hill  br  ulilmaieljr  equal  LriaOfcle*;  and 
MPQ  alilatutlr -MQSf;  .-.SPti  ullimaUly  °  )  MXtlP; 
■nd  auppotlng  ih«  whole  arc  .iP  be  cut  up  Idio  poitjon*  lucb  m 
PQ  we  hare,  componendo, 

ana  APS^ti  ate*  ARMP  =  )  area  MRSP. 
Thia  being  pienilged,  draw  AD  a  langeni  at  A,  then 
vtmAP^APS-HMRAD^APStADP) 

~\{iAPStADP)    Eudid,  I.  *1  &  «. 
.■.unAP-\ADP, 
which  U  the  ptopotltioa  iMunicd.] 
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inserted,  of  which  each  is  cither  infinitely  less  or  infinitely 
greater  than  the  next  to  it  in  order.  As  for  instance,  if 
between  the  terms  AD'  and  Jjy  should  be  inserted, 

ad'^,  ad^,  ad^.  adK  ad^,  ad^.  ad'^,ad'^,  JD"^,  &c. 

And  again,  between  any  two  angles  of  this  series  may  be 
inserted  a  new  series  of  intermediate  angles  differing  iofi- 
nitely  each  from  another.  Nor  is  there  any  limit  to  this 
process. 

The  propositions  which  have  been  demonstrated  con- 
cerning curved  lines  and  the  included  areas,  may  easily 
be  applied  lo  the  curve  surfaces  and  contents  of  solids. 
These  lemmas  have  been  premised  for  the  sake  of  avoiding 
the  tedious  methods  of  the  old  geometers  by  the  reductio  ad 
abturdum.  The  demonstrations  are  rendered  more  brief  by 
the  method  of  indiviaibiea ;  but  since  there  is  some  difficulty 
about  the  hypothesis  of  indivisibles,  and  an  apparent  want 
of  mathematical  exactness,  it  seemed  better  to  reduce  the 
demonstration  of  the  propositions  which  follow  to  the  ultimate 
Bums  and  ratios  of  evanescent  quantities,  nnd  to  the  prime 
sums  and  ratios  of  nascent  quantities,  that  is,  to  the  limiu 
of  sums  and  ratios;  and  to  give  the  demonstrations  of  those 
limits  as  briefly  as  possible.  For  the  method  of  limits  gives 
tic  same  results  as  that  of  indivisibles*,  and  the  principles 
having  been  clearly  proved  we  shall  be  able  to  use  them 
'^ilh  the  greater  confidence.  Wherefore,  in  what  follows, 
if  (]uantitie3  should  ever  be  spoken  of  as  consisting  of 
particles,  or  small  portions  of  curves  be  taken  as  straight 
lines,  the  idea  to  be  entertained  is  not  that  of  indivisibles,  but 
of  eeaneacent  divisible  qxiantities,  not  that  of  sums  and  ratios 
of  determinate  parts,  but  the  limits  of  sums  and  ratios  ;  and 
ihc  force  of  the  demonstrations  will  depend  upon  their  being 
Reducible  from  the  preceding  Lemmas. 

'  [Tlie  tneiliod  of  ladiTL]iiblei  vu  Introduced  bjr  Cavalcri,  In  1B3S,  in  hli  GMM«fr>ii 
'•MfiMJiBfli.  According  lo  lhi>  method  i  line  !■  congldercd  (o  be  made  up  of  indWi. 
<il>lt  (Icaienu  at  paioti,  u  (hit  two  linn  insj  be  compired  by  comparing  the  naicbeT  of 
fxnu  vhirh  ihey  reipecilidf  contain ;  >  plane  liguce  i>  contidered  to  be  made  up  of 
fuatlcl  linn,  ud  a  lolid  of  larUca.  This  hrpolfaoia,  though  deticient  in  philoiophical 
NricnieH,  it  aeiertlieleaa  convenient  as  ■  b»ii  Tor  calcuUllona,  and  will  manifest!)'  lead  to 
ttfuncrtiuhiaa  Newton'i  moic  rigorout  method  of  llmili.] 
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The  objection  may  be  made,  that  evanescent  qtuntitics 
have  in  reality  no  ultimate  proportion  ;  forasmuch  as  before 
they  vanish  the  proportion  cannot  be  eaid  to  be  ultimate, 
and  after  they  have  vanished  there  is  no  proportion  at  all. 
But  the  same  argument  would  prove  that  a  body  in  arrivinj 
at  a  certain  place  has  no  ultimate  velocity  ;  because  before  tlic 
body  arrives  the  velocity  cannot  be  said  to  be  ultimate,  and 
after  it  has  arrived  there  is  no  velocity  at  all.  And  the 
answer  to  the  objection  is  simple;  namely,  that  by  the  «/ri- 
niate  velocity  is  intended  that  velocity  with  which  the  body 
moves,  neither  before  the  body  reaches  its  ultimate  position, 
nor  after  it  has  reached  it,  but  at  the  moment  when  it  reaches 
it ;  that  is,  the  velocity  ivilh  which  the  body  reaches  ila 
idtimatc  position,  and  with  which  the  motion  ceases.  And 
in  like  manner  by  (he  ultimate  ratio  of  evanescent  quantities 
is  to  be  understood  the  ratio  of  the  quantities,  not  be/ore  thry 
vanish,  nor  after  they  have  vanished,  but  when  they  vanish.  So 
also  the  prime  ratio  of  nascent  quantities  is  the  ratio  which 
they  have  at  their  first  origin.  And  the  prime  and  ultimate 
values  of  quantities  are  the  values  which  the  quantities  have 
at  the  commencement  or  termination  of  their  increase  or 
decrease,  as  the  ease  may  be.  There  is  a  limit  which  the 
velocity  can  attain  at  the  end  of  the  motion,  but  cannot 
exceed.  This  is  the  ultimate  vclocily.  And  a  like  descrip- 
tion may  be  given  of  the  limit  of  all  quantities  or  proportions 
whether  nascent  or  ultimately  evanescent.  And  binec  thb 
limit  is  something  certain  and  defiuilc,  the  determination  of 
it  is  a  strictly  mathematical  prohlcm.  And  in  new  mathe- 
matieal  investigations  all  previously  established  mathcmatieol 
methods  and  results  may  be  lawfully  used. 

It  may  also  be  contcndcil,  that  if  the  ultimate  ratios  of 
evanescent  quantities  be  given,  the  ultimate  magnitudes  of 
the  quantities  will  be  given ;  and  so  every  quantity  will 
consist  of  indivisible  elements,  contrary  to  that  which  Ku- 
eliU  has  proved  concerning  ineommensurablcs  in  the  Icnlh 
book  of  his  elements.  But  this  objection  is  based  on  a  falsa 
hypothesis.  Those  ultimate  ratios  with  which  the  quantities 
vanish  arc  not  in  reality  the  ratio  of  the  ultimate  quantities 
but  the  limits  to  which  ihc  ratios  of  the  quantities  coatinuall^ 
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approximate  when  the  quantities  are  indefinitely  diminished, 
and  to  whieh  they  may  be  made  to  approach  more  nearly 
than  by  any  assignable  difference,  but  which  they  never  pass, 
nor  reach  until  the  quantities  are  indefinitely  diminished. 
The  thing  will  be  seen  more  clearly  by  reference  to  quantities 
indefinitely  great.  If  two  quantities  of  which  the  difference 
is  given  be  increased  indefinitely,  their  ultimate  ratio  will 
be  given,  namely  a  ratio  of  equality ;  yet  the  ultimate  or 
greatest  quantities  of  which  that  is  the  ratio  are  not  given. 
In  what  follows  therefore,  if  at  any  time  for  simplicity  of  con- 
ception the  phrases  indefinitely  small,  or  evanescent,  or  ultimate 
quantities,  should  be  used,  let  it  be  carefully  borne  in  mind 
that  it  is  not  intended  to  express  quantities  of  determinate 
magnitude,  but  quantities  to  be  diminished  without  limit. 


SECTION  11. 

ox  THE  METHOD  OF  FINDING  CENTRIPETAL 

FORCES. 


Peop.  L     Trntom.  L 

The  arms  dacribed  hy  limeg  drawn  from  a  moving  body  to 
ofjbrto  mbomi  wkiek  it  revolves^  are  all  in  om 
proportional  to  the  times  of  deocribing  th^m*. 


Lei  the  time  be  divided  into  eqnml  parts,  and  in  the  first 
pefiod  let  the  bodr  describe  with  an  nnifonn  Telocity  the 
straurbt  line  AB.  In  the  second  period  of  time*  it  would,  if 
acted  upon  br  no  force,  more  in  ^ijB  produced  to  c.  Be  being 
equal  to  AB :  and  the  areas  described  about  the  centre  S  in 
th«e  two  periods,  namelr,  ASB,  BSc  would  be  equal,  being 
trian^es  on  equal  bases  and  of  equal  altitude. 

But  when  the  bodv  mrrires  at  B,  suppose  it  to  receive 
an  impulse  towards  5,  in  consequence  of  which  it  moves  in 
the  dinfction  BC  instead  of  Be ;  then,  if  we  draw  eC  parallel 
to  B.\\  the  point  C  will  be  the  actual  place  of  the  body  at  the 

•  ,  TW  w*i^,:^a!  »  »  Wl>^  Mid  a  h«  gi^^  liriHF  it  i»  diflfealt  to  tcodcr  itiii 


^Krt^v  <.^«  .>.xy<rm  :a  ^rrw  •ctm  r»du»  mA  xwMbOe  cCBtnuB  ririum  docdt  U^ 
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end  of  the  second  period ;  and  the  aren  described  will  be  BSC, 
which  is  in  the  same  plane  with  ASB,  because  Be  and  BS  are 
both  in  that  plane. 

Since  BSC,  BSc  are  triangles  on  the  same  base  and 
between  the  same  parallels,  .■.  BSC  =•  BSc  =  JSB. 

In  like  manner  if  impulses  tending  towards  the  centre  S 
act  at  C,  -/>,  jG... causing  the  body  to  describe  in  the  suc- 
cessive periods  of  time  the  straight  lines  CZ*,  I>£,^f..  .these 
will  all  lie  in  the  same  plane,  and  the  triangle  SCD  will  be 
equal  to  SBC,  SDE  to  SCD,  and  SEF  to  SDE. 

Thereforfr  equal  areas  are  described  in  the  same  plane  in 
equal  times ;  and  componendo  the  sums  of  any  number  of 
areas  SADS,  SAFS,  are  to  each  other  as  the  times  of  de- 
scribing them. 

Now  let  the  number  of  the  triangles  be  indefinitely 
increased  and  their  breadth  indefinitely  diminished ;  the  peri- 
meter JDF  will  be  ultimately  a  curve  line,  and  the  impulses 
will  become  a  continuous  central  force  ;  and  the  areas  SADS, 
SAFS  being  always  proportional  to  the  times  of  describing 
them  will  be  so  in  this  case.     Hence  the  areas  described, 

&C.        Q.E.D. 

Cor.  1.  The  velocity  of  a  body  in  a  central  orbit  varies 
inversely  as  the  perpendicular  from  the  centre  on  the  tangent. 

For  AB,  BC,  CD,.,  .are  ultimately  in  the  direction  of  the 
tangents,  and  proportional  to  the  velocities  at  the  points 
A.  B,  C. . respectively :  hence,  velocity  at  A<cAB.  But,  if 
we  draw  a  perpendicular  p  upon  AB  from  S,  we  have 


or,  velocity  at  ^  c=  -  , 
P 

[We  may  express  this  otherwise ;  let  A  =  twice  the  area 
described  in  a  unit  of  time,  and  let  AB  be  described  in  the 
time  t; 


/.  area  ASH  =  — ,  and  AB  =  vt ; 


.vp 


■  /(,  or  t 


:•] 


Cob.  2.  If  on  AB,  BC,  the  chords  of  two  arcs  described 
in  equal  times,  we  construct  the  parallelogram"  ABCV,  tlie 
diagonal  JiV  will,  when  the  arcs  arc  indefinitely  diminished, 
ultimately,  if  produced,  pass  through  the  centre  of  force. 

Cor.  S.  The  intensity  of  the  central  force  at  B  is  pro- 
portional to  the  line  B  V ;  that  is,  if  B'  V  be  the  line  corre- 
Bponding  to  BV  &t  some  other  point  B'  of  the  orbit,  tben, 
ultimately, 

force  at  S  :  force  a,t  ff  ::  BV  :  BV. 

Cor.  i.  The  forces  by  which  bodies  are  drawn  from 
their  rectilinear  motion  in  curved  paths,  are  proportional  to 
those  sagittte  of  arcs  described  in  equal  times,  the  dircctioni 
of  which  pass  through  the  centre  of  force  aud  bisect  the 
chords  when  those  arcs  arc  indcliiiitcly  diminished. 

For  if  we  join  AC,  cutting  SB  h\  n.  B»  will  be  ultimately 
one  of  the  sagitta;,  but  Ba  —  ^  BV,  and  hence,  by  the  pre- 
ceding corollary,  in  the  same  orbit  the  force  ultimately  «e  B». 
Also,  in  different  orbits,  if  we  take  arcs  described  in  cqtui 
times,  the  sagittie  will  measure  the  effects  of  the  central 
forces  in  equal  times,  i.e.  the  forces  will  be  proporlioDal  to 
the  sagittte. 

Cor.  5.  And  therefore  these  same  forces  are  to  Uie  force 
of  gravity,  as  these  sagittu;  are  to  the  vertical  sa^ttie  of  th« 
parabolic  arcs,  which  a  projectile  describes  in  the  aarae  time. 

Cor.  6.  It  follows  from  the  second  Law  of  Motion  that 
the  preceding  conclusions  are  still  valid,  when  the  plane  in 
which  a  body  moves,  together  with  the  centre  of  force  which 
IS  situated  in  it,  instead  of  being  at  rest,  has  a  uniform  recti- 
linear  motion. 


^^^P  UBTIIOD    OF    FIND1>'0    CENTRIPETAI 

Prop.   II.      Tiieoh.  U. 

jI  body,  whivh  moves  in  a  plane  curve,  in  such  t 
that  the  areas  described  hy  lines  drawn  from  it  to  a  point,  which 
either  isficed  or  moves  uniformly  in  a  straight  line,  are  propor- 
tional to  the  time  of  describing  them,  is  acted  upon  by  a  central 
force  tending  to  that  point. 

Case  I.  "With  the  same  figure  as  in  last  proposition,  let  S 
be  the  point ;  and  suppose  that  a  body  unattracted  by  any 
force  would  describe  the  .tpace  AB  in  a  given  interval  of  time. 

Produce  AB  to  c,  and  make  Be  =  AB ;  then,  if  suffered 
to  proceed,  the  body  would,  in  a  second  equal  interval,  arrive 
at  e ;  but  at  B  suppose  a  sudden  impulse  communicated, 
which  causes  it  to  move  to  C,  C  being  such  that  the  triangles 
SBC,  SAB  arc  equal. 

Join  Cc,  Sc ;  then  the  triangle  SBC  -  SAB  -  8Bc  ; 
therefore  Cc  is  parallel  to  SB,  and  therefore  the  impidse  at 
B  was  in  the  direction  of  SB,  or  tended  to  S.  Similarly,  if 
the  body  receives  at  equal  intervals  of  time  impulses  which 
make  it  describe  equal  triangles  in  equal  times,  or  a  polygonal 
area  proportional  to  the  time,  the  impulses  all  tend  to  S, 

The  same  will  be  true,  if  we  suppose  the  number  of  the 
intervals  indefinitely  increased  and  their  length  diminished, 
in  which  case  the  system  of  impulses  becomes  a  contimioii3 
force,  and  the  polygonal  area  curvilinear.  Hence  the  propo- 
sition is  true  in  the  case  of  a  fixed  centre. 

Case  2.  The  proposition  will  also  be  true  in  the  case  of 
the  centre  being  a  point  which  moves  uniformly  in  a  straight 
line;  for  it  is  manifest  from  the  second  Law  of  Motion,  that 
the  result  will  be  the  same  whether  we  suppose  the  plane  in 
which  the  areas  are  described  to  be  fixed,  or  whether  we 
suppose  that  plane  together  with  the  revolving  body  and  the 
centre  S  to  have  a  uniform  rectilinear  motion. 

Hence  a  body,  &c.     a.E.D. 

CoR.  1.  In  free  space,  or  in  non-resisting  media,  if  the 
areas  described  about  a  certain  point  are  not  proportional  to 
the  times,  the  force  does  not  act  along  the  line  joining  the 


bod;  with  that  point;  but  it  deviates  from  thai  line  towu 
the  direction  in  which  the  motion  takes  place,  if  the  descrip- 
tion of  areas  is  accelerated ;  and  towards  the  opposite  direc- 
tion, if  the  description  is  retarded. 

Cor.  2.  Also  in  the  case  of  resisting  niedia,  if  the  de- 
Bcription  of  areas  is  accelerated,  the  force  donates  from  tho 
line  joining  the  body  with  the  centre  towards  the  direction  ia 
wliich  the  motion  tnkes  place, 

SCHOLIUM. 
A  body  may  be  acted  upon  by  a  centripetal  force  com- 
posed  of  several  forces.  In  this  case  the  meaning  of  th« 
preceding  proposition  is  that  the  resultant  of  all  the  forces 
tends  to  the  centre.  Also  if  any  force  act  continually  iu  a 
direction  perpendicular  to  the  area  described,  the  effect  of  Jl 
will  be  to  change  the  plane  of  the  body's  motion,  but  ihe 
amount  of  area  described  will  not  be  increased  or  dimiaislted; 
and  therefore  siicb  a  force  may  be  neglected  in  the  conpo* 
sition  of  the  forces  acting  on  the  body. 


Prop.  III.     Theor.  IIL 

A  body  which  describes  artas  proportional  to  the  limea  af 
describing  them  about  another  body  which  it  in  motion,  it  acted 
upon  bfi  a  force  compounded  of  a  centripetal  force  tending  to  that 
other  body,  and  of  the  accelerating  force  which  actt  upon  that 
other  body. 

Call  the  first  body  7^  and  the  second  T\  and  suppose  e*dl 
of  the  bodies  to  be  acted  upon  by  a  new  force,  which  sbkl]  b« 
equal  in  magnitude  and  opposite  in  direction  to  that  which 
acts  upon  T.  L  will  continue  to  describe  about  T  the  now 
areas  as  before ;  but  the  force  which  acted  on  T  will  now  be 
destroyed  by  an  equal  and  opposite  force,  and  therefore  that 
body  will  now  either  be  at  rest  or  will  move  uniformly  in  a 
straight  line ;  and  the  body  L,  under  the  influence  of  the 
resultant  of  the  two  forces  which  act  upon  it,  will  dcscnbe 
about  T  areas  proportional  to  the  times.     Therefor^  by 
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preceding  propoBition,  the  resultant  of  these  forces  tends  to 
7*  as  a  centre*,      q-b.d. 

Cor,   1.     Hence  if  a  body  L  describes  about  7*  areas  pro- 
portional to  the  times,  and  from  the  whole  force  which  acts 
upon  L  we  take  away  the  whole  accelerating  force  which  acts 
upon  T,  the  whole  remaining;  force  acting  upon  L  tends  to  T 
a  centre. 

Cor.  s.  And  if  the  areas  are  very  nearly  proportional  to 
the  times,  the  said  force  tends  very  nearly  to  T. 

Cor.  3.  And  vice  veraa,  if  the  force  tends  very  nearly  to 
T,  the  areas  are  very  nearly  proportional  to  the  times. 

CoH.  4,  If  the  body  L  describes  areas  about  T,  which 
are  rery  far  from  being  proportional  to  the  times  ;  and  if  T 
is  either  at  rest  or  moving  uniformly  in  a  straight  line ;  then, 
either  there  is  no  force  upon  L  tending  to  T,  or  it  is  com- 
poanded  with  other  much  more  powerful  forces,  and  the  whole 
resultant  force  is  directed  towards  some  other  centre.  The 
tame  thing  holds  when  the  body  T  moves  in  any  manner 
whatever,  if  by  the  centripetal  force  upon  L  tending  towards 

T  we  understand  that  which  remains  after  subtracting  from 

it  the  force  acting  on  T. 

*  [The  proof  of  thia  propasilloD  seetna  la  be  capable  of  exhibition  in  iliiimplnl  fona 
ufoUo**: 

Lei  the  whole  foTceutlag  upon  ihtbodf  tbt  resolved  n-< ^ *-Q 

iolo  t>o,oneialhedireetiDT<  1 7"  which  c»U  f,  iheolhet  / 

panllelu  Ihe  direcltonof  the  force  acting  upon  r  which  / 

nil  Q.   Thi(  cani]«*]iibedone.   Alio  let  ihe  force  on  J^ 

Tbt  ulled  R,  to  which  by  hjrpolheili  Q  ii  psrallel.  / 

Kaw  let  ■  force  equal  ID  R  and  opponile  in  direction  to  / 

iht  force  acting  on  T  be  applied  lo  both  T  and  L.  This  ""*■ T  ^^ 

U  nptcwnled  in  Ihe  fignre  by  airoaii  with  dotted  linei. 

Tlken  T  will  oti  thii  luppoiilion  be  ai  reit  or  will  move  uniformly  in  a  itrughl  line,  and 
t  will  Hill  deioibeateai  uniformly  about  it,  since  (he  tame  force  applied  to  each  of  Iwo 
bodiet  caiuvDI  affect  iheir  relative  motion.  Hence  tlie  three  forces  R,  Q,  P  acting  on  L 
ire  equlialent  to  a  central  force  tending  lowaidi  T,  (Prop,  n.};  but  the  part  P  la 
mtnl,  and  Q  and  A  act  in  the  lanie  ilraight  line,  hence  it  ii  eiident  that  the  reiultanl 
of  the  three  cannot  be  towardu  T  unleis  Q^R. 

Hmce  the  force*  on  L  will  be  F  towards  T,  and  R  parallel  to  the  force  u»lilg  on 
r,  or  the  aingle  force  acting  on  Z,  will  be  the  reiultanl  of  iheie;  in  otbtT  worda,  A 
Mf  w&mA  dtnribti  areai,  i,c.    q.e.ii. 
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NEWTON. 


SCHOLIUM. 

Since  the  equable  description  of  areas  points  out  the 
centre,  towards  which  that  force  tends  by  which  a  body  is 
principally  affected,  and  by  which  it  is  retained  in  its  orbit, 
the  equability  of  description  of  areas  forms  a  convenient 
method  of  detecting  the  centre  about  which  all  curvilinear 
motion  in  free  space  takes  place. 


Prop.  IV.     Thsor.  IV. 

The  centripetal  forces  qfbodteSf  which  describe  different  circles 
with  uniform  velocity^  tend  to  the  centres  of  the  circles^  and  are 
to  each  other  as  the  squares  ofarcSt  described  in  the  same  time^ 
divided  by  the  radii. 

Sectors  of  circles  are  proportional  to  the  arcs  on  which 
they  stand,  and  therefore  the  sectors  described  by  the  bodies 
are  proportional  to  the  times  of  describing  them,  since  the 
bodies  move  uniformly.  Hence  the  forces  tend  to  the  centres 
of  the  circles. 

Again,  let  BAB^  bab'  be  indefinitely  small  arcs  described 
in  equal  times ;  join  BB^  bb\  and  draw  the  diameters  GSCA, 
gscOf  which  bisect  BB\  bb'  in  C  and  c  respectively.  Then, 
(by  Prop.  I.  Cor.  4)  ultimately. 


force  at  A  :  force  at  a  ::  AC    :  ae^ 

BC      6c« 


\ 

\ 


I 

J 
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BB'*       hb'* 

"   GC   '  ~^' 

BAB*  hab'* 
•'     AG    '   ag  ' 

but  if  APt  ap  be  any  two  arcs  described  in  equal  times,  since 
the  bodies  move  uniformly,  we  have 

'  AP  :  ap  B  ultimate  value  of  the  ratio  BAB^  :  baV ; 

X    .      /.  X  AP*      ap^ 

.'.  force  at  A  :  force  at  a  ::  — ---  :  -^ . 

AS       as 

Hence  the  centripetal  forces,  &c.     q.e.d. 

Cor.  1.     Since  the  arcs  are  proportional  to  the  velocities, 

fvelocitv^' 
the  forces  are  proportional  to  — ..    —  ;   or  if  F  be  the 

velocity,  B  the  radius,  F  the  central  force,  then  F  tc  —. 

Cor.  S.  Let  P  be  the  periodic  time,  then  SirJZ  ■■  FP, 
(Dynamics,  Art  4,  page  26s); 

„     R 

Cor.  5.  Hence  if  in  two  circular  orbits  the  periodic 
times  are  equal,  the  velocities  are  proportional  to  the  radii, 
and  the  central  forces  are  also  proportional  to  the  radii ;  or 
Fos,  V  oc  B\  and  foice  versd. 

Cob.  4.  If  P^ccR,  then  P  also  «  R,  and  the  central 
forces  in  the  two  orbits  are  equal ;  and  vice  versd. 

Cor.  5.    If  Pec  R,  the  velocities  in  the  two  orbits  are 

equal,  and  JP  «  -^ ;  and  vice  versd. 

R 

Cor.  6.     If  P* «  /P,  P  «  -- ,  and  F  «  •— ;  and  vice  versi. 

R  R* 

24 
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Cor.  7.     And  generally,  if  P «  «',  To 


;  and  vice  versa. 


Con.  8.  All  tbese  propositions  are  true  concerning  the 
periodic  times,  velocities,  and  forces,  with  which  bodies  de- 
scribe similar  portions  of  similar  figures  having  centres  of 
force  similarly  situated  io  them.  But  in  applying  the  same 
method  of  demonstration  it  is  necessary  to  substitute  uniform 
description  of  arena  for  uniform  motion,  and  the  diatanett  of 
the  bodies  from  the  centres  for  the  radii  of  the  circles. 

Cor,  9.  It  follows  also  from  this  proposition,  that  the 
arc,  which  a  body  moving  uniformly  in  a  circle  under  ihe 
action  of  a  given  central  force  describes  in  a  given  time,  is 
a  mean  proportional  between  the  diameter  of  the  circle  and 
the  space  through  which  the  body  would  fall  under  tbfl 
action  of  the  same  force  and  in  the  same  time. 

[For,  let  T  bo  the  time,  S  the  space  tbrough  which  the 
body  would  fall,  A  the  arc  described  in  time  T; 

then  A-  V.T;  and  9.  S-/*.  7"     (Art.  29,  page  891). 
.•.A'''V*.T'~F.R.T'.hy  Cor.  1,  =8^.5. 
which  proves  what  was  required.] 

SCHOLIUM. 

The  case  supposed  in  Cor,  6,  holds  for  the  heavenly  bodiM, 
and  the  nature  of  the  motion  of  bodies  when  the  centripi*t«l 
force  varies  inversely  aa  the  square  of  the  distance  will  tbero- 
fore  be  treated  more  at  length  liercafler. 

l)y  help  of  the  preceding  proposition  and  its  corollarieSr 
a  centripetal  force  may  be  compared  with  any  known  forcet 
such  as  that  of  gravity.  For  if  a  body  revolve  in  a  cirde, 
having  for  its  centre  the  ccntreof  the  earth,  under  the  inflacnc« 
of  its  own  gravity,  this  gravity  is  the  centripetal  force.  And 
we  can  deduce  from  the  fidling  of  heavy  bodies  both  the  time 
of  one  revolution,  and  the  arc  described  in  any  given  time, 
in  virtue  of  Cor.  9.  By  propositions  of  this  kind  Hoygeni 
compared  the  force  of  gravity  with  the  centrifugal  force  of 
revolving  bodies, 
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[Thus  if  a  body  of  given  weight  revolve  in  a  circle  in  a 
given  time,  the  centrifugal  force  may  be  compared  with  the 
weight,  as  in  page  317-  Moreover,  if  we  suppose  the  moon  to 
move  in  a  circle  having  the  centre  of  the  earth  for  its  centre, 
which  is  approximately  true,  we  may  determine  the  time  of  a 
rerolution  by  observation  of  falling  bodies,  that  is,  by  obscrva- 
tion  of  the  accelerating  force  of  gravity. 

For  let  R  be  the  distance  from  the  earth  of  the  moon, 

r  the  earth's  radius;  then  (/ —    is    the    accelerating  force  of 

the  earth  on  the  moon.       Therefore  the  time  of  the  moon'a 
revolution  measured  in  seconds 


R  and  r  can  be  found  by  astronomical  observation,  and  must 
be  expressed  in  feet.] 

The  preceding  results  may  also  be  obtained  io  this  man-  * 
ner.  In  any  circle  let  a  regular  polygon  of  any  number  of 
sides  be  described.  Then  if  a  body  moving  with  a  given 
velocity  along  the  sides  of  the  polygon  be  reflected  from  the 
circle  at  each  of  the  angles,  the  force  with  which  the  body 
impinges  on  the  circle  at  each  reflexion  will  be  proportional 
to  the  velocity  :  and  therefore  the  sum  of  the  forces  in  a  given 
time  will  be  jointly  as  the  velocity  and  the  number  of  reflex- 
ions, that  is,  if  the  number  of  sides  of  the  polygon  be  given, 
as  the  space  described  in  a  given  time,  increased  or  diminished 
in  the  ratio  of  that  space  to  the  radius  of  the  circle  ;  that  is, 
as  the  square  of  the  space  divided  by  the  radius ;  and  therefore 
if  the  polygon  by  the  indefinite  diminution  of  its  sides  be 
made  to  coincide  with  the  circle,  as  the  square  of  an  arc 
described  in  a  given  time  divided  by  the  radius.  This  la  the 
emtri/uffol  force,  with  which  the  body  presses  the  circle ;  and 
to  this  is  equal  the  opposite  force,  with  which  the  circle  con- 
tinually presses  the  body  towards  the  centre*. 


"  fThii  method  ot 
length  in  page  31 1,  ] 


iiidcriDg  centrifueil  forte  h»  bim  Rlrudjr  treated  ■!  grciicr 


Prop.  V,     Prob.  I. 

Given  the  velocity  at  any  three*  points  of  an  orbit  deaeribtd 
hyabody  under  the  action  of  a  central  force,  to  find  the  centre. 

Let  the  three  straight  lines  P  T,  TQ  V,  VR  touch  the  orbit 
in  the  points  P,  Q.  R,  respectively ;  and  let  S  be  the  centre. 


Draw  the  lines  PA,  QB.  BC  perpendiciJar  to  these 
tangents,  and  make  them  invcrsel>f  proportional  to  the  te— 
locities  at  P,  Q,  R;  i.  e.  if  V^  K,  V3  are  the  velocities  at  the 
three  points,  make 

PA:QB:RC.^^'.^-:  -i-. 

Through  A,  B.  C  draw  the  lines  AD,  DBE,  CE  perpeo' 
dicular  to  PA.  QB,  RC.  Join  TD,  VEi  these  lines  pn^- 
duced  will  intersect  in  the  centre  8. 

For  the  perpendiculars  from  S  on  the  tangents  PT,  QT* 
arc  inversely  proportional  to  the  velocities  at  P  and  (i, 
(Prop.  I.  Cor.  ]},  and  therefore,  by  construction,  directly 
proportional  to  PA  and  QB,  i.e.  to  the  perpendiculars  fVon 
D  on  the  tangents;  hence  S,  D,  and  T  are  in  the  bum 
straight  line. 

Similarly,  it  may  be  shewn,  that  S,  E,  and  V  arc  in  Um 
game  straight  line,  and  therefore  the  point  of  intersection 
of  TD  and  VE  produced  is  the  centre  S. 

poiou  U  (uffident  tot  the  ululion  of  ihe  pralilna.] 


METHOD    OF    FINDIKO    CENTRIPETAL 


Phop.  VI.    Theoh.  V. 

If  a  body  revolves  about  a  fixed  centre  of  force,  and  a  sagitta 
ii  drawn  to  any  very  small  arc,  bisecting  the  chord  of  the  arc 
and  passing  through  the  centre  of  force,  then  the  force  at  the 
middle  point  of  the  arc  ultimately  varies  directly  as  the  sagitta 
and  inversely  as  t/ie  square  of  the  time  of  describing  the  arc*. 

Let  QPQ' be  the  small 
uc,  Sthe  centre  of  force, 
mP  the  sagitta.  Draw 
PB  a  tangent  to  the  curve 
at  P,  and  KQ  parallel  to 
Pm;  then  if  QQ'  move 
parallel  to  itself,  since  m 
is  the  middle  point,  QQ' 
"ill  ultimately  coincide 
with  the  tangent  at  P\ 
therefore  QQ'  is  parallel 
lo  PR,  and  therefore 

QR  ~  PM\, 

When  the  body  leaves  the  point  P,  it  would  if  not  acted 
opoii  by  the  central  force  {F)  move  in  the  direction  PR; 
and  if  T  be  the  time  in  wliich  the  body  moves  from  P  to 
6.  Ihen  the  space  through  which  it  has  been  dran-ti  by  F  is 
W;  hence,  by  Lemma  i.  Cor.  .*;, 

..    .   QR        ...   Pm      ,.    .   Pm 
F-2  limit  ^^i^  -=  2  limit  -^^  «  limit  — ^  J. 

*  [Nrolon  onl;  indicatn  ihe  proof  gircn  in  iht  li 
pMirion  frorn  Fn>p.  i.  Cor.  t,  snd  then  iddi,  "ideii 
Co..  4,  Ltra.  »- "] 

t  [Thii  alwappfun  liani  rcniding  QPQ'  u  an  arc  of  a  panbola;  QnQ*  htlag  a 
dwd  to  Iht  axil  i'S.J 

i  (Thia  pTDpotllion  raabUi  u>  lo  obiain  a  meaiure  of  ihe  centrifugal  force,  tbe  nature 
tf  *hich  ■■■  explained  in  the  tnatite  on  Djnamicii.  Ait.  46,  page  313. 

Fof  ihemeaaureofthecenirirugal  force  i>  ihe  force  nrccMarj' at  each  monienl  lodraw 
dv  bodj  IVom  the  tangent  into  the  ciuTc,  and  thenfoic  if  we  take  liB  perpendicular  ttt 
Ibe  tangent,  vc  iball  have 
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Cor.  1.     Draw  QT  perpendicular  to  SP,  then  will 

SP   OT 
For  the  triangle  QSP  -  — '- ,  ultimately, 

.'.SP,QT-hT,hY  Ftop.  i.  Cor.  l ; 

„      ih*    QR      ...      .  . 

Cob.  s.     If  SY  be  drawn  perpendicular  to  the  tangent  tt 
P,  then 

For,  in  the  limit, 

QT    sr 

pq"  SP' 

.'.  SP* .  QT*  m  SV .  P(f, 
and  F-  -^  Ptf '  ultimately. 

» 

CoR.  3.    If  PF  be  the  chord  of  curvature  at  P  through  S, 

pce 

PF  -  limit    ^ 


/.  Fm 


QR  * 
2A« 


SY^.PV* 


centrifugml  force  ettimatcd  in  the  direction  of  the  normal 

-2Umit^=2Umit^^^ 


2  Tclociij  f-r diameter  of  currature,  (bj  Art,  6^  Cor.  pef«  W 


/>' 


where  V  is  the  relocitjr,  and  />  the  radius  of  cunratUTe  at  the  gtren  point  of  the  bodf*' 
path. 

Or  the  same  thing  would  follow  from  Prop,  ir.  Cor.  1,  b/  Mpporiiif  the  bod/  »  ^ 
mo? ing  at  anj  moment  in  the  circle  of  curratnre*] 
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Coiu  4,     If  r  be  the  velocity  at  P,   then  by  Prop.  i. 


Jor.  1, 


..F 


PY 


CoR.  5.  Hence,  if  the  form  of  the  orbit  in  which  a  body 
moves  be  given,  we  shall  be  able  to  calculate  the  law  of  the 
central  force.  Examples  of  this  process  will  be  found  in  the 
following  problems. 

Prop.  VII.     Pros.  IL 

A  body  revolves  in  the  circumference  of  a  circle ;  to  find 
the  law  of  force  tending  to  any  given  point. 

Let  VQPA  be  the  circle, 
J^jthe  given  point,  P  the 
position  of  the  body  at  any 
given  time,  Q  a  point  in  the 
orbit  very  near  to  P. 

Through  S  draw  the 
chord  PSV,  and  through  V 
the  diameter  VA  ;  join  PV\ 
through  Q  draw  ZQT  per- 
pendicular to  Pr,  and  meet- 
bg  PZ  the  tangent  at  P  in 
Z;  through  Q  draw  LQR 
parallel  to  P  F,  and  meeting 
PZ  in  2Z ;  and  lastly  draw  En 
Mlel  to  QT. 

Then  Fm-^  — ,  ultimately; 

Qt,  (Eudid,  lu.  36) 

QR.RL^  RP" ; 

*  [Tldt  la  tometSmei  expressed  bjr  sayinjf,  that  the  ? eloeity  in  a  central  orbit  is  that 
Mdi  woold  be  acquired  in  ftdling  through  one  fourth  of  the  chotd  of  curyature,  the 
ree  being  supposed  constant] 


RL.SP*QT' 


.  RF"     RP*      VA' 


by  Bimilar  trianglest  1 


Q'r      Bn'      PV 

also  SL  ultimately  ~  PV, 
2A»    VA*  I 


,:F~ 


Spt    jty. 


Cor.   1.     If  the  centre  of  force  U  in  the  circumference, 


Cor.  2.  The  force,  under  the  action 
of  which  the  body  P  revolves  in  the  ^— s 
circle  APTV  round  the  centre  of  force 
S,  is  to  the  force  under  the  action  of 
which  the  same  body  P  revolves  in 
the  same  circle  and  in  the  same  periodic 
time  round  any  other  centre  of  force  R,  * 

as  SP  .  RP'-  to  SG^ ;  where  SG  is  a  line  drawn  from  Stott* 
tangent  PG  and  parallel  to  RP. 

For  by   the  construction   in    the  preceding   propodtloDi 

force  tending  to  S  :  force  tending  to  R 

-.-.RP'.  PT':  SP'.PV^, 

„„     „„     SP\PV^ 
::  SP.RP" :  — , 

pyrt 

::  SP.  RP*  :  SG^, 

by  similar  trianglcB  PSG.  TPV. 

Cor.  S.  The  force,  under  the  action  of  which  the  body  P 
revolves  in  any  orbit  round  a  centre  of  force  S.  is  to  the  for«i 
under  the  action  of  which  the  same  body  P  revolrcs  in  'l"* 
same  orbit  and  in  the  same  periodic  time  round  any  othtr 
centre  of  force  R,  as  SP.  RP'  to  SG';  where  SG  is  ibeli"* 
drawn  from  S  to  the  tangent  of  the  orbit,  and  parallel  to  S* 
the  distance  of  P  from  the  other  centre  R. 
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This  follows  immediately  from  the  preceding  corollary ; 
lecause  we  may  suppose*  the  body,  at  any  point  of  its  motion, 
0  be  moving  in  the  circle  of  curvature  to  the  orbit  at  that 


mat 


Prop.  VIII.     Pros.  III. 


A  body  describes  a  semicircle,  under  the  (iction  of  a  force 
mding  to  a  centre  so  distant  that  the  force  may  be  supposed  to 
\^  in  parallel  lines;  to  find  the  law  of  force. 

Let  P  be  the  position  of 
iie  body  at  a  given  time,  Q 
i  contiguous  position,  PMS^ 
^8,  the  directions  of  the 
brce  at  those  points ;  draw 
the  semi-diameter  AC  cut- 
ting those  lines  at  right 
logles  in  M  and  N\  let 
PAZ  be  the  tangent  at  P ; 
through  Q  draw  ZQT  per- 
pendicular to  PM  and  meeting  PRZ  in  Z,  and  produce  NQ 
h>  meet  PRZ  in  R ;  join  CP,  and  draw  Rn  perpendicular 
lo  PAf. 


Thenfcclimit 


QR 


limit 


QR 


SP'.QT' 
coDsidered  constant. 
But,  by  Euclid,  iii.  36, 

QR  {QN^RN)  -  RP*, 
or,  in  the  limit,  2  QR.PM-^  RP*, 

RP* 


since  SP  may  be 


.*.  F  cc  limit 


but 


RP»     RP' 


StPM.QF* 
CP 


qr      Rn' 


.\F 


by  similar  triangles ; 


PAP 

CP^  1 


This  regiilt  may  also  be  immediately  deduced   from  tbe 
last  proposition ;  for  since  S  ia  at  an  infinite  distance,  SP 

may  be  regarded  as  constant,  and  therefore  /  =  -=-=^  =  , 


since  iT-aPJ/. 


SCHOLIUM. 


By  somewhat  similar  reasoning  it  may  be  shewn  that  a 
body  may  move  in  an  ellipse,  or  a  parabola  or  hyperbda. 
under  the  action  of  a  force  tending  to  a  centre  infinitely 
distant  and  varying  inversely  as  the  cube  of  the  ordinate 
drawn  towards  the  centre  of  force. 

[To  prove  this,  however,  it  will  be  necessary  to  make  use 
of  the  following  proposition. 

In  any  conic  section  if  from  a  point  R,  either  witbtn  or 
without  the  curve,  two  straight  lines  be  drawn  parallel  to  tiro 
given  directions,  and  cutting  the  curve  in  M,  M'  and  Q,  Q' 
respectively,  then  the  ratio  SM  .  S^f  :  RQ.  RQT  will  be 
independent  of  the  position  of  the  point  if. 


(l)     In  the  parabola. 

Through  the  point  R  draw 
the  chord  QRQ',  and  let  V  be 
its  middle  point ;  draw  P  V, 
OR  parallel  to  the  oxia  of  the 
parabola,  and  ON  parallel  to 
QQ'. 


Then  RQ.RQ'  =  QV  -  VR'  (Euc.  n.  5) 

~  QV*  -  ON*  -^  iSP.PV -  *SP.py  (Prop.  ix.  p.  169) 

m4SP.NV~1fSP.0R. 

In  like  manner  for  any  other  chord  iiRM*  wc  dw"'" 
ve, 

RM.RM'-^SP'.ORi 


RQ.  R^      SP 
'  RM.RJW'  8P' 
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Now  the  points  P  and  P^  remain  the  same,  as  long  as  the 
chords  are  drawn  parallel  to  fixed  directions :  'hence  the  pro- 
position is  true. 

(s)    In  the  ellipse. 

Through  the  centre  O  and 
point     B,    draw     the    chord 
ORCa,  CD  paraUel  to   QQ^,  ^ 
CYP  coqjugate   to   CD,   ON 
parallel  to  CD. 

Then  q 

Rq.Rq[mqY*-  fjp, 


tiao  RO .  Ra  m  OC  ~  CR*  m  OC*  -  VR* . 


PC* 
ON* 


PC* 
ON* 


(ON*  -  VR') ; 


,    ,  QV*     PV.  VP' 
but  ^r=.  -  — ^=T —  ; 


CD" 


CP* 


(Prop.  vni.  p.  Wl) 


CD*-QV*    cp*  ^py.vF    cr* 

CD'       "  CP*  '  CP*'* 


similarly 


CD'  -  ON*     CN* 


CD* 


OP*' 


•  • 


CD^-  QV*      CV*      rJB* 
CD'  -  ON*  ■  'CN*  "  ON*'^ 

CZfi-QV     CD* -ON* 


•  • 


FiP 


PN 


Ciy-QV*+  VR*      CD 
VR*  ■  ON  ' 

CD*  (ON*  'VR^mON'  (QV  -  VR^, 

QV  -  VR*    gy 

ON'-VRf"  ON*' 
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RQ.RCj      QP-  VIP  OIP 
BO.  EC/"  ON*-  VR*  0^* 

CD* 

"OC'* 

Similarly  we  should  have  for  any  other  chord 

RM.RW     CD'\ 

BO.Ra  "  OC' 

RQ  .  RQ'      CD\ 

'•  RM.RAt'"  CD'^' 

irhence  the  truth  of  the  proposition  is  manifest 

A  similar  demonstration  will  hold  for  the  hyperbola. 
If  the  point  22  be  exterior  to  the  curve,  and  the  two 
points  Q,  Q'  be  indefinitely  near  together,  the  chord  becomes 
a  tangent,  and  RQ.RQ'  becomes  RQ^,  and  the  proposition  is 
still  true. 

This  being  premised,  let  PQA  be  a  conic  section  of  which 
the  axis  is  JCt  and 
which  is  described 
by  a  body  under  the 
action  of  a  force 
always  perpendicular 
to  AC;  make  a  con- 
struction similar  to 
that  for  the  circle, 
and  let  H  be  the 
point  in  which  the 
tangent  at  P  meets 
the  axis,  JX  the 
tangent  at  the  ver- 
tex, and  XB  per- 
pendicular to  FM. 

Then  Fa 


1 


<iR 


QR 
SP*'  QT*'  QT"' 

But  by  the  preceding  proposition 

RI"         XP* 


BQ .  RF     XA'  * 
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SO  by  similar  triangles, 

XP"     BP* 

XA*      RQ.BF 

AM*'    q,T*   • 


•  • 


•  Qr»     AM*.RF     iAM\PM   _      ,, 

•••  -m XA' xjr-  ^^^^^'^^^^f' 

Again  from  similar  triangles, 

HM     HA 
PM'  XA' 

_     QR       HA* .  PM .      .... 

•'•  ^  «  y^TF, *   jtn  TTtn  ^  '^  '"«  conic  sections. 
Q  T*     Am*.  HM* 

Now  in  the  parabola,  HA  *a  AM;  therefore 

HM  c,  AM  cc  PM*. 


.'.F 


PM 


3  • 


In  the  ellipse  and  hyperbola  let  A'  be  the  other  vertex, 
ud  let  C  be  the  centre ;  then 

PM*  L 


AM  .  A'M     iAC ' 
iPM*.AC 


.'.AM 


L.A'M 


.  AM*.  HM*     HM*     4,PM* .  AC     HM* .  PM* 
■  *  BA* . PM  ■  HA*   '     L* .  A'M*   "  HA' .  AM* ' 

Bat  CM.CH^AC*,  (Conies,  Prop.  v.  p.  177,  and  Prop.  v.  p.  191) 

CM     AC 

'"'ac'ch' 
cm        cm  ac        ac 

'*•  am'  AC  -  cm  "  CH  -  AC  "  ha' 

,A'M     AC  +  CM     AM+HA     HM 
AC  AC  HA  HA  ' 
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HM*  1 


'  HJ* .  AM*      AC  ' 


Pkop.  IX.   pbob.  rv. 

A  body  revolves  in  an  equiangular  spiral;  to  find  the  law  of 
force  tending  to  the  centre  of  the  spiral. 

[Def.  An  equiangular  spiral  is  a  curve,  in  which  the 
tangent  at  every  point  makes  the  same  angle  with  the  line 
joining  the  point  of  contact  with  a  certain  fixed  point  called 
the  centre  or  pole  of  the  spiral :  t.  e.  in  the  figure  of  this 
proposition,  SPR  is  a  constant  angle.] 

Let  S  be  the  centre  of  force,  P  the  position  of  the  body 
at  a  given  time,  Q  a  point  in  the  curve  very  near  to  P ;  PB 


the  tangent  at  P,  QR  parallel  to  SPy  and  QT  perpendicular 
to-SP. 

QR 


Then  F  « limit 


SP"  .  QT' 


Now,  since  the  angle  SPB  is  given,  if  we  take  PSQ  any 
given  small  angle,  we  shall  have  all  the  angles  in  the  figure 
SPRQ  T  given*  ;  and  therefore,  at  whatever  point  of  the  orbit 
we  take  P,  the  figure  iSPjRQT^  will  be  similar,  and  the  lines  in 

*  [Newton  appears  to  axsume  that  if  two  quadrilaterali  hate  the  tame  angles  they 
will  he  vimilar,  which  is  not  necessarily  the  case.  It  will  be  easily  seen  howerer  that 
the  conclusion  is  correct  in  this  instance,  because  on  account  of  the  law  according  ta 
which  the  curve  is  generated  being  wholly  independent  of  any  linear  jnagniiudet,  if 
Q",  R'  be  the  points  corresponding  io  Q,  H  \n  the  adjacent  quadrilateral,  QSQ'  being 
equal  to  PSQ,  the  portion  of  the  curve  from  Q  to  Q'  and  the  quadrilateral  SQRQ*  will 
differ  from  the  curve  from  P  to  Q  and  the  quadrilateral  SPHQ  only  in  being  drawn 
upon  a  different  scale,  the  homologous  lines  in  the  two  caact  being  m  SQ  t  SP,] 
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it  will  be  proportional  to  any  one  of  the  homologous  lines ; 
hence    QR  and  QT  will  each  be  proportional   to   SP,  and 

^^—  to  SP. 

QR 

Now  let  the  angle  PSQ  be  indefinitely  diminished,  then 

in  the  limit  Qi?  will  «  PiP  oc  QT*,  by  Lemma  xi.     Therefore 

QT* 

■^—  will  continue  in  the  limit,  as  before,  to  be  proportional 

lo  SP; 

.-.  Fc 


SP" 


Prop.  X     Pros.  V. 

A  body  describes  an  ellipse ;  to  find  the  law  of  force  tending 
to  the  centre. 

Let  P  be  the  position  of  the  body  at  any  given  time,  Q 
a  point  contiguous  to  P,  PR  the  tangent  at  P,  QT  perpendi- 


cukr  to  the  diameter  PCG,  DCK  the  diameter  conjugate  to 
PCG,  PF  perpendicular  to  DCK,  Qv  an  ordinate  to  PCG. 

2A*   QR 


^^""^--CP^QT 
Bj similar  triangles  QTv,  PFC, 

QT     PF 


-  ultimately. 


Qv      CP 


;  .\CP^.QT^m  Qo^.PF' 


384  MBWTON. 


.-.  F  -  2A»  limit       ^^ 


Qv^ .  FF* 


But  Qi^  =  — —  Pv .  vO  (Conies,  Prop.  viii.  page  181) 
I/* 

ciy 

QR.vG; 


•.F-2A«limit 


CF* 


CD^.PF'.vG 


CF^ 
gAMimit^^^^^^^  (Conies,  Prop,  x-  page  183) 

A* 

.  CFf  sinee  vG  ^  ZCP  ultimately. 


AC .  BC 

or  F  <x  CP. 

Cor.  1.  Therefore  the  foree  is  proportional  to  the  dis- 
tanee  of  the  body  from  the  ecntre  of  the  ellipse:  and 
conversely,  if  the  force  vary  as  the  distance,  the  body  will 
move  in  an  ellipse  having  its  centre  in  the  centre  of  force, 
or  it  may  be  in  a  circle,  which  is  a  particular  case  of  the 
ellipse. 

Cor.  2.  And  the  periodic  times  in  all  ellipses  described 
round  the  same  centre  of  force  will  be  the  same.  For  the 
times  will  be  equal  in  similar  ellipses  by  Prop.  iv.  Cors.  S 
and  8y  and  in  ellipses  having  a  common  major  axis  they 
are  proportional  to  the  areas  of  the  ellipses  directly,  and 
the  areas  described  in  a  unit  of  time  inversely ;  that  is,  as  the 
minor  axes  directly,  and  the  velocities  of  the  bodies  at  the 
extremity  of  the  m^jor  axes  inversely ;  that  is,  as  the  minor 
axes  directly,  and  as  ordinates  drawn  to  the  same  point  of 
the  common  axis  inversely;  that  is,  since  these  ordinates  are 
proportional  to  the  minor  axes,  in  a  ratio  of  equality. 

[This  result  will  appear  more  simply  thus : 

Suppose  F'T.fiCP,  where  /&  is  a  constant  quantity  de* 
pending  upon  the  intensity  of  the  force  residing  in  the  centre, 
and  usually  called  the  absolute  force  of  the  centre :  then,  by 
the  preceding  proposition.  A'  *-  iulAC  •  BC*. 
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Let  P  be  the  periodic  time,  that  is,  the  time  employed  in 
describing  the  complete  ellipse;  then  since  the  area  described 

in  a  unit  of  time  is  - ,  and  the  whole  area  of  the  ellipse  is 

ttJC  .  BC^  we  shall  have 

ZttAC.  BC  gTT 

Hence  the  periodic  time  depends  solely  upon  the  intensity 
of  the  force  in  the  centre.] 

[Cor.  5.     Since  P  is  independent   of  both  axes  of  the 

ellipse,  its  value  will  be  the  same  if  we  suppose  the  minor 

axis  to  be  indefinitely  diminished,  in  which  case  the  motion 

will  approximate  to  that  of  a  body  oscillating  in  a  straight  line 

under  the  action  of  an  attractive  force  varying  directly  as  the 

distance :  hence  the  time  of  a  complete  oscillation  of  a  body 

stir 
moving  in  the  manner  described  will  be  -7=*1 

SCHOLIUM. 

If  the  centre  of  the  ellipse  move  to  an  infinite  distance, 
the  ellipse  will  become  a  parabola  and  the  body  will  move  in 
this  parab<^ ;  and  the  force  now  tending  to  a  centre  infi- 
nitely distant  will  become  constant.  This  is  a  theorem  due 
to  Galileo.  And  if  the  parabola  be  changed  into  an  hyper- 
bola, the  body  will  move  in  this  hyperbola,  the  force  becoming 
repulsive  instead  of  attractive. 


25 


SECTION  m. 

ON  THE  MOTION  OP  A  BODY  IN  A  CONIC  SECTION, 
ABOUT  A  CENTRE  OF  FORCE  IN  THE  FOCU& 


Prop,  XI.     Pbob.  VL 

A  body  revolves  in  an  ellipse  ;  to  find  the  law  of  force  tend" 
ing  to  one  of  the  foci. 

Let  S  be  the  focus  of  the  ellipse,  P  the  position  of  the 
body  at  any  given  time,  Q  a  contiguous  point  in  the  orbit. 


PCG,  KCD  conjugate  diameters,  PR  the  tangent  at  P,  Qfi 
parallel  to  SP,  Q^cv  to  PR,  Q  ST  perpendicular  to  SP,  PFio 
OK,  and  E  the  point  of  intersection  of  SP  and  CD. 


Then, 


2A*  QR 


By  similar  triangles  QTw,  PEF, 

QT^      PF*      PF* 

-Q^  -  p^  "  -j^t ;  (Conies,  Prop.  in.  Cor.  page  175) 

and,  by  similar  triangles,  Paw,  PEC, 

Px      PE     AC 
Pv^  CP^  CP* 


A 


1 
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AC 


.     QR      _   AC     AC* 
and     — — .«  Pv 


CP 


QT*  CP  Qx' .  PF* 

Pv       AC  ..... 

Q^*  cpTpf^' '^^'^^^' 

1     CP*      A(? 

(Conies,  Prop.  viii.  page  I8l) 


vG  CD^  CP.PF* 
AC  1 


2     Ciy .  PF* 


,  ultimately, 


%A&    B(?  (Conies,  Prop.  x.  page  IBS) 
AC 


2BC*' 
:  ^     hUC 


BO'  '  SP"       SP*' 

This  result  may  also  be  dedueed  from  Prop.  vii.  Cor.  3. 
For  the  force  under  the  action  of  which  the  body  would 
describe  the  ellipse  round  C  «  CP :  but 

force  tending  to  C :  force  tending  to  5 ::  CP.SP* :  PP  {AC), 

/.  force  tending  to  ^S  «  -— ^ . 

[Coil     If  /ll  be  the  absohde  force  of  the  centre, 

A* .  AC     2A« 


M- 


BC    ^  L' 


^here  L  is  the  latus  rectum  of  the  ellipse.     (Conies,  Prop. 
H  Cor.  1,  page  179.)] 

This  proposition  might  be  at  once  extended  as  in  the 
^^ase  of  the  fifth  problem  to  the  hyperbola  and  parabola ;  but 
On  account  of  the  importance  of  the  problem  it  will  be  worth 
While  to  give  the  demonstrations  in  full. 
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Prop.  XIL     Pbob.  VIL 

A  body  moves  in  an  hyperbola  ;  to  find  the  law  of  force  tend- 
ing to  one  of  thefod. 

Let  S  be  the  focus  of  the  hyperbola,  P  the  position  of  the 
body  at  any  given  time,  Q  a  contigaous  point  in  the  orbit, 
POG,  DCK  conjugate  diameters,  PR  the  tangent  at  P,  QR 
parallel  to  SP,  Qicv  to  PBj  QT  perpendicular  to  SP,  PF  to 


CD  produced,  and  E  the  point  of  intersection  of  SP  and  CD 
produced. 

Then,  ^  -  ^  ^f,f  ultimately. 
By  similar  triangles,  QTs,  PEF, 

QfjH         pp%         pp%  ^ 

^'PJ^^AO^  (Comes,  Prop.  in.  Cor.  page  190.) 

And  by  similar  triangles  Pm^  PEC, 

Pw_     PE     JC^ 
Pv  "  CP'CP' 

AC 


■■■* 

\ 
1 


I 
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and    — =.  ■  Pv 


Q2*  CP  di?  .  PF* 

Pv        ACP 


Qb«  CP.PF* 
1    CP*      AC* 


,  nltimstely. 


vG  Clf  CP  .  PF* 

-T  C&TPT^  nltunatdy. 
AC* 


-  (Conies,  Prop.  x.  page  198) 


%AO .  BC 
AC 


(Conies,  Prop.  xi.  Cor.  page  198) 


VAC 


,'.F 


BC  '  SP*      SP"' 


This  result  like  that  of  the  preceding  proposition  may  be 
deduced  from  Prop,  nu  Cor.  S. 

In  the  same  manner  it  appears,  that  if  the  force  be  repul- 
dre  instead  of  attractive  the  body  may  describe  the  opposite 
Dnnch  of  the  hyperbola. 

[GoE.     As  in  the  case  of  the  ellipse, 

sh*  ,«     .      „ 
M  —  -7-  (Comes,  Prop.  n.  Cor.  page  19S.) ] 


I^ROP.  XTTT.     Prob.  Vm. 

A  body  moves  in  a  parabola  ;  tojlnd  the  law  of  force  tending 
^thefoeua. 

Let  3  be  the  focus  of  the  parabok,  P  the  position  of  the 
tk)dj  at  any  given  time,  Q  a  contiguous  point  in  the  orbit* 
J'RY  the  tangent  at  P,  QR  parallel  to  SP,  Qsv  to  PR,  QT 
perpendicular  to  SP,  and  S7  to  PRY. 
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Then  ^  -  ^  Q2^»  ultimately. 

But  QR  «  Rv  -  Po  (Conies,  Prop.  ii. 
page  l64) 


4SP 


(Conies,  Prop.  ix.  page  i69) 


,  ultimately ; 


4SP 
QR         1       Qai*         i      SP' 


•,  by  simi- 


' '  QT*     4,SP  QT'      4SP  SY^ 
lar  triangles, 

SP 
—  — 75 — 775  (Conies,  Prop.  vi.  Cor.  page  167) 

1 


.-.  F 


2AS*SP^     SF*^ 


Con.  1.  It  follows  from  the  last  three  propositions,  tlni 
if  a  body  P  be  projected  from  any  point  P  with  a  given 
velocity  in  a  given  direction  PR,  and  be  acted  upon  by  t 
centripetal  force  varying  inversely  as  the  square  of  the  dis- 
tance from  the  centre,  the  body  will  move  in  a  conic  seotioB 
having  the  centre  of  force  in  its  focus ;  and  conversely.  For 
the  focus,  the  point  of  contact,  and  the  position  of  the  tan- 
gent being  given,  a  conic  section  can  be  described,  whidi 
shaU  have  a  given  curvature  at  that  point.  But  the  cum* 
ture  is  given  because  the  force  and  the  velocity  of  the  body 
are  given ;  and  two  orbits  touching  each  other  cannot  be 
described  with  the  same  centripetal  force  and  the  Mat 
velocity. 

Cob.  2.  If  the  velocity,  with  which  the  body  leaves  Pt 
be  that  with  which  the  small  line  PR  can  be  described  in  n 
certain  very  short  space  of  time ;  and  if  the  force  be  iH^ 
during  the  same  time  to  move  the  body  through  the  if^ 
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Prop.   XV-     Theor.  VII. 

On  the  same  hypothesis^  the  squares  of  the  periodic  times  in 
ellipses  are  proportional  to  the  cubes  of  the  major  axes. 

Let  P  be  the  periodic  time  in  one  of  the  ellipses,  then 

2  area  of  the  ellipse 


ZttAC  .  BC 
"  A         ' 

.-.  i* —^ — JC  (Prop.  XI.  Cor.) 

fiBCr 

^—AC?a:  A(?. 

Cor.  Hence  the  periodic  time  in  an  ellipse  is  the  same 
as  in  a  circle,  the  diameter  of  which  is  the  major  axis  of  the 
ellipse. 


Prop.  XVI.     Theor.  VUI. 

On  the  same  hypothesis^  the  velocity  in  any  of  the  orbits 
varies  inversely  as  the  perpendicular  from  the  focus  on  the 
tangent  and  directly  as  the  square  root  of  the  latus  rectum. 

For  if  V  be  the  velocity,  and  p  the  perpendicular  from  the 
focus  on  the  tangent,  we  have  seen  (Prop.  i.  Cor.  i)  that 

vp  =  A, 
but  Aoc  \/L; 
y/l 

.%  V  oc  .       Q.B.D. 

P 

Cor.  1.  The  latera  recta  of  the  orbits  are  in  the  ratio 
compounded  of  the  duplicate  ratio  of  the  perpendiculars  and 
the  duplicate  ratio  of  the  velocities. 

[In  other  words  X  «  t^/>'.] 
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QB ;  then  the  bodj  will  aaoire  xii  a  eooic  sectum,  of  which 

the  laius  reeimm  will  be  the  nltifnate  raiae  ot  the  rmtio . 

la  these  corolhmes  the  circle  majr  be  xndcded  as  a  par- 
ticular case  <xf  the  dlipse,  and  the  ease  in  whidi  the  body 
falls  directly  to  the  centre  is  CTclndcd, 

[Cor.  5.     As  in  the  preceding  caaes^ 

p.  =  -—-  (Conies,  Propt  l  page  l63-)J 


PaoF.  ^SSy.     TnoB.  VL 

If  ang  nwmber  of  hoduM  retoice  abcmi  m  commtan  cemirtj  and 
the  farce  varjf  inrendtf  as  the  square  of  the  distamee,  the  latent 
fteta  of  the  oriiis  described  wiO  be  as  the  square  sf  the  areas 
iticribed  m  eqwd  tiwtes. 

For  we  hare  seen  in  each  of  the  three  preceding  propo- 
sitions, that 

where  0,  depends  upon  the  abs<^nte  intensity  of  the  central 
force ;  if  therefore  this  be  giTen, 

Lech*, 

and  since  h  is  twice  the  area  described  in  a  nnit  of  time, 
which  may  be  any  giren  time,  the  proposition  is  tme. 
Hence  if  any  number  of  bodies,  &c.     q.e.d. 

Cor.  Hence  the  whole  area  of  the  ellipse,  or  the  rect- 
angle  under  the  axes  which  is  proportional  to  it  (page  339, 
note),  raries  in  a  ratio  compounded  of  the  subduplicate  ratio 
of  the  lotus  rectttm,  and  the  ratio  of  the  periodic  time. 

Hiat  is,  if  P  be  the  periodic  time,  the  area  <3c  HP;  for 
k  «e  Li,  and  since  the  areas  described  are  proportional  to  the 

time,  the  area  of  the  ellipse  ^  -P,  and  .-•  «  LiP. 
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the  focus;  in  the  ellipse  it  Taries  more  than  in  this  ratio; 
and  in  the  hyperbola  less.     For,  in  the  parabola, 

SY^  cc  SF  (CJonics,  Prop,  tl  Cot.  page  167.) 

In  the  ellipse, 

SP 
^^  *  'TPi — 5^  (Conies,  Prop.  iv.  Cor.  page  176)  ; 

and  in  the  hyperbola, 

SP 
Sy^<^  —rp, ^r^  (Conies,  Prop.  nr.  Cor,  page  191.) 

2jiC  +  SP 

Now  in  this  expression,  as  the  numerator  increases  the 
denominator  also  increases,  therefore  SY^  yaries  less  tlian 
SP ;  and  in  like  manner  in  the  ellipse  it  varies  more. 

[This  result  may  be  conveniently  expressed  thus  : 

in  the  parabola,  u*  «  -^^ , 

SF 

in  the  ellipse,      t?»  -  ^  ^2  -  —  j  , 

in  the  hyperbola,  ^'  =  ;^  (^  +  "T^)  •] 

CoR^  7.  In  the  parabola,  the  velocity  of  the  body  at 
any  distance  from  the  focus,  is  to  the  velocity  of  a  bodj 
revolving  in  a  circle  at  the  same  distance  as  the  square  root 
of  2  to  1 ;  in  the  ellipse  it  is  less,  and  in  the  hyperbola  it  is 
greater  than  in  this  ratio.  For,  by  Cor.  2,  the  velocity  it 
the  vertex  of  a  parabola  is  in  this  proportion,  and  by  Cor.  fit 
and  Prop.  iv.  Cor.  6,  the  same  proportion  is  preserved  for  all 
distances.  Hence  also  in  the  parabola,  the  velocity  is  ererj 
where  equal  to  that  in  a  circle  at  half  the  distance,  in  the 
ellipse  less,  and  in  the  hyperbola  greater. 

[This  will  perhaps  appear  more  clearly  thus.  In  iht 
expression  for  the  velocity  in  the  ellipse  put  AC  —  SP,  the 
velocity  then  becomes  that  in  a  circle,  which  call  V «» 
before ; 
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F* 


.\  in  the  parabola  v  —  Fv/^ 
in  the  ellipse  v  <  F\/ij 
in  the  hyperbola  v  >  V\/2. 

Also  if  iZ  be  the  radius  of  a  circle  in  which  the  ve- 
locity would  be  the  same  as  at  the  point  P  of  the  parabola. 


we  must  have 


—  .-^,  or /?=_.] 


Cob.  8.  The  velocity  of  a  body  revolving  in  any  conic 
section  is  to  the  velocity  in  a  circle  at  the  distance  of  half 
the  lattAs  rectum,  as  that  distance  is  to  the  perpendicular 
from  the  focus  on  the  tangent. 

r 

[For  v^m  — - ,  and  if  V  be  the  velocity  in  the  circle 

/.  tj*  :  F*  ::  —  :  p*, 

4 


IT        ^  1 

or  tj  :  F  ::  —  :  jp.J 

CJoR.  g.  And  hence,  since  (by  Prop.  nr.  Cor,  6)  the 
velocities  of  bodies  revolving  in  circles  are  in  the  inverse 
subduplicate  ratio  of  their  distances,  the  velocity  of  a  body 
in  a  conic  section  will  be  to  the  velocity  in  a  circle  at  the 
same  distance,  as  a  mean  proportional  between  that  common 
distance  and  the  semi-latus  rectum  to  the  perpendicular  on 
the  tangent. 

[For     I,  -_.^^^,   F  .  — . 
.-.  v^  :  F« ::  ^  .  SP :  SY^.'] 


Prop.  XVII.    Prob.  IX. 

Given  that  tlie  centripetal  force  U  inversely  proportional  u 
the  square  of  the  distance  from  tite  centre,  and  that  the  abntutt 
force  of  the  centre  is  known;  it  is  required  to  find  the  curve, 
which  will  be  described  by  a  body  which  is  projected  from  a 
given  point  with  a  given  velocity  in  a  given  direction. 

T^et  the  force 
tending  to  §■  be  that 
under  the  action  of 
which  a  body  p 
would  describe  any 
given  orbit  pq,  and 
let  the  velocity  of 
this  body  at  the 
point  p  be  known. 
Let  the  body  P 
start  from  the  point  P  with  the  given  velocity  in  Uie  direc- 
tion PR,  and  let  it  be  made  by  the  action  of  the  centripetal 
force  to  move  in  the  conic  section  PQ.  Therefore  PR  will 
be  a  tangent  to  the  curve  at  P.  Let  pr  in  like  manner 
touch  the  orbit  pq  in  p,  and  if  from  S  perpendiculars  be 
supposed  to  be  drawn  to  these  tangents,  the  latu3  rectum  of 
the  conic  section  (PQ)  will  be  to  the  latus  rectum  of  the  orbit 
pq  in  the  mtio  compounded  of  the  duplicate  ratio  of  the 
perpendiculars  and  the  duplicate  ratio  of  the  velocities, 
(Prop.  XVI.  Cor.  1),  and  therefore  is  given.  Let  /.  be  the 
latua  rectum  of  the  conic  section. 

Moreover  the  focus  S  of  the  conic  section  is  given. 
Take  liPU  equal  to  the  supplement  of  RPS;  and  the  other 
focus  //  manifestly  lies  on  the  line  PH  thus  determined  in 
position.  On  PH  let  fall  the  perpendicular  SK,  and  suppose 
the  Bcmi-axis  minor  BC  to  be  drawn,  then  we  shall  have 

SF'  -  9KP  .  Pll  +  PH*  -  Sa*  -  *Cff" 

-  iBW  -  *BC* 

-  (SP  +  pny  ~L{sp  ^  PH) 

(since  ZBH  -  iAC  '^  SP  +  PH,  and  L.AC-  ^BC) 
~SP*-\-  iSP  .  PIT  +  PH'  -LiSP+  PH) ; 
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.-.  L  {SP  +  PH)  =  ZSP .  PH  +  SJTP .  PH 

=  {%SP  +  iKF)  PH 
or  SP+PH  :  PH  ::   2SP  +  SlTP  :  L. 

Here  i,  5P,  and  KP  are  known,  therefore  PH  is  known. 

Also,  if  the  Telocity  of  the  body  at  P  be  snch  that  L  is 
less  than  2SP  +  sKP,  PH  will  lie  on  the  same  side  of  the 
tangent  PB  as  the  line  SP;  and  therefore  the  figure  will  be 
an  ellipse,  and  the  foci  S,  H  having  been  found,  and  also  the 
rn^or  axis  SP  +  PH,  the  ellipse  will  be  entirely  determined. 

If  the  velocity  be  such  that  L  =  2SP  +  zPK.  PH  will  be 
infinite  ;  and  tlie  figure  will  be  a  parabola  having  its  axis  SH 
parallel  to  PK,  and  therefore  will  be  determined. 

Ivastly,  if  the  velocity  be  still  greater  than  in  the  pre- 
ceding case,  PH  must  be  taken  on  the  opposite  side  of  the 
tangent ;  and  the  tangent  thus  pasfiiug  between  the  foci,  the 
figure  will  be  an  hyperbola  having  its  major  axis  equal  to 
SP  -  PH,  and  therefore  will  be  determined.  For  if  the  body 
in  these  several  cases  were  to  revolve  in  the  conic  section 
8o  foond,  it  has  been  shewn  in  Props,  xi.  xii.  and  xni.  that 
the  centripetal  force  wonld  be  inversely  proportional  to  the 
sqoiu-e  of  the  distance  from  S ;  and  therefore  the  curve  PQ,  is 
rightly  determined,  which  the  body  under  the  action  of  such 
a  force  would  describe  if  projected  from  the  given  point  P, 
with  a  given  velocity,  and  in  a  given  direction. 

Cor.  I.  Henee  in  every  conic  section,  if  the  vertex  D, 
the  latos  rectum  L,  and  the  focus  S  be  given,  the  other  focus 
H  ia  given  by  taking 

DH  : 
For  the  proportion 

SP  +  PH  :  PH  ::  28P  +  ^KP  : 
becomes,  in  the  case  of  this  corollary, 

DS  +  Dff  :  DH  ::  4.DS  : 
and  .-.  J>S  :  DH  ::  *DS  -  L  1 
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Cor.  2.  Wherefore  if  the  velocity  at  the  vertex  D  be 
given,  the  orbit  may  be  immediately  found  by  taking  the 
latus  rectum  L,  such  that 

L  :  ^DS  ::  square  of  given  velocity  :  square  of  velocity 
in  circle  of  radius  DS,  (Prop.  xvi.  Cor.  S) 
and  then  taking 

DH  :  DS  ::  L  :  ^DS  -  L. 

CoR.  S.  Hence  also  if  the  body  move  in  any  conic 
section,  and  be  disturbed  from  its  orbit  by  any  extraneous 
impulse,  the  subsequent  orbit  may  be  determined.  For  by 
compounding  the  motion  of  the  body  with  that  motion  wbi(^ 
the  impulse  above  would  generate,  we  shall  know  the  mag- 
nitude and  direction  of  the  motion  with  which  the  body  will 
leave  the  point  at  which  the  impulse  takes  place. 

CoR.  4.  And  if  the  body  be  disturbed  by  any  conti- 
nuous extraneous  force,  we  can  determine  its  course  approx- 
imately by  calculating  the  changes  which  the  force  produces 
at  certain  points,  and  concluding  from  analogy  the  change 
which  takes  place  in  the  intermediate  parts  of  the  orbit. 

SCHOLIUM. 

If  a  body  P  move  in  any 
conic  section,  whose  centre  is 
C  under  the  influence  of  a 
force  tending  to  any  point  /?, 
and  it  be  required  to  find  the 
law  of  force  ;  draw  CG  parallel 
to  RP  and  meeting  the  tangent 
PG  in  G;  then  by  Prop.  vii. 
Cor.  3, 

force  tending  to  R  :  force  tending  to  C  ::   CG^  :  CP .  RP\ 

CG^ 
or  force  tending  to  R  «  i,v^« 


[The  proof  of  the  proposition,  that  a  body  under  the 
action  of  a  central  force  varying  in  intensity  as  the  inverse 
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square  of  the  distance  will  move  in  a  ccHiie  section,  may  be 
given  in  the  following  direct  and  elegant  manner;  for  the 
knowledge  of  which  I  am  indebted  to  my  friend  B.  L.  Ellis, 
Esq.  of  Trinity  College. 

Lemma.  In  any  central  orbit  the  angular  velocity  of  the 
body  varies  inversely  as  the  square  of  the  distance  of  the 
body  from  the  centre. 

This  follows  at  once  from  Newton,  Prop,  i.,  in  the  same 
manner  as  Cor.  l  follows  from  that  proposition^  For  by  the 
angular  velocity  we  mean  the  velocity  with  which  the  line 
joining  the  body  with  the  centre  revolves,  and  therefore  as 
in  Fig.  Prop,  i.,  the  velocity  at  J  oc  JB,  bo  the  angular 
velocity  will  oc  angle  J8B. 


But  area  JSB 


AS.  SB 


sin  JSB 


AS' 


.  A  SB  ultimately. 


a  constant  quantity ; 


.-.  JSB  cc 


AS' 


Q.B.D. 


This  being  premised,  let  5  be  a 
centre  of  force,  PP^  a  very  small  por- 
tion of  an  orbit  described  about  ^S^  in 
a  given  indefinitely  small  time;  draw 
the  lines  SPQ,  SP'Q',  and  with  centre 
S  and  any  given  radius  describe  a 
circle  cutting  these  two  lines  in  Q  and 
Of  respectively.  Then  by  the  preceding 
Lemma  the  angle  QSQ\  or  the  arc  QQf 
(since  the  radius  SQ  is  given)  varies 
inversely  as  the  square  of  SP,  and  therefore  directly  as 
the  force  upon  P  tending  towards  S.  Consequently  Qtf 
may  be  taken  to  represent  the  velocity  generated  by  the  cen- 
tral force  while  the  body  moves  from  P  io  P^;  the  direction 
of  QQ\  it  will  be  observed,  is  perpendicular  to  the  direction 
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of  the  force.  Now  take  the  line  Qlf,  in  the  direction  per- 
pendicular to  that  of  the  body's  motion,  that  is,  perpendicular 
to  PP',  and  representing  the  velocity  of  the  body  when  at  P 
on  the  same  scale  that  QQ'  represents  the  velocity  generated 
by  the  force  while  the  body  posses  from  P  to  P";  join  Q'A'; 
then  since  QN  represents  the  velocity  at  P  in  magnitude,  but 
is  in  direction  perpendicular  to  that  velocity,  and  QQ'  repre- 
sents the  velocity  generated  in  passing  from  P  to  P  in 
magnitude,  but  is  in  direction  perpendicular  to  the  generating 
force,  therefore  compounding  these  velocities  ^N  will  repre- 
sent the  velocity  at  P,  but  will  be  in  the  direction  perpen- 
dicidar  to  that  velocity.  Hence  iV  will  be  a  fixed  point,  and 
lines  QN,  Q'N,  &c.  drawn  as  above  will  represent  the  velociQr 
throughout  the  motion. 

Now  through  S  draw  SO 
perpendicular  to  SP,  through 
Q  draw  QR  perpendicular  to 
SN  produced  if  necessary,  and 
through  JV  draw  A""©  perpendicu- 
lar to  SO.  Then  it  is  easy  to  see 
that  QR  will  represent  in  mag- 
nitude the  resolved  part  of  the 
body's  velocity  parallel  to  SN, 
since  the  velocity  NQ  may  be  supposed  to  be  resolved  inU) 
the  two  QR  and  NR;  also  SO  will  represent  in  magnitude 
the  velocity  parallel  to  SP.  But  the  triangles  SQR^  SSOut 
similar,  and  therefore  QR  :  SO  ::  SQ  :  S.V.  which  it  k 
constant  ratio ;  or  tlie  velocity  of  the  body  parallel  to  SH 
bears  a  constant  ratio  to  its  velocity  parallel  to  SP. 

If  then  in  SN,  produced  if  necessary,  we  take  a  point  T, 
such  that  the  distance  from  /*  of  a  line  drawn  through  T 
perpendicular  to  ST  is  in  this  ratio  to  SP,  that  U,  in  the 
figure,  if  7*  be  such  that 

PM  :  SP  ::  SQ  :  SN. 
it  follows  that  throughout  the  motion  the  distances  of  tbe 
particle  from  S  and  from  this  line  TAt  arc  in  a  constant  ratio 
to  each  other ;  that  is,  the  path  of  the  body  is  a  conic  scctioD 
of  which  j^  is  the  focus  and  TM  the  directrix.     a.B.D. 
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The  latter  part  of  ibis  prc^xmtkm  may  also  be  exhibited 
in  the  followtng  fomi,  wbidi,  though  less  elegant  than  that 
which  precedes,  may  nererthdess  be  worthy  of  the  student's 
attention. 

Suppose  it  to  be  proved,  as  before,  that  QX  represents 
the  velocity.  Then  let  the  cir- 
de  of  which  the  centre  is  S 
and  radius  SQ  be  described, 
and  let  QS,  QN  meet  it  in 
V  and  W  respectively;  also 
through  P  draw  FT  perpen-  a!- 
dicular  to  QiV,  and  ST  perpen-     \  X  / 

dicular  to  PY.      Then  it  has      V  X  / 

been  proved  that  QiV  represents        \  X  / 

the  velocity,  also  PF  being  per- 
pendicular to  QN  is  a  tangent 
to  the  body's  path, 

.-.  QAT  .  /Sr  =  A.     (Newton,  Prop.  i.  Cor.  i.) 
Also  if  QN  produced  meet  the  cirde  in  A  and  J?,  we 


have 


QN  .  NW^  NB  .  NA^SB"^  SN^  «  -JQ*  -  SN^. 


Also  by  similar  triangles  QWV,  SYP, 
Sr     QN  +  NW     QN*  +  QN.NW      QN*  +  SQ^  ^  SN* 


BP  2SQ  9SQ.QN 

9h.SQ     ^QN.SY.SQ 


•  • 


SP 


SP 


iSQ .  QN 
Qfp  +  SQ!'-SN* 


sy 


+  SCe-  SN'. 


Now  there  are  three  cases  to  consider. 
(1)     Suppose  SN  -  5'Q ; 


.-.  sr* 


SSQ 


.SP. 


Comparing  this  with  the  result  of  Prop.  ti.  Cor.  page  167, 

26 
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we  see  that  the  curve  is  a  parabola  of  which  the  latus  rectum 
.      2A 

SQ 

(2)     BnppoBe  SN<SQ  I 

SP      2SQ  SP 


ST*  A*  Sif  -  82f* 


SP      Sh.SQ-  {S(^  -  SN")  SP        ih.  SQ 

sqr  -  SN* 

Comparing  this  ^rith  the  result  of  Prop.  iv.  Cor.  p.  176, 
we  see  that  the  curre  is  an  ellipse,  in  which 

BC*  -  -t:^ — ;rr=r,  and  A0~  ^ 


S<^-SN*'  S(P-SN*' 


(8)     Suppose  SN>8Qi 
then,  in  like  manner, 

h* 


SV  SN*  -  S(f 


SF         ih.SQ 


SN*  -  S(^ 

comparing  which  with  Prop.  iv.  Cor.  p.  191,  we  see  that  Out 
curve  is  an  hyperbola.] 
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CONTAINING  THE  THEOBY  OF  CYCLOIDAL  OSCILLATIONS. 


1.  It  is  the  purpose  of  the  following  articles  to  solve 
the  problem  of  finding  the  time  of  oscillation  of  a  heavy 
particle,  when  constrained  to  move  upon  the  arc  of  a  cycloid. 
But  before  giving  the  solution,  it  will  be  necessary  to  define 
the  cycloid,  and  to  investigate  some  of  its  properties. 

2.  Dbf.  a  cycloid  is  the  curve  traced  out  by  a  point  in 
the  circum/erenee  of  a  circle,  which  rolls  upon  a  given  straight 
Une. 


Thus,  if  a  cirde,  of  which  the  radius  is  OQ,  roll  on  the 
straight  line  ABA\  a  given  point  F  in  its  circumference  will 
trace  out  the  cycloid  AC  A'.  It  is  manifest  that  the  curve 
win  have  such  a  form  as  that  exhibited  in  the  figure ;  the  line 
AA^  will  be  equal  to  the  circumference  of  the  generating 
drcle»  and  the  curve  wiU  be  symmetrical  about  the  line  BC, 
which  bisects  AA'  at  right  angles,  and  which  is  called  the 
txis  of  the  cycloid. 

3.     To  draw  a  tangent  to  a  cycloid. 

Join  PQ,  Q  being  the  point  of  the  generating  circle  in 
contact  with  A  A'  at  any  given  moment ;  then  the  generating 
circle  moves  into  its  next  position  by  turning  about  Q,  and 
therefore  the  motion  of  P  will  be  for  a  very  short  space  of 
time  the  same  as  if  it  were  describing  a  circle  about  Q,  that 
is^  its  motion  will  be  perpendicular  to  PQ. 

26—2 


Hence  the  tangent  at  P  will  be  perpendicular  to  PQ,  ■ 
will  therefore  pass  through  R  the  other  extremity  of  f 
diameter  QOR. 

4).     To  find  the  length  of  the  arc  of  a  cycloid. 


Let  P,  P  be  two  contiguous  points  in  a  cycloid ;  on  tbs 
axis  BC  describe  a  semicircle,  and  through  P,  F^  draw  the 
lines  Pn,  Pm  perpendicular  to  BC  and  cutting  the  semicircle 
in  Q  and  Q'  respectively.  Join  CQ,  CQ'.  BQ',  Q'Q,  and  pro- 
duce the  lost  to  meet  JB  in  S ;  also  let  ^  p  be  the  inte^ 
sections  of  CQ,  P'm,  and  CQ,  QB  respectively. 

Then,  when.  P'  approaches  indefinitely  near  to  P.  QR 
being  parallel  to  the  tangent  at  P  will  be  ultimately  parallel, 
and  therefore  also  equal,  to  PP.  Also  Q'B  will  be  ultimatdj 
perpendicular  to  CQ,  and  therefore  Qp  will  be  ultimate!/ 
CQ  -  Ctf. 

Now  SC^  ultimately  -  SB ; 

.-.angle  SQ'B  -  SBQf  -  mQB; 

.:  in  the  triangles  QQ'p,  RCtp,  we  have  ^Qi^pm  z  Stiff, 
and  ^Q'pQ  -  ^Q'pR,  (each  being  a  right  angle,)  and  the 
Bide  Q'p  common  ;  .:  Qp-  Rp,  and  .-.  QR  •  sQp,  or  PF 
ultimately  -  2  (CW  -  CQ'.) 

But  PP'  is  the  increment  of  the  arc  of  the  cycloid  il 
passing  from  the  point  P'  to  the  contiguous  point  P,  and 
CQ  -  CQ'  is  the  corresponding  increment  of  the  chord  CQ", 
which  is  equal  to  the  chord  of  the  generating  circle  toucbio; 
the  cycloid  at  P ;  hence  th«  arc  of  Uu  cycloid  vwuurwd  fnm 
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the  vertex  to  anjf  point  equate  twice  the  ^ord  of  the  generating 
circle  which  touehee  the  curve  at  that  point.  In  the  figure  of 
ArL2,  CP-«PjB, 

5.    To  make  a  pendulum  oecUlate  in  a  given  cycloid. 
b' JC » F 


C  JL 

Let  APC  be  a  given  semieydoid,  having  base  AB  and 
axis  BC ;  produce  CB  to  A^  making  BJH  —  BC^  and  complete 
tbe  rectangle  A'BAEfi  with  A'Bf  as  base,  and  Aff  as  axis, 
describe  the  semicydoid  APA'. 

Take  any  line  XQB  equal  and  parallel  to  A'BC^  and  on 
HQi  RQ  describe  the  two  generating  semicirdes  QPBj  Q^]Et\ 
join  QP,  PR,  QP^,  Pb:. 

Then  the  circular  arc  QJP  «>  AQ,^  as  is  manifest  from  the 
mode  in  which  the  cydoid  is  generated ;  and  in  like  manner, 
arc  (iPR  -  AB\ 

.-.  arc  PR^BQ^  A'R'  «  arc P^JT ; 

.-.  PR  -  pb:, 

also,  QR  «  Q/r, 
and  angle  QPR  m  angle  QP'Rfp  each  being  a  right  angle ; 
•*.  the  triangles  QPR,  QP^B^  are  equal  in  all  respects. 

Hence  angle  PQR  -  P'QR';  .\  PQP  is  a  straight  line. 
Also  PF  (which  is  a  tangent  to  A' FA  at  P,) 

-  5tFQ,  -  arc  FA. 
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Hence  if  a  string  of  length  A'P^A^  fixed  at  A\  and  wrapped 
upon  the  semicyeloid  AP A,  be  unwrapped^  beginning  at  ^, 
a  particle  attached  to  its  extremity  will  trace  out  the  semi- 
cycloid  APC.  And  by  means  of  another  semicyeloid  A' a,  the 
particle  may  be  made  to  describe  the  other  half  of  the  cycloid 
ACa. 

6.  To  find  the  time  of  oscillation  of  a  heavy  particle  moving 
on  the  surface  of  a  cycloid. 

A _a 


Let  P  be  the  position  of  the  particle  at  any  time,  QPR 
the  corresponding  position  of  the  generating  circle,  PB  the 
tangent  at  P,  C  the  lowest  point  of  the  cycloid.  Then  the 
force,  which  accelerates  or  retards  the  motion  of  the  particle; 
is  the  resolved  part  of  the  force  of  gravity  in  the  direction  of 
the  tangent,  that  is,  in  the  direction  of  PR.  But  gravity  eLCts 
parallel  to  QR,  therefore  the  resolved  part  of  gravity  in  the 
directicm  of  PR 


geos 


PR     a  PC 
^*^  ^^QR^  ^Qfi  *  ^^^       property  of  the  cycloid). 


^.PC, 
4a 


if  we  call  the  radius  of  the  generating  circle  a. 

Hence  the  particle  is  always  acted  upon  by  a  force  tend- 
ing to  draw  it  towards  C  and  proportional  to  PC,  and  vrill 
therefore  oscillate  in  the  same  manner  as  a  particle  under  the 
action  of  a  central  force  varying  directly  as  the  distance : 
therefore  by  Newton,  (Prop,  x.  Cor.  S), 

time  of  oscUlation  =  2ir  \/  —  ■  4  ir\/  -  . 

9  9 
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6  (bis).  This  result  may  be  obtained  independentlj  of 
the  proposition  cited  from  Newton  as  foUows : 

Let  AC  A'  be  the  cycloid  having  its  axis  BC  vertical,  N  a 
point  fix>m  which  a  heavy  particle  is  allowed  to  descend ;  then 
if  we  draw  NDN*  horizontal.  If  will  be  the  point  to  which 
the  particle  will  ascend.  On  BC  describe  the  semicircle 
BQP^  and  on  DC  the  semicircle  Dn  0  having  0  for  its  centre. 

Let  P  be  the  place  of  the  particle  at  any  given  time,  F^ 
its  place  an  indefinitely  short  time  after  it  has  passed  P ; 

M^ ^S A 


through  P,  JP"  draw  the  horizontal  lines  PQnm,  P^^^y  cutting 
the  circles  above  described  in  Q,  ^  and  n,  n  respectively. 
And  join  On^  On\ 

Denote  the  angle  COn  by  a,  and  nOn   by  d,  the  radius 
OC  by  r,  and  the  radius  of  the  generating  circle  by  a. 

Then  the  velocity  of  the  particle  at  P  «  \/s^  •  Bm  (Art. 
45,  page  312.) 

.•.  time  of  describing  PP^ . 


\/2g  .Dm 


But  PP'  -  2  (CQ  -  CQ%  Art.  4, 


and  if  we  suppose  BQ,  CQ  to  be  joined,  we  have  from  similar 
triangles  BCQ,  QCm, 

BC  :  OQ  ::  CQ  :  Cm\ 

.'.  CQ^  -  BC .  Cm, 

in  like  manner         Cn*  ■>  DC .  Cm  ; 

C<y      BC     a 
Crf  'DC'  r* 


.  • 
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and  CQ  -  V  -  Cn  «  \/ar  chd{a  +  d)  «  2\/arsin' , 


similarly  CQ'  «  2  \/ar  sin  - , 

also  Dm  *^r  +  r  cos  (a  +  d)  «  2r  cos* ; 

y—  f  .   a  +  0       .    a\ 
^Var\Bm— sin -J 

,•.  time  of  describing  PP^  m^ 

/ a  +  u 

\/4gr  COS 


.-  cos 


2 

(a    e\  .  e 

,-  ww«     -  +  -  sm- 
/a  V2      4/       4 


COS 


-  \/ -  X  d,  since  0  is  indcfi- 

nitely  small. 

It  will  be  seen  that  all  the  small  angles  such  as  0,  cor- 
responding to  the  small  arcs  PP'  between  N  and  JV,  will 
together  make    up   four  right  angles,   hence   the  time  of 

describing  the  arc  NCN*  will  be  2ir  V  -,  and  the  time  of 
describing  the  arc  NCy  and  returning  to  the  point  N  wiO 

be  4ir  V  - ,  as  before. 
9 

Cor.  If  we  have  a  particle  suspended  by  a  string  of 
length  /,  and  made  to  oscillate  in  a  cycloid  by  the  artifice  ex- 
plained in  a  preceding  proposition,  then  Z  «  4a,  and  the  time 
of  oscillation 

It  is  to  be  observed,  that  by  the  time  of  osdUation  is  meut 
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the  time  which  elapses  between  the  departure  of  the  particle 
from  the  highest  point  aod  its  return  to  the  same. 

7-  When  the  oscillations  of  a  pendulum  arc  very  small, 
we  may  consider  the  time  of  oscillation  to  be  the  same  as  if 
the  extremity  described  a  cjcloidal  arc ;  hence  if  /  be  the 
length  of  a  pendulum  we  may  say  in  general,  that,  provided 
the  oscillation  be  small,  the  time* 


.Wl 


-time  of  oscillation  of  a  pendulum  is  an  element  which  can 
Ctbserved  with  very  great  accuracy ;  hence  the  observation 
of  >  pendulum  affui-ds  the  best  means  of  determining  the 
••lue  of  the  quantity  g.  Suppose  we  find  by  experiment  the 
length  of  a  pendulum  which  will  make  a  semioscillation  in  l", 
ud  let  L  be  its  length,  then  we  have 
Z 


'Vi 


Sucli  a  pendulum  is  called  a  seconds  pendulum.  By  this 
iMans  it  is  ascertained  that  the  accelerating  force  of  gravity, 
ftough  nearly  the  same  over  the  earth's  surface,  is  not  accu- 
rately so ;  in  fact,  observations  of  the  variation  of  gravity  by 
Dieana  of  the  pendulum  may  be  employed  for  the  purpose  of 
lietermining  the  form  of  the  earth.  The  length  of  the 
Kconds  penduhim.  speaking  without  extreme  accuracy,  may 
It  BEud  to  vary  from  the  poles  to  the  equator  between  the 
limits  39^  and  Sg  inches.  In  the  latitude  of  London  the 
'ength  is  about  sgj^  inches. 

8.  A  pendulum  consisting  of  a  particle  suspended  by  an 
indefinitely  fine  string,  such  as  that  which  we  have  been  con- 
sidering, is  called  a  simple  pendulum.  Hut  in  practice,  no 
pendulum  can  be  made  so  nearly  to  fulfil  these  conditions  as 
to  be  regarded  as  a  simple  pendulum  ;  to  deduce  the  length  of 

■  The  time  of  ■  rtTJ  ■niall  olcilUl 
nine  of  the  ndiui  of  cuivstutc  of 
Ukc  place. 
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the  theoretical  simple  pendulum  from  a  seconds  pendulum  of 
complicated  coustruction,  requires  much  ingenuity,  as  well  as 
the  application  of  more  complicated  mathematical  processes 
than  any  introduced  into  this  work.  It  must  suffice  here  to 
state,  that  the  problem  admits  of  solution  to  the  utmost  d^^ree 
of  accuracy. 

9.  To  find  the  number  of  seconds  which  a  pendulum  wiU 
lose  in  a  day^  when  lengthened  by  a  given  small  quantity,  sup- 
posing the  pendulum  to  be  previously  a  seconds  pendulum. 

Let  a  be  the  additional  length,  and  T  the  time  of  a  semi- 
oscillation,  w  the  number  of  seconds  lost  in  24  hours. 


Then  T-  ir  \/^^-^  -  «■  \/-  f  i  +  -^^     nearly, 

g  g  \        5tLJ 


«       .  /l 

■  1  +  — ,   since  IT  \/  --  =  1  by  hypothesis. 


a 
7 ,   Since  ir  \/ 

9 
24  X  60  X  60 


.'.  a?  -  24  X  60  X  60  - 


a 

a  24  X  60  X  60  X  -y ,  nearly. 

Suppose  for  instance  that  -7-  «  — ,  then  the  number  of 

^    ,     ,       24  X  60  X  60 

seconds  lost  = -432. 
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10.  Observation  of  the  number  of  beats  lost  by  a  secondi 
pendulum  at  the  summit  of  a  mountain  enables  us  to  detennioe 
the  height  of  the  mountain.  For  let  w  be  the  height  of  tbe 
mountain  in  feet,  n  the  number  of  beats  lost  in  24  hours  by  ^ 
pendulum  which  vibrates  seconds  on  the  earth's  surface,  g  ^ 
value  of  the  accelerating  force  of  the  earth's  attraction  at  tl^ 
summit,  then,  taking  the  earth's  radius  as  4000  miles, 


/      4000  X  1760  X  S      y 
^  '^  V4000X  1760xS  +  «/  * 
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(since  the  force  of  gravity  varies  inversely  as  the  square  of 
the  distance  from  the  earth^s  centre ;) 

.'.  the  time  of  oscillation  at  the  summit 

=  7r  \/-7=  w  V-fl  + ^- ), 

g  g\       4000x1760x3/ 

«  1  4. since  TT  V  —  «  1. 

4000x1760x3  g 

But  since  the  pendulum  loses  n  beats  in  24  hours,  the  time  of 
oscillation 

24  X  60  X  60  n 


24  X  60  X  60  -  n"     "^24  x  60  x  60  ^^^^  ^ ' 

4000  x  1760  X  3 

•*•  .V  -  n —  , 

24  X  60  X  60 

s  n  X  245  nearly. 

Suppose  for  example  n  »  10,  then  the  height  of  the  mountain 
would  be  2450  feet. 

The  same  method  is  applicable  to  the  determination  of 
the  depth  of  a  mine ;  but  in  this  case  we  must  consider  that 
the  force  of  gravity  is  directly  proportional  to  the  distance 
'^om  the  centre  of  the  earth,  a  proposition  not  here  proved. 

11.  The  demonstration  of  Art.  6  (bis)  may  be  put  in  a 
neater  form,  as  follows*. 

In  the  figure  let  the  point  in  which  the  ordinate  PQ[n 
meets  BC  be  called  m^  and  suppose  mn  to  be  joined. 

Then  as  before,  time  of  describing  PP  ■»  —.^- 


fj^g  .  Dm ' 
But     PP^'^^iCQ-'CQ^), 
and     CQ^mBC.Cm, 

CQ!^  =  BC .  Cm\ 


*  Thi«'  addition  was  made  after  the  Article  to  which  it  refers  had  been  printed ; 
otherwise  it  would  liave  immediately  followed  that  Article. 

« 
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.-.  (CQ  -  CQ')  {CQ  +  C(ti  -  BC.  mm', 

BC 
.*.  ultimately  PF^  «  —■ .  mm'  «  mm' 

And  therefore  time  of  describing  PP^ 

^  /BC  wi«»'  ^  /a  mm' 

2g    V  Cm  .  Dm  g    mn 

Now  consider  the  quadrilateral  Onn'm' ;  the  angle  at  m  is 
a  right  angle,  and  the  angle  at  n  is  ultimately  a  right  angle, 
and  therefore  Omim  is  ultimately  a  quadrilateral  inscribable 
in  a  circle ;  hence 


«0n'  -  „m'«'  -  mrmi  ~  —  ultimately. 

mn 

.'.  time  of  describing  PP' «  nOn  \/  - , 

and  the  time  of  an  oscillation  a  4ir  \/  -  as  before. 
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1.  A  FLUID  ia  a  collection  of  material  particlea,  wliich  can 
be  moved  among  each  other  hy  an  indefinitely  small  force. 

There  ia  no  fluid  in  nature  which  strictly  fulfila  the  defi- 
nition we  have  given ;  nevertheless  those  substances,  which  we 
shall  consider  as  fluid,  fulfil  it  BufEciently  nearly  to  make  the 
conclusions  founded  on  the  definition  practically  correct. 

2.  Fluids  are  distinguished  into  elastic  and  non-elastic. 
The  former  class  consists  of  those,  the  volume  of  which  can 
be  diminished  by  pressure,  and  which  have  an  internal  expan- 
sive force,  in  virtue  of  which  their  volume  increases  when  not 
constrained  by  external  pressure.  Of  this  kind  is  air,  and 
generally  all  gaeeous  fluids.  The  latter  claas  consists  of  those 
which  have  not  this  property,  and  the  volume  of  which  remains 
the  same  whatever  pressure  they  may  be  subjected  to.  Of  this 
kind  ia  water,  and  generally  all  those  fluids  which  we  term 
liquid. 

These  two  classes  of  fluids  are  also  spoken  of  as  compres- 
sible and  incompressible.  Strictly  speaking  no  known  fluid  is 
incompressible,  but  alt  ordinary  liquids  are  sufficiently  nearly 
80  to  enable  us  to  regard  them  as  such  without  sensible  error. 
Water  and  even  mercury  have  been  compressed  by  actual 
experiment,  and  the  amount  by  which  their  volume  ia  de- 
creased  for  a  given  pressure  has  been  ascertained. 

3.  As  the  science  of  Force,  considered  as  acting  on  a 
material  particle,  or  a  system  of  material  particles  rigidly 
connected,  divided  itself  into  the  two  sciences  of  Statics  aad 
Dynamics,  so  in  considering  the  action  of  force  on  a  fluid  the 
science  will  be  that  of  Uydroalatice  or  Hydrodynamics,  accord- 
ing aa  motion  is  or  is  not  produced.  The  mathematical 
difficulty  of  the  latter  science,  however,  will  conflae  us  strictly 
to  the  case  of  a  fluid  at  rest. 
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4.  The  characteristic  property  of  fluids  is  that  of  tra 
mitting  equally  in  all  directions  pressures  applied  at  their  t 
faces.  Thus,  suppose  the  figure  to 
represent  a  horizontal  section  of  a 
vessel  containing  fluid,  and  suppose 
a  pressure  exerted  on  the  fluid  at  / 
some  part  of  the  side  JE  by  a  pis-  g/ 
ton  a ;  then  this  pressure  will  be  N£ 
transmitted  through  the  fluid,  not  '  ^ 
only  in  one  direction,  as  would  be  the  case  with  a  rigid  body, 
but  in  all  directions  around  the  piston.  To  test  the  truth  of 
this,  suppose  a  piston  6,  of  the  same  size  as  a,  to  be  inserteil 
in  the  side  BC,  then  it  will  be  found  that  the  same  force  will 
have  to  be  applied  to  the  piston  6,  fo  prevent  its  being  thrust 
outward,  as  has  been  applied  to  the  piston  a  in  order  to  pro- 
duce the  pressure  on  the  surface  of  the  fluid. 

The  same  property  may  be  proved  by  other  experiments, 
so  far  as  the  nature  of  the  case  allows  of  experimental  proof, 
and  will  be  assumed  as  true  in  all  that  follows. 


5.  The  pressure  which  a  fluid  exerts  upon  a  smooth  plane 
is  necessarily  perpendicular  to  the  plane,  because  the  pressure 
must  be  mutual,  and  a  smooth  plane  is  incapable  of  exerting 
any  pressure  parallel  to  its  surface. 

Thus  for  example,  the  pressure  of  the  water  upon  the 
rudder  of  a  ship  acts  in  a  direction  perpendicular  to  the  rud- 
der, and  thus  has  a  tendency  to  turn  the  vessel  out  of  ita 
course  unless  the  plane  of  the  rudder  is  coincident  with  the 
vertical  plane  passing  through  the  keel.  Again  the  pressure 
of  the  air  upon  a  sail,  supposed  plane,  is  perpendicular  to  the 
plane  of  the  sail ;  consequently  if  the  plane  of  the  sail  be  «o 
arranged  as  to  lie  between  the  point  from  which  the  wind 
blows  and  the  point  to  which  the  vessel's  course  is  (Urccted, 
there  will  be  a  resolved  part  of  the  pressure  on  the  sail  in  the 
direction  of  the  intended  course.  This  is  the  general  prin- 
ciple upon  which  vessels  are  able  to  sail  in  a  direction  making 
an  acute  angle  with  that  of  the  wind ;  the  question  how  nmr 
to  the  wind  a  vessel  can  sail,  depends  Hjwn  practical  coDjriden- 
tions,  the  rig  of  the  vessel,  and  the  like. 


RQDAL    TRASSMISSION    Of    PllESSUBB. 
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When  a  plane  surface  is  siihmitted  to  the  pressure  of  ii 
Suid  the  whole  pressure  is  equivalent  to  one  force  perpendi- 
cular to  the  plane ;  but  when  a  surface  not  plane,  as  that  of  a 
sphere  or  a  cone  for  instance,  is  pressed  by  a  fluid,  the  direc- 
tion of  the  pressure  will  in  general  be  dilferent  for  all  the 
different  points  of  the  surface,  anil  the  whole  pressure  on  the 
surface  will  be  the  sum  of  an  infinite  number  of  pressures 
having  different  directions,  and  will  not  be  a  single  force  in  n 
determinate  direction. 

6.  Having  spoken  of  the  prcs.sure  on  a  plane,  wc  must 
explain  how  such  pressure  is  measured.  The  pressure  may  be 
either  uniform  or  variable,  that  ig,  it  may  be  the  same  at  one 
point  as  at  another,  or  it  may  vary  from  point  to  point:  in 
the  former  case,  the  pressure  is  measured  by  the  pressure  pro- 
duced on  a  unit  of  area:  in  the  latter,  the  pressure  at  any 
point  is  measured  by  the  pressure  which  would  be  produced 
on  a  unit  of  area,  if  the  pressure  at  every  point  of  it  were  the 
s.ime  as  at  the  proposed  point.  The  unit  of  area  may  be  any 
whatever,  as,  for  instance,  1  square  inch.  The  pressure  tiius 
measured  is  called  the  pressure  referred  to  a  itnil  of  Burf'ice, 
and  is  usually  denoted  by  the  letter  p.  Suppose,  for  example, 
the  pressure  on  each  square  inch  of  the  bottom  of  ft  pail  of 
water  were  the  same  as  would  be  produced  by  putting  upon  it 
a  weight  of  3  lbs.,  then  p  =  i.  Also  if  A  be  the  whole  area 
pressed,  and  the  pressure  be  uniform,  the  whole  pressure  will 
be  measured  hy pAi  thus,  in  the  example  just  now  taken,  if 
the  bottom  of  the  pail  contain  40  square  inches.  7>W  -  s  x  *o 
-  120  lbs.,  which  is  the  whole  pressure  exerted  by  the  water. 

Conversely,  if  the  whole  pressure  on  an  area  be  given, 
and  the  pressure  be  uniform,  then  the  pressure  referred  to  n 
unit  of  surface  will  be  found  by  dividing  the  whole  pressure 
by  the  quantity  expressing  the  area. 

When  we  speak  of  the  pressure  at  any  internal  point  of  a 
moss  of  Huid,  we  mean  the  pressure  which  would  be  exerted 
supposing  a  rigid  plane  were  made  to  pai>s  through  the  point 
in  question.  Or,  supposing  a  very  small  portion  of  fluid  at 
the  given  point  to  become  rigid,  then  we  shall  have  the  case 
of  a  small  rigid  body  kept  in  equilibrium  by  equal  presoureii 
■  -  21 


on  all  sides  of  it,  and  the  intensity  of  these  pressures  measum 
the  pressure  of  the  Suid  at  the  proposed  point. 

7.  Some  very  remarkable  results  follow  from  the  law  of 
equal  transmission  of  fluid  pressure,  which  at  first,  perhaps, 
appear  somewhat  paradoxical.  For  since,  when  we  exert  « 
pressure  on  the  surface  of  a  fluid,  that  pressure  is  transmitted 
equally  in  all  directions,  it  is  evident  y 
that  the  whole  pressure  produced  on 
any  surface  will  be  proportional  to 
the  extent  of  the  surface,  and  there- 
fore may  be  increased  indefinitely  by 
increasing  that  surface.  The  follow- 
ing experiment  exhibits  this  result 
from  a  very  striking  point  of  view. 
Suppose  AB,  CD  to  be  two  boards 
forming  the  ends  of  an  air-tight 
leather  bag,  and  through  the  lower 
board  CD  let  a  small  tube,  EF,  be 
introduced ;  then  it  will  be  found, 
that,  by  making  the  board  AB  sufficiently  large,  a  person  stand- 
ing upon  it  and  blowing  into  the  tube  will  be  able  to  lift  bis 
own  weight  with  case.  This  is  sometimes  spoken  of  aa  tba 
HydrMtatio  paradox. 

8,  It  may  be  observed  that  the  priaciple  of  Virtual 
Velocities  is  applicable  to  the  case  of  equilibrium  of  an  in- 
compressible fluid  under  the  action  of  no  forces. 

For  let  V  be  the  volume  of  a  vessel  containing  iacotn- 
pressible  fluid,  and  let  0,0,(1.1, ..be  the  transverse  aectioBS  rf 
cylindrical  pipes  opening  into  the  vessel :  also  let  p  b«  the 
pressure  referred  to  a  unit  of  surface,  which  will  bo  the  aant 
throughout  the  fluid.  Suppose  pistons  to  be  fitted  into  tbe 
pipes,  and  let  j,*,T,...be  the  distances  of  these  reapecUtdj 
from  the  points  in  which  the  pipes  meet  tbe  vessiel. 

Then  the  volume  of  tbe  fluid 

■  V*  fli*,  +  a,j,  +  o^T,  +  ... 
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Now  suppose  the  pistons  to  be  slightly  displaced,  some  being 
moved  toward  the  vessel,  others  drawn  from  it,  and  let  A1A9A,... 
be  the  displacements,  those  being  reckoned  positive  which 
take  place  from  the  vessel  and  those  negative  which  take 
place  towards  it ;  then  after  the  displacement,  the  volume  of 
the  fluid  will  be 

and  therefore,  by  the  condition  of  incompressibility,  we  must 
have 

ttjAi  +  efjAj  +  OaAs  +  ...  «  0 : 

.•.  />a|A|  +  pOifh  +p(iJh  +  •  •  •  ■■  ^« 

# 

But/>a|,  pO],  pa,,  ...are  the  pressures  on  the  pistons,  which  if 
we  denote  by  PjPjPj...,  the  equation  becomes 

which  expresses  the  condition  given  by  the  principle  of  Viiv 
tnal  Velocities.     (See  page  S58.) 

It  is  manifest  that  the  principle  is  not  applicable  to  com- 
pressible fluids. 


ON  THE  EQUILIBRIUM  OF  NON-ELASTIC  FLUIDS  UNDER 

THE  ACTION  OF  GRAVITY. 

9.  In  the  treatise  on  Dynamics,  (Art.  si,  page  279)f  we 
explained  what  is  meant  by  the  mass  of  a  body,  and  we  esta* 
blished  the  formula 

where  W  is  the  weight  of  a  body,  M  its  mass,  and  ff  the  aoce- 
lerating  force  of  gravity  (Art.  24,  page  281). 

By  the  density  of  a  body  we  mean  the  quantity  of  matter 
contained  in,  i.  e.  the  mass  of,  a  unit  of  its  volume ;  so  that  if 
V  be  the  volume  of  a  body  of  uniform  density  p,  and  M  its 
mass,  then  • 

and  .*.  W  m  p  Vg. 

27—2 
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It  will  be  observed  that  here,  as  in  the  case  of  mass,  (sec 
Dynamics,  Art.  21,  page  279)  we  are  obliged  to  refer  to  the 
effect  of  gravity  upon  matter,  and  we  consider  two  bodies  of 
equal  volume  to  be  equally  dense  when  tlieir  tteiijhtt  are 
equal,  that  is,  when  the  effect  of  gravity  upon  them  is  the 
same. 

The  sjyecijic  gravity  of  a  body  is  the  weight  of  a  unit  of 
its  volume  ;  so  that  if  S  be  the  specific  gravity  of  a  body,  the 
volume  of  which  is  ¥  and  the  weight  W,  then  will 

\V=  VS. 

Comparing  this  with  the  formula  last  obtained,  we  see 
that 

The  specific  gravities  of  different  substances  may  be  con- 
veniently estimated  with  reference  to  some  standard  suh- 
stance ;  for  instance,  distilled  water  at  a  given  temperature; 
if  we  call  the  specific  gravity  of  this  standard  substance  I. 
then  those  of  other  substances  will  be  expressed  by  numbers, 
which  give  the  ratios  of  the  specific  gravities  of  thoiie  sub- 
stances  to  that  of  the  standard.  Thu9,  if  the  specific  granty 
of  water  is  i,  that  of  lead  is  11.35,  of  copper  8.9,  and  bo  of 
other  substances. 

]0.  To  find  tlie  pressure  referred  to  a  unit  of  sur/act  at 
any  depth  below  the  surface  of  a  fluid  at  rest. 

Let   li  ha  a.  point  at  a  depth  z  below  <  1 

the  surface  ;  suppose  AB  to  be  a  prism  of  \ & / 

fluid  of  very  small  transverse  section  a,  and     \  / 

suppose  this  prism   to  become  solid,  which      1  g  / 

may  evidently  be  done  without  disturbing ' 

the  equilibrium  1  then  the  pressure  on  the  base  of  the  prim 
will  be  its  weight,  or  pgax,  iC  p  be  the  density  of  the  fluid. 
Again,  let  p  be  the  pressure  at  B  referred  to  a  unit  of  anr- 
face,  then  the  whole  pressure  on  the  base  of  the  prism  — /«; 
hence  we  have 

pa~  pffa:i, 
or  p  -  pffz. 
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Hence  the  pressure  at  any  point  in  the  interior  of  a  fluid 
at  rest,  is  proportional  to  the  depth  below  the  surfuoe. 

If  we  suppose  the  surfuce  of  the  fluid  to  be  exposed  to 
some  pressure,  tts  the  pressure  of  the  air,  and  ive  call  this 
pressure  H,  we  shall  have 

p  =p^!S  +  II. 

11.  The  pressure  which  we  have  here  determined  is  not 
in  any  definite  direction,  but  exists  in  all  directions  around  B 
in  virtue  of  the  fundamentalproperty  of  fluids.  For  instance, 
if  we  have  a  vessel  with  vertical  sides  containing  fluid,  then 
the  pressure  at  a  given  depth  on  the  sides  of  a  vessel  will 
be  that  which  we  hare  determined,  but  its  direction  will  be 
horiKontal. 


12,      T/u  surface  of  a  fluid  at  rest  is  a  horizontal  plane. 


Let  JB  be  the  surface  of  the  -4_ 
fluid,  CD  a.  horizontal  plane  below 
the  Borfaee,  E,  F  any  two  points 
in  the  surface,  EC,  FD  perpeudicu- 
kr  to  CD,  p  the  density  of  the  fluid. 
Now,  suppose  a  small  canal  of  fluid  joining  C  and  D,  any  two 
points  in  the  given  horizontal  plane,  to  become  a  solid  prism  ; 
then  since  this  prism  is  in  equilibrium,  the  horizontal  pressures 
upon  its  two  ends  must  be  equal ;  but  these  are  the  fluid  pres- 
sures at  C  and  D  \  hence 

fluid  pressure  at  C  =  fluid  pressure  at  D, 

that  is,  pgEC-'pgFD; 

.:  EC  -  FD, 

and  therefore  the  surface  of  the  fluid  is  parallel  to  the  hori- 
zontal plane  CD,  or  is  horizontal. 

13.      To  find  the  pressure  on  a  plane  horizontal  area  at  any 
depth  below  the  surface  of  a  fluid  at  rest. 

Suppose  vertical  lines  be  drawn  from  all  points  of  the 
circumference  of  the  plane  area  to  the  surface  of  the  fluid> 
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and  suppose  the  prism  of  fluid  thus  formed,  having  the  gircn 
area  for  its  base,  to  become  eotid;  theu  the  pressure  on  the 
plane  area  will  be  the  same  as  before.  But  in  this  hypotheti- 
cal case,  the  pressure  manifestly  equals  the  weight  of  the  solid 
prism.  Hence  the  pressure  on  the  plane  area  is  the  weight 
of  a  column  of  fluid,  the  base  of  which  ia  the  area  pressed,  and 
height  the  depth  of  the  area  below  the  surface. 

The  proposition  will  be  true,  even  K. 
when  there  is  no  such  column  of  fluid 
actually  superincumbent  upon  the  plane. 
For,  suppose  we  have  a  vessel  of  the 
shape  ACDB,  full  of  fluid;  produce 
AB  and  draw  CE,  DF  perpendicular 
to  it,  and  suppose  the  part  ECA  to  be  c' 
filled  with  fluid;  now  let  the  side  AC 
of  the  vessel  be  removed,  then  cquihbrium  will  still  subsist 
and  the  pressure  on  the  base  CD  will  be  the  same  as  before- 
But  in  this  case  the  pressiu-e  is  the  weight  of  the  column 
ECDF:  therefore  the  proposition  is  still  (rue. 

CoR.  A  similar  proposition  holds  for  any  surface ;  that  i( 
to  say,  if  any  surface  be  submerged  in  a  fluid  the  downward 
vertical  pressure  upon  it  is  the  weight  of  the  column  of  fluid 
which  is  superincumbent  upon  the  surface,  or  which  would  ha 
superincumbent  if  the  upper  surface  of  the  fluid  be  supposed 
extended,  as  in  the  second  case  of  the  preceding  proposition. 
The  proof  of  this  proposition  will  be  analogous  to  that  which 
has  been  given  above  ;  but  it  ts  particularly  to  be  noted  that 
the  pressure  found  in  this  ease  is  the  vertical  pressure  oalj', 
the  amount  of  the  whole  pressure  sustained  by  the  surfacu 
will  be  investigated  prescDtly.     (Art.   18.) 

14.  Hence  it  appears  that  the  pressure  od  uty  pline 
horizontal  area  depends  on  its  depth  below  the  highest  point 
of  the  fluid,  and  not  upon  the  magnitude  of  the  actual  super* 
incumbent  mass.  For  instance,  if  we  have  three  vessels,  sucfa 
as  in  the  flgure,  having  their  bases  and  altitudes  equal,  the 
pressure  on  Uie  bases  when  they  ore  filled  with  fluid  will 
be  the  Bome. 
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An  illustration  of  the  proposition  is  supplied  also  by  such 
nil  experiment  as  the  following ;  a  barrel  filled  with  water,  and   ' 
having  a  long  vertical  pipe  of  small  transverse  section  intro- 
duced into  it  also  filled  with  water,  may  be  burst  by  the  fluid 
pressure,  if  the  pipe  be  of  considerable  length. 

It  may  nevertheless  appear  strange,  that  it  should  be 
possible  for  fluid  contained  in  a  vessel  to  produce  upon  the 
base  a  pressure  greater  than  its  own  weight.  Consider,  for 
instance,  the  vessel  ABCD  ;  if  it  is  filled  with  water  and  placed 
upon  a  table,  the  pressure  upon  the  table  will  be  the  weight 
of  the  vessel  together  with  that  of  the  water,  and  hence  we 
might  be  disposed  to  conclude  that  the  pressure  on  the  base 
of  the  vessel  must  be  equal  to  the  weight  of  the  water.  The 
erroneous  nature  of  this  conclusion  will  however  appear,  if  we 
consider  that  the  water  presses  not  only  upon  the  base  CD  of 
the  vessel  but  also  upon  the  sides  ;  consider  the  pressure  at 
any  point  of  the  line  AC,  it  will  be  perpendicular  to  AC,  and 
may  therefore  be  resolved  into  two  portions,  one  horizontal, 
and  the  other  acting  vertically  upwards  ;  the  former  will  have 
no  effect  in  determining  the  pressure  on  the  base,  but  the 
latter  tends  to  raise  the  vessel  upwards,  and  must  therefore 
be  counteracted  by  the  downward  pressure  of  the  fluid  on 
the  ba.se  of  the  vessel. 

Hence  we  may  say,  that  the  fluid  pressure  on  the  base  will 
be  the  weight  of  the  fluid,  together  with  a  pressure  sufficient 
to  counteract  the  whole  upward  pressure  of  the  fluid  upon 
the  sides  of  the  vessel.  In  the  case  of  a  vessel  shaped  as 
A"^ C If  the  pressure  on  the  sides  wilt  be  downwards,  and 
therefore  the  pressure  on  the  base  must  be  the  weight  of  the 
fluid  diminished  by  the  amount  of  the  vertical  pressure  on  the 
Bides. 
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The  existence  of  the  upward  pressure  of  the  fluid  upon 
the  sides  of  a  vessel,  shaped  as  ABCD,  may  be  exhibited  by 
placing  a  vessel  of  that  form  open  at  both  ends  upon  a  table ; 
then  if  water  be  poured  in  from  above,  the  upward  pressure 
will  at  length  be  suflScient  to  overcome  the  weight  of  the  ves- 
sel, and  the  water  will  escape  from  below.  If  the  weight  of 
the  vessel  be  given,  and  the  form  be  supposed  conical,  it  is 
not  difficult,  from  what  has  been  now  said,  to  determine  the 
height  to  which  the  water  may  rise  so  as  just  not  to  lift  the 
vessel. 

15.  The  common  surface  of  two  fluids  which  do  not  mix  {$ 
a  horizontal  plane. 

Let  ABCD  be  a  vessel  containing  the  fluids,  and  AD  the 
horizontal  surface  of  the  upper  fluid.  If 
possible,  let  EHF  be  the  common  surface ;  A 
draw  the  horizontal  plane  EF.  Consider 
the  equilibrium  of  a  vertical  column  GHK,  ^ 
composed  partly  of  one  fluid  and  partly  of 
the  other;  the  pressure  at  £'»  the  weight 
of  the  column  GHK,  but  the  pressure  at 
K  also  equals  the  pressure  at  E  which  is  in  the  same  hori- 
zontal plane  with  it,  and  therefore  equals  the  weight  of  a 
column  of  fluid  reaching  from  E  to  the  surface. 

Hence  the  weight  of  a  column  composed  of  the  two  fluids 
equab  that  of  a  column  of  the  same  height  composed  of  only 
one  of  them ;  which  is  absurd,  since  the  fluids  are  supposed 
to  be  of  difierent  densities.  Therefore  the  common  surface 
cannot  be  as  we  have  supposed,  and  must  be  horizontal. 

16.  Hence,  theoretically,  two  fluids  resting  the  one  on 
the  other  will  be  in  equilibrium,  provided  their  common  sur- 
face be  horizontal ;  but  practically  equilibrium  will  not  subsist, 
unless  the  lower  fluid  be  that  of  greater  density ;  for  if  the 
contrary  were  the  case,  the  smallest  disturbance  of  the  fluids 
would  cause  the  denser  fluid  to  descend,  and  the  equilibrium 
would  be  destroyed:  in  the  former  case  the  equilibrium  is 
said  to  be  stable^  in  the  latter  unstable.  Thus  oil  can  rest 
permanently  on  water,  but  not  vice  versa. 
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1 7*  IVhen  two  fluids  meet  in  a  bent  iube^  tlie  altitudes  of 
their  surfaces  above  tlie  horizontal  plane  in  which  they  meet  are 
inversely  as  their  densities. 

For  let  pp  be  the  densities,  and  zz  the  altitudes  of  the 
fluids  above  the  common  surface,  then  the  pressure  referred 
to  a  unit  of  surface  of  the  two  fluids  at  the  common  surface 
must  be  equal  and  opposite,  because  there  is  equilibrium ; 
call  it^ ;  then,  considering  the  flrst  fluid,  we  have  (Art.  10) 

p  -  pgz. 
Considering  the  second,  we  have 

P  «  pgx  ; 
,'.  pz  ^  p  z , 

Z  p 


%    p 


18.  The  whole  fluid  pressure  on  a  surface  immersed  in  a 
fluid  is  equal  to  the  weiglit  of  a  column  of  fluid,  having  for  its 
base  the  area  of  the  surface  immersed,  and  for  its  height  the 
depth  of  the  centre  of  gravity  of  the  surface  below  the  surface  of 
the  fluid. 

Suppose  the  surface  divided  into  a  number  of  very  small 
portions,  each  of  which  we  may  consider  to  be  idtimately 
plane,  and  to  have  all  its  points  at  the  same  distance  below 

the  surface  of  the  fluid.     Let  ui,  as>  as be  the  areas  of 

the  small  portions,  and  Zi,  z^,  z^ their  respective  depths 

below  the  surface,  then  the  pressure  on  oi  is  pga^Zx^  on  o^  the 
pressure  is  pga^z^y  and  so  on ;  hence  the  whole  pressure  on 
the  surface 

-  pg  (tti^i  +  a^^  +  aa^3  + ). 

Let  S  be  the  area  of  the  surface,  and  z  the  depth  of  its 
centre  of  gravity,  then  by  a  property  of  the  centre  of  gravity*, 
(see  Statics,  Art.  44,  page  S50,)  we  have, 

*  The  property  referred  to  was  prored  for  a  number  of  heary  particles ;  when  we 
apply  the  same  to  the  centre  of  gravity  of  a  surface,  we  must  suppose  it  to  be  a 
physical  surface  of  an  indefinitely  small  thickness  and  hariog  weight;  it  may  then 
i>e  considered  to  be  made  up  of  the  component  particles,  the  weights  of  which  are 
proportiooal  to  a|,  as....... 
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«l  +  0«  +  08+ 


S 


9 

9 


.*.  the  whole  pressure  on  the  surface  »  pgSr^ 
m  the  weight  of  a  column  of  fluid  of  base  5"  and  height  z. 

Ex.  1.  An  isosceles  triangle  is  immersed  in  fluid,  ha?- 
ing  its  vertex  in  the  surface  of  the  fluid,  and  its  base  hori- 
zontal ;  find  the  whole  pressure  on  the  plane  of  the  triangle. 

Let  the  base  of  the  triangle  »  a, 

the  perpendicular  from  the  vertex  on  the  base  »  b, 

the  angle  at  which  the  plane  of  the  triangle  is  inclined  to  the 
horizon  ^  6 ; 

26 
.•.  the  depth  of  the  centre  of  gravity  «  —  sin  0. 

(StaticSi  Art.  46,  page  S5i.) 

*,       ,  .  .        .      .       ob 

Also  the  area  of  the  triangle  —  — ; 

.*.  the  whole  pressure  «  -  figab*  sin  0. 

Ex.  2.     A  cylindrical  vessel,  having  its  axis  vertical,  is 
full  of  fluid  ;   find  the  whole  pressure  on  the  sides- 
Let  h  be  the  height  of  the  vessel,  r  the  radius  of  the  base ; 
then  the  surface  pressed  «  SttM,  and  the  depth  of  the  centre 

of  gravity  ■  - ;  .*.  the  whole  pressure  ■  irpgh^r. 

19.  The  pressure  on  a  surface,  which  wo  have  been  con- 
sidering, is  not  a  single  pressure  in  a  certain  direction,  lior 
does  it  admit,  in  general,  of  a  single  resultant,  because  the 
direction  of  the  pressure  on  any  one  of  the  small  areas  into 
which  wc  have  supposed  the  surface  to  be  divided  is  perpen- 
dicular to  that  small  area,  and  therefore  varies  from  point  to 
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point  of  the  surface,  except  in  the  case  of  a  pinne  area.  If, 
however,  we  consider  only  that  portion  of  the  fluid  pressure 
which  acta  in  any  given  direction,  we  may  determine  the 
single  force  in  that  direction,  to  which  all  the  fluid  pressures 
at  different  points  of  the  surface  are  equivalent. 

20.  When  a  body  is  immersed  in  a  heavy  fluid,  the  reauU- 
ant  of  the  horixontal  pressures  at  alt  paints  of  the  sur/are  of  the 
body  is  zero. 

The  pressure  on  the  surface  of  the  body  will  be  the  same 
in  every  respect  oa  on  a  similar  and  equal  portion  of  the  fluid, 
supposed  to  be  substituted  for  the  body,  and  then  made  solid. 
And  this  hypothetical  solid  will  be  in  equilibrium  under  the 
action  of  its  own  weight,  and  the  pressure  of  the  fluid  ;  but 
no  part  of  its  own  weight  acts  horizontally,  therefore  the 
horizontal  part  of  the  fluid  pressure  must  he  zero. 

Under  the  same  circumstances,  the  resuUaal  of  the  vertical 
pressure  on  the  body  is  equal  to  the  weight,  and  acts  through  the 
centre  of  yravily  of  the  fluid  displaced. 

Making  use  of  the  same  artifice  as  before,  the  portion  of 
fluid  supposed  to  become  solid  is  kept  in  equilibrium  by  its 
own  weight  and  the  vertical  pressure  of  the  fluid,  and  these 
must  be  equal  and  opposite  forces;  but  the  former  may  bo 
supposed  to  act  at  the  centre  of  gravity  of  the  solidified 
portion,  i.  e,  of  the  fluid  displaced ;  therefore  also  the  vertical 
pressure  of  the  fluid  is  equal  to  the  weight  of  that  solidified 
portion,  and  acts  through  its  centre  of  gravity. 


21 .  To  determine  the  conditiona  of  equilibrium  of  a  floating 
body. 

The  floating  body  is  kept  in  equilibrium  by  its  own  weight 
acting  downwards  through  its  centre  of  gravity,  and  the  pres- 
Mire  of  the  fluid  acting  upwards,  which,  as  we  have  shewn,  is 
equal  to  the  weight,  and  acts  through  the  centre  of  gravity,  of 
tJie  fluid  displaced.  Hence,  when  a  body  floats  in  equilibrium, 
the  weight  of  the  body  is  equal  to  that  of  the  fluid  displaced, 
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and  the  centres  of  gravity  of  the  body  and  of  the  fluid  iia. 
placed  are  in  the  same  vertical  Hue*. 

Cor.  If  a  body  is  wholly  immersed  in  a  fluid  of  greater 
specific  gravity  than  itself,  and  is  prevented  from  rising;  by  n 
string  or  otherwise,  then  the  force  tending  to  raise  the  body 
is  the  difference  between  its  own  weight  and  that  of  the  fluid 
displaced. 

Let  V  be  the  volume  of  the  body,  S  its  specific  gravity, 
S"  that  of  the  fluid; 

then  the  pressure  of  the  fluid  upwards  =  F-S', 

weight  of  the  body  acting  downwards  =  I'S; 

,:  force  fending  upwards  =  V^S"  —  S). 

.Hence  we  see  the  reason  of  the  ascent  of  a  balloon,  when 

inflated  with  a  gas  specifically  lighter  than  common  air. 

The  balloon  first  employed  for  making  aerial  ascents  con- 
sisted of  a  light  spherical  envelope  having  a  circular  aperlurv. 
under  which  a  fire  having  been  made,  the  air  within  the  bal- 
loon became  heated,  and  therefore  specifically  lighter  than  the 
external  air.  The  condition  necessary  for  the  ascent  of  the 
balloon  was  thus  satisfied,  and  ascents  were  actually  made  by 
persons  in  machines  upon  this  construction ;  at  present  thin 
kind  of  balloon  is  used  merely  as  a  toy,  the  plan  now  adopteil 
being  much  more  safe  and  admitting  of  more  complete  con- 
trol. The  balloon  now  used  consists  of  an  envelope  which  u 
inflated  with  a  gas  specifically  lighter  than  air,  and  from  wbieli 
is  suspended  a  car  for  the  conveyance  of  the  aeronaut ;  the 
balloon  is  furnished  with  a  valve  at  its  summit,  which  is  kc])t 
carefully  closed  by  a  spring,  but  which  can  be  opened  bv 
means  of  a  string  which  is  within  reach  of  the  person  in  the 
car.  The  car  also  carries  a  quantity  of  fine  sund  for  ballast 
When  the  balloon  first  ascends,  it  is  usual  not  to  till  it  entirely 
with  gas ;  as  it  rises  however  and  the  atmospheric  air  becomes 


*  To  find  ibc  paiiiioHi  io  which  ■  g 
tt  t  mitter  of  inatlieniktie*!  ctlcuUiion. 
U  cTJdcDLlj  mcnlf  geomclrical,  ind  mtf  be  enundfttcil 
■  pluc  inlo  two  pini,  auch  ihal  ihclr  rolumci  ihall  be  In  *  gl 
I   jtiaiat  Ituii  cenan  of  gntTitj  popcndlculu  lo  the  cuuinf  plans. 
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less  dense,  tlie  gns  dilntes,  and  completely  fills  tlie  liallooa; 
as  the  balloou  continues  to  ascend,  the  external  pressure  be- 
comes less,  and  there  would  be  danger  of  the  pressure  of  the 
gas  within  causing  it  to  burst,  if  it  were  not  for  the  escape  of 
the  gas  which  is  permitted  by  means  of  the  valve  already 
mentioned.  The  balloon  ascends  more  and  more  slowly  as  it 
rises  into  regions  in  which  the  air  is  less  and  less  dense,  and 
at  length  it  would  completely  stop.  If  the  aeronaut  desires  to 
ascend  beyond  this  limit,  he  throws  ballast  out  of  the  balloon, 
and  thus  diminishes  its  weight.  When  he  wishes  to  descend 
he  opens  the  valve  and  allows  the  gas  gradually  to  escape. 
The  problem  of  the  ascent  and  descent  of  a  balloon  has  been 
thus  completely  solved:  that  of  guiding  its  course  according 
to  the  wish  of  the  aeronaut  has  been  frequently  attempted, 
but  hitherto  without  success. 


the   equililirium   of  n  flofitin(f 


22.      To  determitie    ivbethet 
liody  is  Btahle  or  vnstahle. 

Suppose  the  floating  body  to  be  slightly  displaced  from 
its  position  of  equilibrium,  by  being  made  to  revolve  through 
a  very  small  angle  in  a  vertical  plane ;  then  a  new  fluid 
pressure  will  be  called  into  action,  which  will  in  general  not 
act  through  the  centre  of  gravity  of  the  solid.  If  the  tendency 
of  the  fluid  pressure  be  to  bring  the  body  back  again  to  its 
equilibrium  position  the  equilibrium  is  stable;  if  otherwise, 
anstable.  It  is  evidently  necessary  for  the  absolute  stability 
of  the  equilibrium,  that  the  equilibrium  should  be  stable  for 
a  displacement  in  WHy  vertical  plane;  or  if  we  can  ascertain 
from  general  considerations,  in  any  particular  case,  the  plane 
for  which  the  tendency  after  displacement  to  return  to  the 
position  of  equilibrium  is  least,  and  can  assure  ourselves 
that  the  equilibrium  is  stable  for  that  plane,  then  we  may 
conclude  that  the  equilibrium  is  absolutely  stable.  For  ex- 
ample, if  the  equilibrium  of  a  ship  be  stable  for  disturbances 
in  the  plane  perpendicular  to  its  length  the  equilibrium  will 
be  altogether  stable. 

The  determination  of  the  mathematical  condition  of 
stability    requires  a  higher  calculus  than  is  introduced  into 


IIYDROSTATIC3, 


this  work,  but  the  nature  of  the  process  may  be  emwly 
explained.  For  simplicity's  sake  we  shall  suppose  the  body 
to  be  symmetrical  about  the  plane  in  which  the  displacement 
takes  place,  which  we  shall  suppose  to  be  the  plane  of  the 
paper ;  also  vre  shall  suppose  the  displacement  to  take  pUce 
subject  to  the  condition,  that  the  quantity  of  fluid  displaced 
before  and  after  the  disturbance  is  the  same. 

Let  CD  be  the  surface  of  the  fluid,  AB  the  section  of  the 
body  which  in  the  position  of  equilibrium  coincided  with  tbe 
surface  of  the  fluid,  that  is,  the  plane  of  floatation,  EGF  the 
line  which  was  vertical  and  which  con- 
tained the  centres  of  gravity  of  the 
body  (G)  and  that  of  the  fluid  dis- 
placed. Then  after  the  disturbance  * 
the  body  will  be  acted  upon  by  two 
forces,  namely,  its  own  weight  ver- 
tically downwards  through  G  and  an 
equal  force  acting  vertically  upwards 
through  the  centre  of  gravity  of  the  fluid  displaced;  and  on 
account  of  the  supposed  symmetry  of  the  body  about  the 
plane  of  disturbance  the  direction  of  this  latter  force  will 
lie  in  that  plane  and  will  therefore  intersect  EGF  in  some 
point,  as  M.  M  is  called  the  Metacentre  of  the  body,  uul 
its  position  may  be  calculated  mathematically  ;  if  Jf  be  obcne 
4?  as  in  the  flgure,  it  is  evident  that  the  forces  tend  tu  brin^ 
back  the  body  to  its  position  of  equilibrium ;  if,  on  the  other 
hand,  M  the  lower  than  <r,  the  reverse  is  the  case ;  conse- 
quently we  may  say,  that  the  equilibrium  is  stable  or  unstable 
according  as  the  centre  of  gravity  of  the  body  is  lower  or 
higher  than  the  metacentre. 


23.  It  may  be  observed  that  if  the  body  bo  made  to 
revolve,  subject  to  the  condition  of  the  quantity  of  fluid 
displaced  being  always  the  same,  it  will  assume  succeasiTely 
positions  of  stable  and  unstable  equilibrium. 

For  let  CP  be  a  fixed  line  in  the  body,  and  suppose  tluU 
when  CP  coincides  with  the  fixed  line  CA  the  body  U  in  a 
position  of  stable  equilibrium,  and  that  when  the  same  line 
CP  coincides  with  another  fixed  line  CB  the  body  u  ibo  ia  * 
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position  of  stable  equilibrium ;  and  suppose  tbat  there  U  no 
position  of  stable  equilibrium  corresponding  to  any  positioa 
of  CP  between  CA  and  CB.  Then 
if  CP  be  brought  near  to  CJ  it  tends 
to  coincide  with  CA,  by  the  nature 
of  stable  equilibrium ;  and  if  it  be 
brought  near  CBit  tends  to  coincide 
with  CB;  consequently  there  must 
be  a  position  for  CP  between  CA  and 
CB  for  which  it  will  tend  to  move  \ 
neither  towards  CA  nor  CB,  that  is, 
there  must  be  a  position  or  equili- 
brium. And  we  have  supposed  that 
there  ia  no  positionofs/nfe/e  equilibrium,  consequently  between 
each  two  positions  of  stable  equilibrium  there  is  one  of  unstable. 
And  there  cannot  be  more  than  one,  because  similar  reason- 
ing would  shew  that  between  each  two  positions  of  unstable 
equilibrium  there  is  one  of  stable.  Hence  the  proposition 
enunciated  is  true, 

ON  FINDING  THE  SPECIFIC  GRAVITY  OF  A 
SUBSTANCE. 

24.  We  have  before  remarked  (Art.  9)  that  it  ia  con- 
venient to  compare  the  specific  gravities  of  substances  with 
that  of  some  standard  substance,  such  as  distilled  water  at  a 
fj^rea  temperature;  we  shall  now  explain  the  mode  of  making 
the  comparison. 

We  will  first  consider  the  case  of  a  solid  body. 

(1)  Let  the  body  be  of  greater  specific  gravity  than  the 
Quid. 

Weigh  the  body  first  in  vacuum,  and  tlien  in  the  fluid, 
and  let  the  weight  in  the  first  case  be  iV,  and  in  the  second 
W;  then  the  weight  of  the  fluid  displaced  =  IK-  JV; 

specific  gravity  of  solid  IF* 

.  __ 


.  fluid 


■  W 


■  In  Ihii  mannn  ■!■■>  ihc  ip«clfie  gnvUj  of  two  tolidi  ni«)>  be 
Mhti;  lelui  lake  ■  pottion  «f  ■  lecond  aoliil,  and  luppoiclhml  iu  wi 


m  pared  iilth  B] 


Igbt  i. 
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(£}  Let  the  body  be  of  less  specific  gravity  tbui  H^ 
fluid. 

Then  it  must  be  attached  to  a  piece  of  some  heavy  sub- 
stance, the  weight  of  which  we  will  suppose  tobeiw  in  vacuum, 
and  w'  in  the  fluid ;  and  let  IK,  iV,  be  the  weights  of  the 
two  bodies  attached  together,  in  vacuum  and  in  the  fluid  re- 
spectively ;  then 

weight  of  fluid  displaced  by  the  two  =  If,  -  ir*,. 

heavier  =  kj  -  «■', 

.■ lighter  =  (K,  -  H",  -  w-  +  w  ; 

speciflc  gravity  of  sohd  IK 

'"  fluid  "  W,-  JTi-ic  +  w  ' 

If  the  body  be  composed  of  a  substance  soluble  in  the  fluid, 
we  must  inclose  it  in  wax  and  proceed  as  before. 

In  rough  experiments,  founded  on  the  preceding  investi- 
gation, it  will  be  sufficient  to  weigh  the  bodies  in  air  instead 
of  in  vaeuum ;  but  in  all  delicate  experiments,  the  weight  of 
the  air  displaced  by  the  body  must  be  added  to  its  npparcal 
weight  in  air, 

25.      To  determine  l/ie  specific  gravity  qfair. 

Let  a  large  flask  be  filled  with  air,  and  weighed,  and  let 

M  111  the  CMC  of  [he  lirsl,  and  it)  weight  in  the  fluid  IT" ;  thni  *c  (ImII  luie 
■pecifli  gTKnitii  r>f  lirn  »pli J  IT- IF" 
■pecilic  gtavilf  of  Mcond  mIhI  IV  -  IF  ' 
The  vaf  limple  tnclhod  applied  bf  Archimedu  id  ttiUe  ihii  problem  in  iht  Bell-kiuvB 
u>e  of  ills  golden  ciDwn  deuiio  notice.  The  ttarj  U  ufulloBi;  Hi«fa  wtigbid  Ml  > 
cerikln  portion  of  gold  to  ■  ■orlunan,  which  *utobeean(trucledlaloafn*ni  ilMC»*a 
wia  made,  and  the  ■eight  (ound  comet ;  thete  vaa  a  luipition  faowenr  that  mmt  taxr 
meial  had  been  mixed  with  the  gold,  and  Arehimeda  vaa  directed  to  mitnvmt  taiuatt 
Ifae  cheat.  Thii  he  did  br  weighing  out  a  quantity  of  gold  intl  a  qnaniii;  of  dlTrr.iwli 
tqual  Iti  weight  to  (he  crown  i  he  then  htled  a  Teuel  wiib  water,  and  Immeni^  iht n*' 
obierred  the  quuitiljr  of  wain  dittplaced:  he  rtpcaitd  iheoprraiioii  with  ihcaUiVi  ^ 
laiUr  with  the  crown.  Hlien  he  eompared  the  iguiiililiea  of  wata  dUplactd  in  llw  tkiM 
ciperimcnta,  he  found  that  ih  at  d  I  upland  bf  the  rmwn  wai  inlnmediate  in  amouBlloflif 
other  two.  Hence  It  appeared  that  lome  nther  metal  had  bem  mixtd  wlib  the  gold  i  attJ 
aaiumlng  that  mclal  to  be  ailTei.  Arthimodei  waa  able  to  MiculaK  the  exact  ^ewpwcs* 
of  gold  and  iilver  combined  In  the  crown. 
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the  weight  be  FT;  again,  let  the  air  be  exhaustedi  and  the 
flask  weighed,  and  its  weight  be  W* ;  lastly,  let  the  flask  be 
filled  with  water,  and  weighed,  and  its  weight  be  W**.  Then 
the  weight  of  air  contained  is  FT-  W.  and  of  water  con- 
tained W  -  W\ 

specific  gravity  of  air      FT  -  FF' 
"■ water  "^  IF"-  W 

The  specific  gravity  of  dry  air  will  depend  upon  the  tem- 
perature and  also  upon  the  state  of  the  barometer  (Art.  32)  ; 
when  the  barometer  stands  at  30  inches  and  Fahrenheit's  ther- 
mometer (Art.  44)  at  60^,  the  weight  of  1000  cubic  inches  of 
dry  air  is  about  310  grains. 


26.  The  apparent  weight  of  a  body,  resulting  from  an 
experiment  made  in  common  air,  is  always  deceitful,  except  in 
the  case  of  the  substance  weighed  being  of  the  same  material 
as  the  weights  used  in  the  opposite  scale  of  the  balance. 

Let  Fbe  the  volume  of  the  body,  S  its  specific  gravity, 

r the  weight,  S'   

p-  the  specific  gravity  of  air. 

Then  we  must  have, 

F  (5^  -  a)  -  r  (S'  -  a)  ; 

.:  VS"  V'Sf ^• 

v 

Hence  the  apparent  weight  of  a  body  must  be  multiplied  by 

the  factor  ^^-^  in  order  to  get  the  true  weight. 

28 
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27.  Given  volumes  of  substances  of  known  specific  gravities 
are  compounded ;  to  find  the  specific  gravity  of  the  eon^Mmnd. 

Let  V  V*  he  the  volumes, 

S  y  the  specifie  gravities, 

a  the  specifie  gravity  of  the  compound. 

Then,  since  the  weight  of  the  compound  equals  the  sum  of 
the  weights  of  the  constituents,  we  have 

(F+  r)c7-F5+F'S'; 

•••  <^  -  — pTt"  • 

Obs.  It  is  here  assumed  that  the  volume  of  the  com- 
pound is  equal  to  the  sum  of  the  volumes  of  the  constituent 
fluids  ;  an  assumption  not  always  strictly  true. 

28.  To  compare  the  specific  gravities  of  two  fluids  bywtigh^ 
ing  the  same  solid  in  each. 

Let 

W  be  the  weight  of  the  solid  in  the  vacuum, 

Wi  its  apparent  weight  when  suspended  in  the  first  fluid, 

W^ • second. 

Then, 

weight  of  the  quantity  of  the  first  fluid  displaced  «  IF  -  IFi, 

second ■■  IF-  IF,; 

TF-  IF, 


.*.  the  ratio  of  the  specific  gravities  « 


IF-  »F,' 


-29.  The  specific  gravities  of  two  fluids  may  he  convenientlii 
compared  by  means  of  the  common  hydrometer. 

This  instrument  consists  of  two  hollow  spheres,  B  and  Cf 
having  their  centres  in  the  axis  of  the  graduated  stem  JB; 
the  sphere  C  is  loaded  with  lead  or  mercury,  so  that  the 
instrument  will  float  in  a  fluid  with  the  stem  vertical. 
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Let  S  Sf  he  the  specific  gravities  of  two 
fluids  which  are  to  be  compared, 
V  the  volume  of  the  instrument, 
TK  its  weight, 

k  the  area  of  the  transverse  section  of  the 
stem; 

ftnd  suppose  that  when  the  instrument  is  made 
to  float  in  the  two  fluids,  the  level  of  the 
fluid  io  the  first  cose  is  /*,  and  in  the  second 
Q;  then 

W=S{V-k.AP), 
also  W=S'{V~k.AQ); 
S      V-k.AQ 
Sr'  V-k.AP' 


In  practice  the  hydrometer  is  so  graduated,  that  the 
specific  gravity  of  any  fluid  into  which  it  is  plunged,  as  com- 
pared  with  that  of  water,  can  be  ascertained  by  inspection. 

30.     NichoUon'a  Hydrometer. 

This  is  a  convenient  instrument  for  comparing  eitlier  the 
specific  gravities  of  a  solid  and  a  fluid,  or  the  specific  gravi- 
ties of  two  fluids. 

AB  is  a  hollow  cylinder  ;  C  a  dish  supported  by  a  wire  AC 
coinciding  with  the  axis  of  AB;  D  another  dish  suspended 
from  the  lower  extremity  of  AB. 

(I)  To  compare  the  specific  gravities  of  a  solid  and 
ft  fluid. 

Let  IF,  be  the  weight,  which  placed  in  C  causes  the 
instrument  to  sink  in  the  fluid  till  the  surface  of  the  fluid 
meets  AC  in  a  given  point  E.  Place  the  solid  in  C  and  let 
W,  he  the  weight  which  must  be  added  to  make  the  instru- 
ment sink  as  deep  as  before.  Place  the  solid  in  D,  and 
Jet  IFj  be  the  weight  whicli  must  then  be  placed  in  C  Jn  order 
to  sink  the  instrument  to  the  same  depth. 

28—2 
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Then  the  weight  of  the  solid  =  H',  -  IT,, 

Again,  the  apparent  weight  of  the  solid  when 
weighed  in  the  fluid  =  Tr,  -  Tr, ; 

.-.  the  ncight  of  the  fluid  displaced 


;i^ 


specifie  gravity  of  solid 


„„,,     —  .    .  . _ ■^. -*.  '-^.^IL^ 

fluid       (K,  -  IK,  ^X^ 

(2)     To  compare  the  specific  gravilies  of  two  fluids. 
Let  W  be  the  weight  of  the  hydrometer;  and  let  ff,  W, 
be  the  weights  which  must  be  placed  in   C  in  order  to  smlc 
the  instrument  down  to  the  point  E,  when  floating  in  the  two 
fluids  respectively. 

The  weight  of  the  fluid  displaced  in  the  two  cases  wiH  he 
W  +  ir,  and  (K  +  IK, ;  but  the  volume  displaced  ta  the  skinc ; 
ir  +  IK 
.*.  the  ratio  of  the  specific  gravities  = J  . 


ON   THE   PRESSURE  OF    AIR    AND   OTUER   ELASTIC 
FLUIDS. 

31.  The  atmosphere  or  air,  which  surrounds  the  eartli, 
produces  a  pressure  upon  ail  bodies  imniorscd  in  it.  This 
oressure,  though  very  great,  is  not  in  general  felt  by  us,  he- 
cause  by  the  nature  of  fluid  pressure  it  acts  equally  on  all 
Bides  of  a  body  submitted  to  it ;  for  instance,  when  a  nun 
raises  his  hand,  the  downward  pressure  of  the  air  aboTC  bit 
hand  is  equal  to  the  upward  pressure  below  it,  and  the  two 
therefore  neutralize  each  other. 

If  however  the  pressure  of  the  air  were  allowed  to  act 
upon  one  side  of  a  body,  and  not  on  the  other,  the  eflcct 
would  he  immediately  sensible ;  thus  if  Ihe  air  within  a  cup 
be  rarefied  by  heat  and  placed  upon  the  hand,  it  will  adhere 
to  it,  owing  to  the  pressure  of  the  ambient  air.  And  so  if  two 
brass  hemispheres  be  made  to  fit  accurately,  and  the  air  from 
within  the  sphere  be  withdrawn,  a  violent  cObrt  is  required 
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to  separate  the  hemispheres ;  thu3  if  the  iliamcter  of  the 
sphere  be  14  inchea,  the  force  required  is  about  half  a  ton; 
this  experiment  was  made  by  Otto  Guericke,  the  inventor  of 
the  air-pump.  Effeets  of  this  kind  had  forced  themselves 
upon  the  attention  of  the  ancients,  who  invented  for  the 
purpose  of  accounting  for  them  the  famous  principle  of  "  na- 
ture's abhorrence  of  a  vacuum  :"  a  principle  concerning  which 
Dr  Whewell  remarks,  "  we  must  contend  that  the  principle 
was  a  very  good  one,  inasmuch  as  it  brought  together  facts 
which  are  really  of  the  same  kind,  and  referred  them  to  a 
common  cause.  But  when  urged  as  an  ultimate  principle,  it 
was  not  only  un philosophical,  but  imperfect  and  wrong.  It 
was  un  philosophical,  because  it  introduced  the  notion  of  an 
emotion,  horror,  as  an  account  of  physical  facts :  it  was 
imperfect,  because  it  was  at  best  only  a  law  of  phenomena, 
not  pointing  out  any  physical  cause ;  nud  it  was  wrong, 
because  it  gave  an  unlimited  extent  to  the  effect."  Torricelli 
in  l6'+3  produced  the  equilibrium  between  the  weight  of  a 
column  of  mercury  and  the  weight  of  the  atmosphere,  which 
constitutes  the  principle  of  the  barometer  about  to  be 
described  immediately ;  and  the  correctness  of  the  expla- 
nation of  the  phenomena  was  put  beyond  a  doubt  by  the 
experiment  of  Pascal,  who  suggested  that  if  the  support  of 
the  column  of  mercury  were  due  entirely  to  the  weight  of 
the  atmosphere,  then  a  less  column  would  be  supported  at 
the  top  of  a  hill  than  at  the  bottom  ;  this  famous  experiment 
wag  made  upon  the  Puy  dc  Dome  in  Auvergne  in  l6*8  with 
complete  success ;  it  was  found  also  that  a  bladder,  partly* 
filled  with  air  and  carefully  closed,  on  being  carried  to  the 
top  of  the  mountain  expanded  by  the  dilatation  of  the  air 
within,  and  that  the  reverse  took  place  when  it  was  again 
brought  to  the  foot  of  the  mountain. 

The  atmosphere  forms  only  a  thin  coating  upon  the 
surface  of  the  earth ;  the  exact  height  to  which  it  extends  is 
not  easily  ascertained,  hut  that  it  must  be  limited  will  be 
seen  at  once  from  the  fact  that  if  it  revolve  with  the  earth, 
(assuming  the  earth  to  be  a  body  revolving  about  its  axis,  as 
'  will  be  explained  hereafter,)  each  particle  will  be  acted  upon 
1  by  two  forces,  the  attraction  of  the  earth  and  the  centrifugal 
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force  dae  to  tbe  rotation;  now-  the  attraction  of  the  earth 
tiiEainishes  in  ascending  from  its  surface  and  tbe  centrifu^l 
force  iDCreasee,  conseqaentij  there  will  be  a  limit  beyond 
which  the  centrifagal  force  will  render  tbe  existence  of  on 
atmosphere  rerolTiog  with  the  earth  impossible.  This  cod- 
dition  however  gires  a  limit  of  about  ssooo  miles,  which  is 
undoabtedly  far  bejond  the  trnth ;  it  seems  probable  that 
there  is  no  sensible  atmosphere  beyond  a  height  of  about 
SO  miles.  That  the  limit  of  the  atmosphere  b  not  greater 
than  this  seems  probable  from  considerations  of  tbe  decrease 
of  temperature  io  ascending  abore  the  earth's  surface;  for 
judging  from  the  rate  of  decrease  throughout  that  portion  of 
tbe  atmosphere  in  which  observationa  have  been  made,  it 
would  seem  probable  that  at  a  height  of  50  miles  above  tbe 
earth's  surface  the  temperature  b  such,  as  to  render  it  im- 
possible for  atmospheric  ur  to  retain  its  gaseous  fonn. 
Supposing  the  atmosphere  then  to  have  a  height  of  something 
like  no  miles,  and  observing  that  the  earth  may  be  spoken  of 
approximately  as  a  sphere  having  a  radius  of  4000  miles  (see 
Astronomy,  Art.  7),  it  will  appear  that  the  atmosphere  forini 
a  comparatively  thin  envelope  upon  its  surface ;  if  wo  con- 
ceive for  example  of  the  earth  as  a  globe  of  one  foot  in 
diameter,  the  thickness  of  the  atmosphere  would  be  aboat 
the  thirteenth  part  of  an  inch  in  thickness. 

32.  To  mtasure  the  pre^ture  of  the  air.  (The  Barometer.) 
Let  a  bent  glass  tube  JBC  be  closed  at  the  end 
J,  and  let  AB  be  filled  with  mercury.  Then  if  the 
tube  bo  placed  so  that  JB  is  vertical,  the  mercury 
will  descend  in  AB  and  rise  in  SC,  leaving  a  vacuum 
above  the  level  of  the  mercury  in  AB.  Let  D,  E 
be  the  levels  of  the  mercury  in  the  two  branches, 
and  drnvr^FE  horizontal  through  J!.  Then  the 
column  of  mercury  FD  is  supported  by  the  pres- 
■ure  of  the  air  on  the  surface  at  E,  and  therefore 
if  II  be  tiic  atmosphcrie  pressure  referred  to  a  unit 
of  surface,  a  the  specific  gravity  of  mercury,  and 
FD  m  A,  wo  shall  have 


n-Acr. 
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This   barometer    is    known    as    the    Sipkoti    Barometer. 
(Art.  49). 

33.     The  barometer  io  common  use  differs  slightly  from 
the  instrument  just  described. 

The  common  barometer  consists  of  a  vertical 
closed  tube  JB  opening  into  a  vessel  BC;  a  scale 
of  inches  is  attached  to  AB.  The  height  of  the 
mercurial  column,  as  shewn  by  such  an  instrument 
as  this,  is  the  height  above  a  fixed  horizontal  plane, 
not  above  the  level  of  the  mercury  in  BC  which  is 
variable  ;  hence  the  height  will  be  in  error,  but 
since  the  area  of  the  vessel  BC  is  much  greater 
than  that  of  the  tube  AB  the  error  will  niot  be 
Tery  great. 

The  actual  error  may  easily  be  calculated,  thus:   M 
let  O  be  the  zero  point  of  graduation,   and  wheu 
the  mercury  in  BC  stands  at  that  level,  let  N  be 
the  level  of  the  mercury  in  JB ;  and  when  the  mercury  in 
AB  has  risen  to  /*,  let  that  iu  SC  have  fallen  to  M,  then 
OM   is  the  error  required.      Let  k  K  he  the  areas  of   the 
transrerse  sections  of  JB  and  BC  respectively; 
.■.k.PN=JC.OM; 


.  Oj!I/--|,.PiV-p{OP- 


ON); 


* 


And  the  true  height  of  the  barometer  =  OP  ( I  +  —  |  -  -.  ON. 

There  are  several  variations  in  the  construction  of  the' 
barometer;  there  is  one  very  convenient  for  purposes  re- 
quiring the  transport  of  the  instrument,  in  which  the  pressure 
of  the  air  is  admitted  upon  the  surface  of  the  mercury 
through  an  aperture  in  the  glass  tube  so  small  as  not  to 
allow  of  the  escape  of  the  mercury;  tlicre  is  another  in  which 
the  change  of  level  of  the  mercury  is  obviated  by  making  the 
bottom  of  the  vessel  containing  it  moveable  by  a  screw,  so 
that  before  making  an  observation  the  instrument  can  be 
so  ailjusted,  that  the  surface  of  the  mercury  shall  be  on  a 
level  with  the  zero  point  of  graduation.  The  wheel  baro- 
meter may  also  deserve  a  passing  notice ;  in  this  construe- 
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tion,  which  is  available  only  for  the  purposes  of  a  weaiher- 
glas3  and  not  as  a  scientific  instrument,  two  weights  axe 
connected  by  a  string  which  passes  over  ao  horizontal  axis 
carrying  a  pointer  which  moves  in  a  vertical  plane  like  the 
hand  of  a  clock;  one  of  the  weights  rests  upon  the  surface 
of  the  mercury  in  a  siphon  barometer,  and  rises  and  falls 
with  it,  the  other  weight  which  nearly  counterpoises  it  ii 
intended  to  stretch  the  string  over  the  axis  and  cause  il 
to  turn  by  the  friction  between  them.  The  pointer  being 
furnished  with  a  dial-plate  the  construction  of  the  ordinary 
weather-glass  is  complete". 

The  height  of  the  barometer  varies  from  about  28  to  31 
inches,  the  average  pressure  of  the  atmosphere  is  about 
15  lbs,  upon  a  square  inch. 

34.  We  remarked  in  the  commencement  of  this  treatise, 
that  some  fluids  were  elastic  and  some  non-elastic;  in  Uic 
latter,  of  which  we  have  hitherto  principally  treated,  the  den- 
sity is  the  same  to  whatever  pressure  the  fluid  may  be  sub- 
jected ;  but  in  clastic  fluids  the  volume  is  diminished  br 
pressure,  and  consequently  the  density  increased.  There  will 
be,  therefore,  some  relation  between  the  volume  occupied  by 
an  elastic  fluid,  and  the  pressure  exerted  by  it  in  consequeiwe 
of  its  elasticity. 


The  pressure  of  air  at  a  ^iven  temperature  variet 
<U  the  space  it  occupies. 

We  shall  shew  how  this  is  proved  experimentdlf,  (1) 
when  the  air  is  compressed  for  the  experiment,  (9)  when  it  >» 
rarefied. 

_  (I)  Let  JBC,  a  bent  glass  tube  closed  at  J,  and  htnng 
lU  branches  parallel,  be  placed  so  that  the  axes  of  the  lube 
are  vertical. 

Pour  mercury  into  the  tube  ond  by  withdrawing  some  of 
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the  air  in  JB,  or  by  dther  meanSi  make  it  stand  at  the  same 
height  in  the  two  brJanches,  at  the  level  DE  suppose. 

Now  pour  in  more  mercury,  until  the  level  in  the  two 
branches  is  F  and  G  respectively.  ^ 

Then  if  the  ratio  of  the  spaces  AEj  AG,  occu- 
pied by  the  air  in  the  two  cases,  be  ascertained  by 
weighing  the  mercury  they  will  contain,  and  if  h  be 
the  height  of  the  barometer  at  the  time  of  the 
experiment,  it  will  be  found  that 

h^FG     volume  AE 
h  volume -4  G* 

But  if  n,  n'  be  the  pressure  of  the  air  when 
occupying  the  spaces  AE^  AG  respectively,  and  o- 
the  specific  gravity  of  mercury, 

then  n  =  0"  A, 


D 


n'  -  o-  (A  +  /"G) ;  B 

n'      volume  AE 
n      volume  AG ' 

(2)     Let  a  glass  tube  ABC^  closed  at  A,  and 
havbg  the  branches  AB,   BC  parallel  and  nearly 
equal,  be  placed  so  that  the  axes  of  the  branches   c 
are  vertical. 

Pour  mercury  into  the  tube,  and  make  the  sur-  d 
faces  in  the  two  branches  stand  at  the  same  height 
J>E,  as  before. 

Withdraw  a  portion  of  the  mercury,  and  let 
the  surface  in  the  two  branches  then  stand  at  F 
and  G  in  the  branches  jBC,  AB  respectively. 

Then  it  is  found,  as  in  the  former  case,  that 

A"  FG     volume  AE 

h  volume  AG  ' 

But  if  n,  n'  be  the  pressure  of  the  air  when  _ 
occupying  the  spaces  AE,  AG  respectively,  we  shall  -^ 
have 

n  «  ahy 

n'-o-(A-FC?);       . 


£ 


VJ 


a 


442  HYDROSTATICS. 

n'      Tolame  AE 
n      volume  AG ' 

The  elastic  force  acquired  by  air  in  an  extreme  state 
of  compression  is  very  great,  and  may  be  applied  to  a  variety 
of  purposes.'  The  air-gun  is  an  example  of  such  application ; 
in  this  case  we  have  a  quantity  of  air  condensed  in  a  small 
strong  vessel,  from  which  it  can  be  permitted  to  escape 
suddenly  by  means  of  a  valve;  the  air  escapes  into  a  small 
tube;  in  this  a  bullet  is  placed,  which  the  elastic  force  is 
sufficient  to  expel  with  considerable  force.  The  elastic  force 
of  compressed  air  is  also  usefully  employed  in  the  case  of 
the  fire-engine,  as  wd  shall  see  hereafter. 

Under  great  pressure  and  extreme  cold  combined^  and 
in  some  cases  by  the  latter  means  only,  a  great  number 
of  elastic  fluids,  or  gases,  have  been  reduced  from  the  elastic 
to  a  liquid  or  even  solid  state.  Atmospheric  air  has  however 
not  been  so  transformed  at  present. 

Cor.  If  p  be  the  pressure  of  air  referred  to  a  unit  of 
surface,  when  the  density  is  p,  we  have 

1 

volume  ' 

but/oc 


volume 
.\p  oc  p  m  kp,  suppose, 

where  ik  is  a  constant  quantity. 
The  best  observations  give 

\/k  «  916.2724  feet. 

The  same  law  is  found  to  hold  good  in  the  case  of  all 
elastic  fluids. 

35.  If  the  atmosphere  be  supposed  to  be  divided  into  indefi- 
nitely thin  strata  of  equal  thickness,  the  densities  of  the  air  in 
those  strata  will  be  in  geometrical  progression. 

Suppose  the  strata  to  be  so  thin  that  the  density  may  be 
supposed  the  same  throughout  each ;  and  let  p^,  p^  be  the 
density  and  pressure  in  the  n^^  stratum  measured  from  the 
earth^s  surface ;  r  the  thickness  of  the  strata. 
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Then  the  difference  of  pressure  in  passing  from  the  n"" 
to  the  n  +  l]'"  stratum  is  the  weight  of  a  column  of  air  of 
height  r ; 

-■■  p.  -p.*!  =  P-9-r     (Art.  10)  ; 

but  p^  -  kp,     (Art.  3*),         • 
and  j).4,  —  A^fj,,, ; 


P*'P.M 


in  like  manner, 


P'  P-i 

or  p,_,/,,^,  «  p*. 
Hence  the  densities  p„  p^,  p,  ,,,,  and  therefore  also  the  pres- 
sures, pi,j>„ />;..,,  form  a  geometrical  progression. 

Ob3,  The  preceding  proposition  is  not  experimentally 
true,  for  two  reasons ;  ^rsi,  we  have  considered  the  tempera- 
ture to  be  the  same  at  all  heights  above  the  earth's  surface, 
which  is  not  the  ease ;  and,  secondli/,  we  have  neglected  to 
take  account  of  the  diminution  of  the  force  of  gravity  as  we 
recede  from  the  centre  of  the  earth.  For  small  heights,  how- 
CTcr,  the  proposition  may  be  taken  as  approximately  true. 

36.     To   explain    the    method    of  finding  the  difference   of 
aUitttde  of  two  atationa  above  the  earth's  surface  by  meanx  of  the 
harometer. 
Let  X  be  height  in  feet  of  one  station  above  the  earth's  surface, 

.v  the  other  

We  may  suppose  the  atmoaphere  to  consist  of  strata  of  one 
foot  thick,  throughout  each  of  which  the  pressure  is  the  same, 
but  that  in  passing  from  one  to  another  of  them  the  pressure 
diminishes  in  a  geometrical  progression.  Let  r  be  the  ratio 
of  this  progression,  then  (making  t  =  l  in  the  last  article). 
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Again,  let  the  height  of  the  barometer  at  the  two  stations 
be  hh\  which  will  be  proportional  to  the  atmospheric  pres- 
sures at  the  two  stations ; 

A       ^       (       g\"^ 
taking  logarithms,  log  p  -  («  -  **)  log  1 1  -  t  ) » 

or  0?  —a; 


.^ .  -  f) 


which  formula,  by  the  aid  of  a  table  of  logarithms,  will  give 
us  the  difference  of  height  of  the  two  stations,  measured  in 
feet*. 

Obs.     The  preceding  investigation  explains  the  principles 

*  The  student  who  is  acquainted  with  the  exponential  theorem  (tee  Es.  S,  p.  91)  msj 
aolve  this  problem  completely,  as  follows  t 

Let  the  thickness  of  the  strau  be  t,  and  let  mr,  nr  be  the  heights  of  the  two  ttatioBS, 
and  M  the  difference  of  their  heights,  so  that 


'«-0 


a   ,   M(»'"r)/ff 


(  ti*  j  - by  the  binomial  theorem. 


^    'k-^      1.2     \k)' 

Now  make  T»0,  i.e.  suppose  the  strata  to  be  indefinitely  thin  ; 

•A"*  "k-^rovi')' 

^e       (where  rs2.7lB2818 )  by  the  exponential  theorem; 

Uking  logarithms, 

log^---*|log#. 

k^'^n 
or  *=»-^—  , 
P  log€ 
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of  finding  heights  by  barometrical  observations,  but  requires 
many  corrections  in  practice  to  enable  us  to  obtain  accurate 
results.  The  decrease  of  the  earth's  attraction,  and  the 
change  of  temperature,  in  ascending  above  the  earth's  surface, 
give  rise  to  the  two  most  important  corrections.  It  will  also 
be  necessary  to  have  regard  to  the  pressure  of  the  vapour 
which  is  held  in  solution  by  the  air,  and  which  will  cause  the 
observed  height  of  the  barometer  to  be  an  erroneous  indica- 
tion of  the  pressure  of  the  atmosphere. 

Even  taking  every  precaution  too  much  reliance  must 
not  be  placed  upon  barometric  determination  of  heights, 
except  as  a  differential  process  for  stations  at  no  great 
distance  from  each  other.  For  barometric  measurements,  as 
Sir  J.  Hcrschol  observes,  "rely  in  their  application  on  the 
issuoiption  of  a  state  of  equilibrium  in  the  atmospheric  strata 
over  the  whole  globe,  which  is  very  far  from  being  their 
ftctual  state.  Winds,  especially  steady  and  general  currents 
sweeping  over  extensive  continents,  undoubtedly  tend  to  pro- 
duce  some  degree  of  conformity  in  the  curvature  of  these 
strata  to  the  general  form  of  the  land  surface,  and  therefore 
to  give  an  undue  elevation  to  the  mercurial  colunm  at  some 
points.  On  the  other  hand,  the  existence  of  localities  on  the 
earth's  surface  where  a  permanent  depression  of  the  barome- 
ter prevails  to  the  astonishing  extent  of  nearly  an  inch,  has 
been  clearly  proved  by  the  observations  of  Ermann  in  Siberia, 
and  of  Ross  in  the  Antarctic  Seas,  and  is  probably  a  result  of 
the  san^  cause,  and  may  be  conceived  as  complementary  to 
an  undue  habitual  elevation  in  other  regions. " 

In  default  of  a  barometer,  the  pressure  of  the  atmosphere 
may  be  determined  by  observing  the  temperature  at  which 
irater  will  boil.  For  it  is  well  known,  that  the  temperature 
at  which  water  will  boil  depends  upon  the  pressure  of  the 
atmosphere,  or  upon  the  height  of  the  barometer  (Art.  46) ; 
and  conversely,  the  height  of  the  barometer  may  be  inferred 
from  the  observed  temperature  of  boiling  water. 

The  following  is  the  method  of  computing  heights  by 
means  of  the  barometer,  put  in  a  convenient  practical  form, 
l)ut  not  involving  all  corrections  which  might  be  applied:  it 
is  given  in  this  form  by  Hutton. 
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The  formula  lOOOO  log  -  will  give  the  altitude  in  fathoms, 

in  the  mean  temperature  of  s\^  Fahrenheit  (Art.  46) ;  and  for 
every  degree  of  the  thermometer  above  that,  the  result  must 
be  increased  by  so  many  times  its  435^*^  part ;  h!  being  the 
height  of  the  barometer  at  the  lower  station,  and  h  at  the 
higher.  The  practical  method  of  applying  this  formula  may 
be  expressed  in  words  by  the  following  rules : 

(1)  Observe  the  height  of  the  barometer  at  the  two 
stations :  observe  also  the  temperature  of  the  mercury  by 
means  of  a  thermometer  attached  to  the  barometer,  also 
the  temperature  of  the  air  in  the  shade  by  means  of  another 
thermometer  detached  from  the  barometer. 

(2)  Let  the  observations  at  the  upper  and  lower  station 
be  made  as  nearly  at  the  same  time  as  may  be.  And  let  the 
observed  altitudes  of  the  barometer  be  reduced  to  the  same 
temperature,  that  is,  reduced  to  what  they  would  have  been 
if  the  temperature  at  the  two  stations  had  been  the  same; 
this  may  be  done  by  augmenting  the  height  of  the  mercury 
in  the  colder  temperature,  or  diminishing  that  in  the  warmer 
temperature,  by  its  9600*^  part  for  every  degree  of  difference 
between  the  two ;  and  the  altitudes  of  the  mercury  so  cor- 
rected are  what  are  signified  by  h  and  hi  in  the  above 
formula. 

(3)  Take  from  a  table  of  logarithms  calculated  to  7 
places  of  decimals  the  logarithms  of  the  two  heights  of  the 
barometer  so  corrected,  and  subtract  the  less  from  the 
greater,  cutting  off  from  the  right-hand  side  of  the  remainder 
three  places  of  decimals;  the  number  to  the  left  of  the 
decimal  point  will  represent  the  result  in  fathoms. 

(4)  This  result  however  must  be  corrected  for  the  diffe- 
rence of  temperature  of  the  air  at  the  two  stations  as  follows : 
take  half  the  sum  of  the  two  temperatures  indicated  by  the 
detached  thermometers  as  the  mean  temperature;  and  for 
every  degree  by  which  this  differs  from  the  standard  tern- 
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f&ntare  of  31°,  talte  so  many  times  the  435""  part  of  the 
number  of  fathoms  above  found,  and  add  tliem  to  that  num- 
ber if  the  mean  temperature  be  more  than  31",  subtract  them 
if  less. 

THE  AIR-PUMP. 

In  many  scientiSc  experiments  it  is  necessary  to  exhaust 
the  air  from  vessels  made  use  of.  This  is  done  by  means  of 
the  wr-pump* ;  there  arc  several  varieties,  some  of  which  effect 
1  more  complete  exhaustion  than  others,  but  none  are  capable 
cf  producing  a  perfect  vacuum.  We  shall  describe  two  con- 
■InictioDs. 


37.     Ilawhsbee's  or  the 


Air-pump. 


JB,  AH  are  two  hollow  cylinders, 
communicating  at  their  lower  extremities  by 
i  pipe  with  a  strong  vessel  or  receiver,  from 
"hich  it  is  required  to  exhaust  the  air; 
B,  fi*  are  valves  opening  upwards;  C,  C 
pidtons  fitted  to  rods  which  are  worked  by 
means  of  a  toothed  wheel  E,  and  contain- 
ing valves  also  opening  upwards.  l^      e  -  ■'J 

*  Suppose  the  piston  C  to  be  in  its  highest  position,  and 
therefore  C  in  its  lowest,  and  suppose  the  density  of  the  air 
in  the  receiver  to  be  that  of  atmospheric  air;  then  when  C 
descends  and  C  rises,  the  valve  B  closes,  and  C  opens  because 
the  pressure  below  becomes  greater  than  that  of  atmospheric 
air ;  also  Jf  opens  and  Cf  is  closed,  and  the  air  which  before 
occupied  the  receiver  now  occupies  the  receiver  and  the  in- 
terior of  the  cylinder  J'ff,  and  is  therefore  rarefied.  At 
each  stroke  a  similar  rarefaction  takes  place;  and  thus  the 
air  in  the  receiver  is  gradually  exhausted. 

■  Tbe  fint  *ii-pump  wu  conilrucled  by  Olio  Uuericke  of  MsgiUburg  in  1<>J4  ;  it 
*M  ft  ftT7  rude  and  Inconvenient  innliument,  and  ia  atill  preietrcd  ai  a  curlMftf  to 
the  ftojal  Library  at  Berlin,  lloyle  indcpcDdniLlr  and  almost  aiiiiulluieouily  produced 
ID  Eugland  a  more  conrenieni  Initrumeni. 
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38.  To  find  the  density  of  the  air  in  the  receiver  after  a 
turns  of  the  vrheeL 

Let  A,  B  be  the  capacities  of  the  receiver  and  of  each 
of  the  cylinders  respectively,  p,  the  density  of  the  air  after 
u  turns,  p  the  density  of  atmospheric  air.  Then  after  one 
turn  the  air  which  occupied  previously  the  space  A  occupies 
the  space  A  +  B; 

A 

A^ 


.:  ,0,  (^  +  fl)  =  pA, 
similarly,  p,  (^  +  S) 
nd  so  generally,  p,  =  p 


A- 

{J  +  By- 


* 


39.  In  air-pumps,  which,  as  in  the  above  construction, 
have  the  pistons  open  to  the  atmosphere,  it  is  quite  necessarr 
to  have  two  pistons;  for  if  there  were  only  one,  the  pressure 
of  the  air  upon  it  would  make  it  almost  impossible  to  wort 
the  pump :  by  having  two,  as  described,  the  pressure  of  the 
air  on  the  pistons  is  in  equilibrium,  and  the  only  resistance 
to  be  overcome  is  that  arising  from  friction. 


40.     Smeatoiis  Air-pump. 

AB  is  a  hollow  cylinder  communicating  with 
the  receiver  by  a  pipe  BC\  B  is  a  valve  opening 
upwards;  a  piston  works  in  AB,  having  the  valve 
D  opening  upwards;  and  the  cylinder  is  closed  by 
a  plate,  having  a  valve  A  also  opening  upwards. 

Suppose  the  piston  in  its  lowest  position ; 
when  it  rises  the  valve  B  opens,  D  shuts,  and  the 
air  which  occupied  the  cylinder  is  expelled  through 
A ;  when  the  piston  descends,  A  closes,  D  opens, 
B  closes,  and  by  raising  it  ngnin  the  air  occupying 
the  cylinder  is  again  expelled,  and  so  on. 


t 


41,      To  find  the  density  of  the  air  in  the  receiver  tf/Uf  n 
tuetnla  of  the  piston. 


TUE    AIR-PUMP. 
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'  Let  A,  B  be  the  capacities  of  the  receiver  and  cylinder 
respectively ;  p  the  density  of  atmospheric  air,  p,  the  density 
after  n  ascents  of  the  piston.  Then  after  one  ascent,  the 
air  which  occupied  the  space  A  occupies  the  space  A  -^  B  ; 

.-.  p,  (A  +  B)  =  pA,  or  p,  =  /.  — ^  ^  , 

similarly, 

p,{A  +  B)  =  p,A. 
and  so  generally, 

I'-'i'avBr- 

42.  In  this  pump  only  one  cylinder  is  required,  the 
upper  surface  of  the  piston  not  being  exposed  to  the  atmos- 
pheric pressure.  Also  the  exhaustion  producible  is  much 
greater  than  by  Hawkabee's  construction,  because  the  valve 
D  not  being  exposed  to  the  air  will  open  for  a  much  longer 
time  than  the  valves  C,  C  in  the  former  ease,  which  are  so 
exposed.  * 

43.  The  valves  in  these  pumps  are  usually  formed  of  a 
small  triangular  piece  of  oil  silk,  fastened  by  the  corners  over 
an  aperture  in  a  brass  plate.  The  receivers  are  glass  vessels 
of  a  bell  form,  which  stand  upon  a  brass  plate,  through  which 
the  pipe  enters  which  communicates  with  the  cylinder  or  cy- 
linders; the  junction  of  the  receiver  with  the  brass  plate  is 
made  air-tight  with  some  greasy  substance,  or  sometimes  a 
disk  of  leather  is  interposed.  This  form  of  the  receiver  is 
necessary  for  strength,  since  after  a  few  ascents  of  the  piston 
the  pressure  of  the  atmosphere  becomes  very  considerable : 
if  a  cylindrical  vessel,  open  at  both  ends,  be  placed  upon  the 
plate  of  the  air-pump,  and  a  piece  of  glass  laid  horizontally 
upon  the  upper  end  of  the  cylinder,  a  few  turns  of  the  pump 
will  be  sufficient  to  burst  the  glass  with  violence. 

ON   THE  THERMOMETER. 

44.  The  thermometer  is  not,  properly  speaking,  a  hydro- 
ttatical  instrument ;  nevertheless,  as  we  have  had  frequently 


450 


JIVDHOSTATICS. 


to  speak  of  the  temperature  of  iluids,  it  will  be  nrel 
the  instrument  by  means  of  which  tempcmture  is  measured. 
The  effect  of  heat  is  to  expand  bodies  under  its  infiuence; 
this  property  of  bodies  is  taken  advantage  of  to  meaBure  iho 
degree  of  heat  to  which  they  are  exposed. 

45.  The  common  thermometer  consists  of  a  gloss  tube' 
of  small  uniform  bore,  closed  at  one  end  and  terminating  in  a 
bulb  at  the  other,  which  together  with  part  of  the  tube  i» 
filled  with  mercury*;  the  part  of  the  tube  not  occupied  by 
mercury  is  a  vacuum.  The  actual  filling  of  the  tube  is  • 
matter  of  considerable  practical  difficulty,  but  the  method  of 
doing  it  will  not  be  entered  upon  here.  A  graduated  scale  is 
attached  to  the  tube :  when  the  thermometer  is  exposed  (0 
heat  the  mercury  expands  and  rises  in  the  tube  ;  the  degree 
of  its  expansion  is  known  by  the  graduated  scale. 

46.  The  scale  is  graduated  as  follows.  The  thenno- 
meter  being  immersed  in.  melting  snow,  a  mark  is  made  op- 
posite to  the  surface  of  the  mercury:  this  is  the  Jrtormf 
point.  The  thermometer  is  next  exposed  to  the  steam  of 
water  boiling  under  a  given  atmospheric  pressure,  and  a  mark 
is  made  opposite  to  the  surface  of  the  mercury  in  this  case; 
this  is  the  boiling  point.  The  interval  between  tbesc  two 
points  is  divided  into  a  number  of  equal  parts  called  dtgrttt: 
in  the  centigrade  thermometer  the  freezing  point  is  called  ^ 
and  the  boiling  100*:  in  Fahrenheit's,  the  scale  commoDl; 
used  in  this  country,  the  former  is  marked  as  SS*  and  tfae 
latter  SI  2". 

The  centigrade  graduation  is  incomparably  better  Uian  tluU 
of  Fahrenheit,  depending  as  it  does  upon  a  simple  intelligible 
principle,  while  that  of  Fahrenheit  is  based  upon  an  exploded 
error.  Fahrenheit,  of  Amsterdam,  the  first  who  conatnict«d 
mercurial  thermometers,  produced  a  very  intense  degree  of 
cold  by  means  of  a  mixture  of  snow  and  sea  salt,  and  erro- 
neously imagining  this  to  be  the  greatest  degree  of  cold 
possible,  he  marked  it  upon  his  scale  as  zero;  his  other  limit 
7^  u  r°'''"^  '**"  "'<"■«"'■?•  «"'l  this  he  marked  as  6oo»;  aad 
thus  the  freezing  point  for  water,  the  most  obvious  aeropoiot 

•  Or  wlih  colcorad  ipirU  ttTalm. 
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of  grnduntion,  is  39°.  It  is  curious  that  the  force  of  habit 
should  be  sufficient  to  prevent  the  universal  introduction  of 
the  centigrade  system. 

47.  To  compare  the  scales  of  two  differently  gradtiated 
thermometers. 

Let  C  and  F"  denote  the  number  of  degrees  indicated 
under  the  same  circumstances  by  a  centigrade  and  a  Fah- 
renheit's scale.  Then  F"  ~  32°  is  the  number  of  degrees  Fah- 
renheit above  the  freezing  point.  Now  n  degree  centigrade 
measures  one  hundredth  part  of  the  distance  from  the  freez- 
ing to  the  boiling  point,  and  a  degree  Fahrenheit  measures 
one  hundred  and  eightieth  part  of  the  distance ; 


Cx- 


=  (F-32)- 


or  C°-(f-S9); 

a  formula  by  means  of  which  we  can  deduce  the  reading  of 
one  scale  from  that  of  the  other. 

The  same  method  is  applicable  to  the  comparison  of  any 
two  scales. 

48.  We  can  novr  reduce  any  question  involving  con- 
aiderations  of  temperature  to  numbers;  for  if  we  speak  of 
t  cJcgrees  of  temperature,  we  mean  that  the  mercury  in  a 
thermometer  exposed  to  the  degree  of  heat  in  question 
would  stand  at  t  degrees  above  the  zero  point. 

For  instance,  in  the  case  of  elastic  fluids  we  have  found 
(Art.  34,  Cor.)  that  jt  •=■  kp,  provided  the  temperature  is  con- 
stant; icheo  the  temperature  varies,  the  following  is  the 
formula  given  by  experiment, 

p  ^  kp  (1  +  af), 

where  t  is  the  temperature  of  the  fluid,  and  a  a  smatl  quan- 
tity, the  value  of  which  is  found  by  experiment.  The  value 
of  a  is  found  to  be  the  same  for  all  gases. 
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ON  THE  SIPHON. 

49.  The  siphon  is  a  beDt  tube 
ABC  open  at  both  ends.  Let  the 
tube  be  filled  with  fluid,  and  the 
shorter  leg  inserted  into  a  vessel  of 
fiuid  which  it  is  required  to  empty, 
and  the  extremity  of  the  other  leg 
closed.  Let  the  level  of  the  surface 
of  the  fluid  meet  the  two  legs  of  the 
siphon  in  A  and  D  respectively,  then  there  will  be  equi- 
librium, provided  the  height  of  B  above  AD  is  not  greater 
than  that  of  a  column  of  water  the  weight  of  which  is  equal 
to  the  atmospheric  pressure,  and  the  pressure  at  A  will  be 
equal  to  that  at  J? ;  consequently  the  pressure  on  the  end  C, 
which  we  have  supposed  to  be  closed,  is  greater  than  the  at- 
mospheric pressure,  and  therefore  if  the  tube  be  opened  the 
fluid  will  descend :  the  atmospheric  pressure  on  the  surface 
of  the  fluid  will  cause  it  to  rise  in  the  shorter  leg,  and  thus  a 
continuous  stream  will  he  produced,  which  will  only  cease 
when  the  surface  of  the  fluid  has  descended  to  the  extremity 
of  the  shorter  leg  of  the  siphon. 

The  limit  of  the  height  of  B  above  the  level  of  the  sur- 
face of  the  fluid  is  about  31  feet. 

The  principle  of  the  siphon  enables  us  to  expUin  tlic 
phenomenon  of  intermitting  springs.  Suppose  a  siphon  to  be 
introduced  into  the  side  of  a  vessel,  the  highest  point  B  of 
the  siphon  not  being  the  highest  point  of  the  vessel  but  any  ^ 
point  in  its  side ;  and  suppose  that  we  pour  water  into  the 
vessel ;  it  will  rise  within  the  shorter  leg  of  the  siphon  as  wcU 
as  in  the  vessel  round  about  it,  until  the  level  of  the  water  \a 
higher  than  B,  it  will  then  begin  to  run  down  through  the 
longer  leg  of  the  siphon,  and  will  continue  to  do  so  until  the 
vessel  is  emptied.  If  then  we  cause  water  to  percolate  tlowly 
into  a  vessel  furnished  with  a  siphon  as  above  described,  wo 
shall  have  this  result,  that  there  will  be  an  iotermittiog  flow 
of  water  from  the  longer  leg  of  the  siphon ;  for  tbe  vomI 
will  continue  to  fill  until  the  level  of  tbe  water  is  abore  the 
highest  point  of  tbe  siphon,  the  vessel  will  then  be  emptied 
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by  the  siplion,  then  it  will  begin  to  fill  ngaiD,  and  the  process 
will  be  repeated.  Now  the  conditions  here  assigned  may  be 
easily  fulfilled  in  the  case  of  an  internal  cavity  in  a  rock  or 
hill,  out  of  which  there  may  be  a  tortuous  fissure  forming  a 
natural  siphon,  and  if  there  be  other  fissures  through  which 
the  cavity  can  gradually  fill  with  water,  and  if  lastly  the  fissures 
supplying  the  reservoir  have  free  communication  with  tlie 
atmospheric  air,  all  the  conditions  necessary  for  an  intermit- 
ting stream  of  water  from  the  opening  of  the  siphon-shaped 
fissure  will  be  satisfied. 


ON  PUMPS. 

50.  The  pressure  of  the  atmosphere  on  the  surface  of 
water  is  takes  advantage  of,  for  the  purpose  of  raising  it 
above  its  leveL  The  machine  by  means  of  which  this  is 
effected,  is  called  a  pump;  we  shall  describe  two  principal 
kinds. 

The  Common  Pump. 

51.  JB  is  a  cylinder,  having  its 
lower  end  closed  with  a  valve  B  opening 
upward,  and  connected  by  means  of  a 
pipe  BC  with  the  water  which  is  to  be 
raised.  A  piston,  containing  a  valve  D 
opening  upwards,  is  worked  in  the  cylin- 
der by  means  of  a  vertical  rod  and  a 
handle. 

Suppose  the  piston  to  be  in  its  lowest 
position ;  then,  when  it  is  raised,  the 
valve  B  opens  and  a  partial  vacuum  is 
produced  in  the  cylinder  and  pipe,  and 
the  pressure  of  the  atmosphere  without 
being  greater  than  the  pressure  within 
the  pipe,  the  water  rises,  and  it  continues 
to  rise  until  the  pressure  within  and 
without  become  equal.  When  the  piston 
descends,  the  valve  I)  opens,  and  the  air 
within  the  cylinder  escapes ;  when  it  is 
raised,  the  former  process  is  repeated,  and 
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80  on  until  the  water  rises  to  the  level  of  tbe  pipe  B,  fkxHn 
which  it  escapes. 

It  is  obvious  that  the  length  of  BC  must  not  be  grester 
than  the  height  of  a  column  of  water,  the  weig^ht  of  which 
is  equal  to  the  atmospheric  pressure,  that  is,  than  about  9* 
feet. 

52.  The  common  pump  is  limited  in  respect  of  the 
height  to  which  it  can  raise  water;  but  we  can  nise  water 
to  any  height  by  means  of  the  forcing  pamp ;  it  ia  by  this 
means  that  cisterns  at  the  higher  part  of  houses  arc  supplied. 


The   Forcinrf  Pump. 

53.  AB  is  a  cylinder,  having  at  its 
lower  end  a  valve  B  opening  upwards, 
and  connected  by  a  pipe  BC  with  the 
water  to  be  raised.  From  the  lower  part 
of  AB  a  pipe  EF  communicates  with  the 
cistern  to  be  filled,  and  this  pipe  is  fur- 
nished with  a  valve  E  opening  upwards. 
7)  is  a  solid  piston  which  works  in  the 
cylinder  by  means  of  a  vertical  rod  and 
handle. 

Suppose  the  piston  to  be  in  its  lowest 
position;  then,  when  it  is  raised,  the 
valve  B  opens  and  the  valve  E  is  closed, 
and  consequently  a  partial  vacuum  is  pro- 
duced within  the  cylinder  and  p!|)e ;  and 
the  pressure  of  the  atmosphere  without 
being  thus  greater  than  that  within  the 
pipe,  the  water  within  rises,  and  coutinues 
to  rise  until  the  pressures  within  and  with- 
out are  equal.  Let  the  piston  be  now 
made  to  descend  and  the  process  repeated, 
until  the  water  has  risen  above  the  top  of 
the  pipe ;  then  when  D  descends,  the  water  in  the  cylinder. 
not  being  able  to  return  on  account  of  the  valve  B,  is  forced 
tip  the  pipe  EF,  in  which  it  is  retained  by  the  ralre  £. 


^ 
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Thia  process  may  be  continued,  aad  by  this  ra^ns  wat^r 
may  be  raised  to  any  elevation. 

As  in  the  case  of  the  common  pump,  the  height  of  the 
yalve  B  above  the  level  of  the  water  must  not  exceed  34  feet. 


The  Fire-engine. 

54.  The  fire-engine  consists  of 
two  forcing  pumps,  by  means  of  which 
the  water  is  forced  into  an  air-vessel 
ABCt  from  which  the  water  can  escape 
by  the  pipe  ED,  The  air  in  the 
vessel  being  compressed  by  the  water, 
which  is  forced  in  by  the  pumps,  exerts 
a  continuous  pressure  on  the  surface  of 
the  water  BC^  by  which  it  is  driven 
violently  and  in  a  continuous  stream 
through  the  pipe  ED.  A  flexible  tube 
is  attached  to  the  mouth  of  the  pipe  ED,  by  means  of  which 
the  stream  of  water  can  be  made  to  play  in  any  direction. 


u 


£ 


ON  THE  DIVING-BELL. 

55.  The  diving-bell  is  a  heavy  chest,  which  is  suspended 
by  a  rope,  and  which  has  its  lower  side  open.  If  the  bell  be 
lowered  into  the  water,  the  air  within  the  bell  will  prevent  the 
water  from  filling  it,  and  consequently  persons  sitting  on  a 
seat  inside  will  be  enabled  to  breathe  at  considerable  depths 
below  the  surface  of  the  water. 

In  practice  the  diving-bell  is  furnished  with  a  flexible  pipe 
communicating  through  the  top  of  the  bell  with  the  interior, 
by  means  of  which  fresh  air  can  be  pumped  in,  and  the  in- 
terior thus  kept  as  free  fVom  water  as  yud  please,  while  at 
the  same  time  fresh  air  is  furnished  for  the  respiration  of 
the  divers. 

Let  B  be  the  volume  of  air  contained  by  the  bell,  Bg  the 
volume  it  contains  when  at  the  depth  »  below  the  surface, 
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h  the  height  of  a  columa  of  water  the  weight  of  wbioh  «qvab 
the  atmospheric  pressure,  theu  (by  Arts.  10  and  34) 


A  +z' 


The  diving-bell  is  extensively  applied  in  submarine  opera- 
tions ;  the  raising  of  the  wreek  of  the  Royal  George  may  be 
quoted  as  an  instance.  It  was  first  described  by  Dr  Hallcj. 
who  explained  its  defects  and  suggested  remedies  for  them. 
The  greatest  inconvenience  in  its  application  arises  from  the 
painful  pressure  upon  the  ears  of  the  diver;  it  would  secra 
that  there  arc  cavities  in  the  car  opening  outwards,  and  that 
by  pores  so  small,  as  not  to  give  admission  to  the  air  itself, 
unless  they  be  distended  by  a  considerable  force.  Hence  on 
the  first  descent  of  the  bell,  a  pressure  is  felt  which  soon  bo- 
comes  painful,  until  it  is  relieved  by  the  sensation  of  something 
bursting  within  the  ear ;  as  the  bell  descends  lower  the  paiu 
is  renewed,  and  relieved  in  like  manner.  In  Dr  Halley's 
experiment  a  diver  attempted  to  avoid  this  unpleasant  clfect 
by  putting  paper  into  his  ears ;  the  result  was  that  the  paper 
was  driven  into  the  ears  in  such  a  manner  as  to  be  with  diffi- 
culty extracted  by  medical  aid. 


ON  BRAMAH'8  PRESS. 

56.  The  principle  of  the  equal  transmission  of  fluid 
pressure  in  all  directions,  and  the  consequent  possibility  of 
increasing  the  total  pressure  on  a  surface  to  any  extent  by 
increasing  the  surface,  supply  us  with  the  means  of  obtaining 
one  of  the  most  powerful  machines  in  use,  tbe  application 
of  which  to  the  purpose  of  producing  enormous  pressure  or 
tension  is  extremely  valuable.  One  of  its  most  inUuvst- 
ing  appUeations  has  been  to  the  raising  of  the  tubular  bridge 
across  the  Mcnai  Straits. 
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A  solid  cylinder  E  works 
through  a  water-tight  collar  in  the 
end  of  the  strong  hollow  cylinder 
AB\    the  latter  is  connected  by 

a  pipe,  having  a  valve  B   open-        J^:*. — L I I 

ing  inwards,  with  another  strong 
cylinder  CA  which  with  the  solid 
cylinder  FG  acting  as  a  piston 
forms  a  forcing  pump.  Suppose 
the  machine  to  be  used  for  com- 
pressing a  bale  of  goods  L  ;  then 
the  bale  is  placed  upon  E^  and 
b  pressed  by  it  against  the  very 
strong  framework  HK. 

When  the  pump  is  worked 
the  water  is  forced  through  B^ 
which  pressing  on  the  lower  sur- 
face of  E  causes  it  to  rise,  and  to  compress  L ;  and  the 
pressure  may  be  increased  by  continuing  to  work  the 
pump,  the  force  with  which  the  piston  FG  descends  at 
each  stroke  being  multiplied  in  its  effect  upon  L  by  the 
ratio  of  the  area  of  the  base  of  the  piston  E  to  that  of  the 
piston  FG. 

The  pressure  may  be  immediately  relieved,  by  allowing 
the  water  in  AB  to  escape  by  a  cock  provided  for  the  pur- 

putfc 

Let  r  and  B  be  the  radii  of  the  cylinders  FG  and  E 
respectively,  p  the  pressure  referred  to  a  unit  of  surface  in 
the  fluid  within  the  press,  P  the  force  applied  at  the  ex- 
tremity of  the  pump-handle,  A  and  a  the  distances  of  the 
fulcrum  of  the  pump-handle  from  the  extremity  at  which  P 
acts  and  the  other  extremity  respectively,  W  the  pressure  on 
the  cylinder  E ;  then 

and  P-rf  =  /)7rr*a, 
P        i^a 


.  • 


W      R*A 
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This  formula  gives  U3  the  measure  of  the  mechanical  ad- 
vantage of  the  machine ;  and  we  may  observe  that  the  result 
is  in  accordance  witii  the  principle  of  Virtual  Velocitica. 

ON  THE  STEAM-EN'GINE*. 

57.  The  account  which  we  shall  here  give  of  the  steam- 
engine  will  be  exceedingly  brief;  ne  shall  in  fact  consider  it 
principally  as  a  hydrostatical  machine,  whereas  the  complete 
view  of  it  would  represent  it  as  involving  the  principles  of 
dynamics,  and  would  require  a  description  of  a  variety  of 
ingenious  contrivances  which  would  here  he  out  of  |»lacc. 
It  has  only  been  by  degrees  that 
the  steam-engine  has  attaincil  to 
its  present  perfection;  we  shall  de- 
scribe it  as  it  was  completed  by 
James  Watt,  to  whose  genius  the 
most  important  of  the  contrivances 
are  due. 

C  is  a  piston  working  in  n 
cylinder  JB,  the  rod  CD  which 
communicates  the  motion  of  the 
piston  to  the  machinery  passing 
through  a  steam-tight  collar  at  J. 
At  E  and  J^  two  pipes,  which 
communicate  with  the  boiler,  enter 
the  cylinder;  suppose  one  of  these 
to  be  open  to  the  boiler  and  not 
the  othcrt  (in  the  iigure  the  lower 
pipe  is  open  to  the  boiler,  the 
upper  not,)  then  the  steam  rush- 
ing in  through  F  below  the  piston  will  thrive  it  up;  wbea 
the  piston  is  at  the  highest  point  of  ita  stroke,  suppoae  thtt 
arrangement  reversed,  that  is,  E  to  be  opened  to  the  boiler 
and  Fnot;  then  the  Bteam  rushing  in  above  tho  justoo  will 

*  Ii  is  <|uiic  tmponibic  Co  gUt  id  ailcc)usle  Hew  of  the  ■iniin -engine  wiihUilbtliBla 
nrcetMtilf  pretcribcd  lo  ih»  article :  the  iiudeni  ii  neoninieiMled  to  raiBBbaratinM- 
ing  of  the  Sicun. engine  and  iti  applicallmi*  in  detail ;  prababljr  the  HmdimtmMrf  fVn- 
htt  in  Weala'a  Mrica  wUl  bt  found  r-"'-— ■ 
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drive  it  tlownward,  and  the  steam  which  is  below  the  piston 
will  escape  through  F  either  into  the  outer  air  or  into  a  vessel 
provided  for  the  purpose,  it  being  so  contrived  that  the 
arrangement  which  opens  E  to  the  boiler  cuts  off  the  com- 
munication of  F.  If  this  alternate  opening  of  the  pipes  be 
effected  by  some  contrivance,  it  is  manifest  that  we  shall 
obtain  a  continuous  oscillating  motion  of  the  piston  C. 

The  contrivances  for  the  alternate  opening  of  the  pipes 
are  vnrious  ;  in  the  figure  we  have  represented  a  simple  and 
common  one.  G  is  a  steam-tight  box  which  is  made  to  slide 
op  and  down  by  means  of  the  rod  GH;  the  magnitude  of 
this  box  or  slide  is  such  that  when  one  pipe  is  just  covered 
the  other  is  just  uncovered,  and  while  one  of  the  steam-pipes, 
as  /*  in  the  figure,  is  uncovered  by  it,  the  other  {E)  communi- 
cates through  it  with  the  vent-pipe  K.  If  then  the  rod  HG 
has  exactly  the  reverse  motion  of  the  rod  CD,  so  that  one 
shall  rise  when  the  other  falls,  it  is  evident  that  what  was 
required  will  be  done. 

The  oscillatory  motion  of  the  rod  CD  is  converted  into  a 
rotatory  motion  as  follows.  The  extremity  D  is  connected  by 
means  of  a  system  of  rods  with  one  end  of  a  beam,  which 
works  in  a  vertical  plane  about  a  horizontal  axis  through  its 
middle  point.  This  system  of  rods  is  known  under  the  name 
of  parallel  motion,  and  was  devised  by  Watt ;  the  ingenuity  of 
the  contrivance  consists  in  the  manner  in  which  a  connection 
is  elTcctcd  between  the  point  D  which  moves  in  a  straight 
line,  and  the  extremity  of  the  beam  which  describes  an  are  of 
a  circle.  The  other  extremity  of  the  beam  is  made  by  means* 
of  a  crank  to  turn  a  heavy  wheel,  called  the  flywheel;  this 
wheel  performs  a  very  important  function,  for  its  momentum 
is  such  as  to  carry  the  machinery  past  certain  positions,  known 
as  the  dead  pointe,  and  also  to  equalize  the  motion  throughout. 
The  use  of  such  a  wheel  is  not  peculiar  to  the  steam-engine, 
but  is  applied  to  many  common  machines,  as  for  instance  the 
knife-grinder's  wheel  and  the  turning  lathe. 

The  motion  of  the  rod  HG  is  produced  by  an  excentrio 
crank  upon  the  axis  of  the  flywheel. 

The  steam,  when  allowed  to  escape  from  the  cylinder, 
through  the  pipe  K,  may  be  permitted  cither  to  escape  into 
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the  outer  air,  or  else  to  flow  into  a  dosed  yessel  in  whidi  ii  fi 
condensed,  and  the  water  formed  by  it  pumped  up  agam  inig 
the  boiler  to  be  reconverted  into  steam. 

In  the  former  case  the  pressure  of  the   atmosphere  k_ 
allowed  to  act  on  the  piston,  and  must  be  overcome  hj  lit 
greater  pressure  of  the  steam  on  the  opposite  side :  henei^ii 
order  to  produce  a  given  effect,  the  elastic  force  of  the 
and  consequently  the  quantity  of  fuel  employed,  most 
much  gi:^ater  in  this  case,  than  when  the  st^m  is  aUcmed 
escape  into  a  condenser ;  engines  on  the  former 
'are  called  High  Pressure^  on  the  latter  Law  Preuwre 

The  high  pressure  engine  has  also  this  disadvantage,  1i$ 
the  interior  of  the  cylinder  is  cooled  by  being  open  to  4|t 
atmosphere,  and  consequently  when  the  steam  is  agiin  il 
mitted  some  portion  is  condensed  and  rendered  ineffectiitM 

It  is  usual  to  cut  off  the  steam  before  the  pistoa  U 
attained  to  the  end  of  its  stroke,  and  to  allow  the  strobi 
be  completed  by  the  elastic  force  of  the  steam  already  iqjeelV 
by  this  arrangement  not  only  is  less  steam  required,  bat  A 
the  motion  is  more  uniform. 

58.  An  earlier  and  imperfect  form  of  the  steam-ei^ 
was  the  atmaspherie  engine,  in  which  the  piston  was  diif  sai 
by  steam,  and  a  vacuum  having  been  produced  below  itiqr- 
ii\jection  of  cold  water  the  piston  was  driven  down  by  t 
atmospheric  pressure  above.  The  capital  defect  of  this  m 
struction  is,  that  the  cylinder  must  be  cooled  down  at  etc 
stroke,  and  consequently  when  the  steam  is  again  adnitt 
a  very  large  quantity  is  condensed,  and  there  is  an  imiw 
waste  of  fuel.  This  construction  has  consequently  ate 
entirely  disappeared. 
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1.  Tub  science  of  which  we  nre  now  about  to  explain 
the  principles  is  known  as  that  of  common  or  geometrical 
optics,  in  contradistinction  from  physical  optics ;  in  this  latter 
science,  we  endeavour  by  means  of  a  simple  hypothesis  con- 
cerning the  constitution  of  light,  to  connect  and  account  for 
the  various  phenomena  presented  to  us;  in  the  former,  we  are 
principally  employed  in  tracing,  by  mathematical  calculation, 
the  results  of  certain  experimental  laws.  Hence,  the  conclu- 
sions arrived  at  in  the  following  pages,  will  be  equally  sound, 
whatever  physical  theory  be  adopted,  and  the  subject  will  be, 
for  the  most  part,  one  of  pure  geometry. 

2.  Prom  n  bright  object  light  emanates  in  all  dircctiona, 
and  this  light  we  may  conceive  to  be  made  up  otraya,  intend- 
ing by  the  term  my  to  express  the  smallest  quantity  of  light 
which  can  proceed  in  any  direction ;  and  we  reason  concern- 
ing rays,  as  though  they  were  geometrical  lines.  In  like 
manner,  an  object  to  be  a  source  of  light  must  be  of  finite, 
though  it  may  be  of  very  small  dimensions;  but  we  shall  con- 
sider a  bright  point  which  is  a  source  of  light  as  a  geometri- 
cal point. 

S.  Any  substance  which  allows  the  transmission  of  light 
through  it  is  called  a  medium.  Light  may  proceed  cither 
through  a  medium  or  in  vacuum. 

4.  An  assemblage  of  rays  proceeding  from  a  luminous 
point  is  called  a  pencil  of  rays.  The  pencils  which  we  shall 
consider  will  be  conical,  and  the  axis  of  the  eone  will  be  called 
the  axis  of  the  pencil. 

A  conical  pencil  may  consist  either  of  divergent  or  con- 
vergent rays :  if  the  rays  ore  proceeding  from  a  luminous 
point,  the  pencil  is  divergent ;  if  the  rays  are  proceeding  from 
some  source  of  light  towards  a  point,  it  is  convergent ;  if  the 
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rays  are  parallel,  the  pencil  is   neither    divergent  nor  con- 
vergent. 

5.  When  a  ray  of  light  is  proceeding  in  a  unitomi  me- 
dium or  in  vacuum,  its  direction  is  rectilinear,  but  wlien  it  is 
incident  upon  the  surface  of  a  medium,  it  is  in  general  divided 
into  three  parts, 

(1)  One  portion  is  reflected  according  to  a  regular  Law, 
and  forms  the  reflected  ray  ; 

(2)  Another  portion  enters  the  medium  according  to  a 
regular  law.  and  forma  the  transmitted  or  refracted  ray; 

{s)  A  third  part  is  scattered,  that  is,  reflected  in  dl 
directions  without  any  regular  law. 

The  first  two  portions  mentioned  are  those  with  which  we 
shall  be  hereafter  concerned,  the  third  part  is  that  which 
renders  the  surfaces  of  bodies  ordinarily  visible. 

Suppose,  for  example,  we  are  looking  at  the  surface  of  a 
well  polished  mirror,  then  the  effect  of  the  mirror  is  only  to 
reflect  rays  of  light  winch  fall  upon  it  from  various  objccU, 
and  we  shall  not  be  sensible  of  the  e-xisteuce  of  the  mirror 
itself,  but  if  there  be  any  speck  upon  the  surface  of  the  mirror 
this  speck  will  scatter  the  light  which  falls  upon  it,  and  be- 
come visible  exactly  as  if  it  were  itself  a  luminous  object. 
In  fact  when  rays  of  light  are  reflected,  or  refracted,  UieJr 
directions  only  are  changed ;  but  when  a  pencil  of  light  b 
scattered,  the  object  which  scatters  it  becomes  virtually  a  new 
source  of  light. 

Besides  the  reflected,  refracted,  and  scattered  light,  there 
is  also  a  certain  portion  absorbed  by  the  medium. 

In  the  case  of  polished  metallic  surfaces  and  some  others. 
the  reflected  ray  is  the  only  one  which  sensibly  exists* ;  and, 
in  general,  the  relative  intensities  of  the  reflected  and  re- 
fracted rays,  will  vary  with  the  circumstances  of  the  tncidcDce. 
and  also  with  the  nature  of  the  medium. 

ii.  When  a  ray  of  light  is  incident  upon  a  plane  mifface. 
the  angle  which  its  direction  makes  with  the  line  perpendicu- 
lar to  the  surface,  or  the  normal  to  the  surface,  la  called  th« 
anffle  of  incidence,  and  the  angles  which  the  reflected  and 
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felnicted  ray  respectively  make  with  the  same  line  are  called 
the  angles  of  reflexion  and  refraction.  When  a  raj  is  incident 
on  a  curve  surface,  the  ray  will  be  reflected  or  refracted  in 
the  same  manner  as  if  it  fell  upon  the  plane  which  touches 
the  surface  at  the  point  of  incidence,  and  the  angles  of  in- 
cidence, reflexion,  and  refraction  are  those  which  the  incident, 
reflected,  and  refracted  ray  respectively  make  with  the  normal 
to  this  plane. 

7.     The  laws  of  reflexion  are  the  following : 

(l)  The  incident  and  reflected  raij  lie  in  the  game  plane 
Vfith  tjie  normal  at  the  point  of  incidence,  and  on  opposite  sides 
of  it. 

(a)      The  anfflea  of  incidence  and  reflexion  are  equal. 

And  the  following  are  the  laws  of  refraction : 

(l)  The  incident  and  refracted  ray  lie  in  the  same  plane 
tirith  the  normal  at  the  point  of  incidence,  and  on  opposite  sides 
of  it. 

(s)  The  sine  of  the  angle  of  incidence  bears  to  the  sine  of 
the  angle  of  refraction  a  ratio  dependent  only  on  the  nature  of  the 
media  between  which  the  refraction  takes  place,  and  on  the  nature 
of  the  light*. 

According  to  this  last  law,  if  we  call  the  angle  of  incidence 
0.  and  that  of  refraction  (p',  we  shall  have  sin  (f>  =  /i  ain  0', 
where  //  is  a  quantity  independent  of  the  angle  of  incidence, 
and  depending  only  upon  the  nature  of  the  media  and  of  the 
light ;  it  will  have  for  instance  a  certain  value  for  refraction 
from  vacuum  into  glass,  another  from  glass  into  water,  and 
so  on ;  also  it  will  have  one  value  for  red  tight,  another  for 

•  The  tnie  law  of  RelriettaD  «u  fint  diicoinvd  b;  Willebrord  Sncll,  profcMOt 
oT  Mtlheniilici  at  I<eydcn  ;  who  found  by  experiment,  that  the  rouonu  of  the  uglw 
of  Incidence  and  reFrHctiQD  an  alwars  in  the  aame  ratio.  The  ditcover]'  was  at  tinl 
tnoaKOaitj  atuibuicd  10  Dea  Cartel.  Snell  was  bom  >t  Lefden  in  1691,  became  pnl- 
teuM  of  Alatlwinatici  in  1613,  and  died  Id  I62fl, 
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green,  and  so  on.  The  quautity  n  is  called  the  refructi^'e 
index,  and  is  greater  than  1  when  refraction  takes  place  from 
vacuum  into  a  medium,  iind  ia  general  15  greater  than  l  whea 
the  refraction  is  from  a  rarer  to  a  denser  medium,  and  lesi 
than  1  when  the  opposite  is  the  case. 

8.  These  IfiWd  may  be  considered  as  depending  for  their 
truth  upon  experiment;  in  a  treatise  on  Physical  Optics  they 
would  be  deductions  from  an  hypothesis  respecting  the  con- 
stitution of  light,  but  in  a  treatise  like  the  present  they  may 
be  regarded  as  experimental  truths. 

The  following  experiment  will  serve  to  deduce  the  laws 
from  actual  observation,  and  with  proper  precautious  is 
susceptible  of  considerable  accuracy. 


\ 

/ 

\ 

Take  a  rectangular  card,  the  opposite  sides  of  which  are 
bisected  by  the  lines  AOB,  COD,  immerse  it  perpendicularly 
in  water  as  far  as  the  line  AB,  and  place  it  in  such  a  position 
that  a  very  "Email  beam  of  sunlight,  admitted  through  an  orifice 
in  a  shutter  of  a  darkened  room,  may  be  incident  along  the 
line  QO  on  the  surface  of  the  water  at  0. 

Then  a  portion  of  this  ray  will  be  observed  to  be  reflected 
in  such  a  direction  as  OQ',  and  on  measuring  CQ,  Ctf,  they 
will  be  found  to  be  equal :  henee  it  will  be  seen  that  (iOC 
-  Q'OC;  and  it  is  manifest  that  QO,  CO,  i^O  are  in  the  same 
plane,  they  being  all  in  the  plane  of  the  card. 

Again,  a  ray  Oq  will  be  observed  to  be  transmitted  through 
the  water ;  this  is  the  refracted  ray,  and  is  manifestly  in  the 
eame  plane  witli  QO  and  OD;  also  if  for  different  angles  of 
incidence  the  lines  CQ,  Dq  be  measured,  and  OQ,  Oq 


puted  from  them,  it  will  be  found  that  the  ratio 


on    Of 
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^e  Game,  whatever  be  the  direction  of  the  ray.  The  ratio 
however  will  not  be  the  sanio,  if  another  fluid  be  substituted 
for  water,  or  if  the  colour  of  the  light  be  varied. 

The  results  here  described  are  in  accordance  with  the 
Inws  enunciated  in  the  preceding  article ;  and  it  is  evident 
that  experiments  may  be  made,  upon  principles  similar  to 
that  of  the  one  just  now  described,  sufficiently  numerous  and 
accurate  to  establish  the  laws  with  a  very  great  degree  of 
certainty.  But  besides  the  evidence  thus  arising  from  direct 
observation,  we  ean  appeal  to  the  coincidence  with  fact  of 
the  results  of  calculations  founded  upon  these  laws;  in  the 
case  of  reflexion,  for  instance,  a  method  of  observing  the 
heavenly  bodies  depends  for  its  accuracy  upon  the  law  of 
reflexion  which  has  been  enunciated,  and  the  slightest  de- 
viation from  the  truth  in  this  assumed  law  would  be  certain 
to  be  detected  in  a  long  course  of  observations*.  So  thaton 
the  whole  we  are  entitled  to  look  upon  the  laws  which  we. 
have  enunciated  as  accurate  physical  laws. 

9.  Prop.  Jf  the  refractive  index  for  a  medium  (A)  when 
light  is  incident  upon  it  from  rncwuni  he  h,  and  the  index  for 
another  medium  (B)  under  the  same  circumstances  he  n',  then 
vthen  light  proceeds  from  (IJ)   into  (A)    the    refracti\>e   index 


The  proof  of  this  proposition  depends  upon  the  two 
ft^owing  experimental  laws: 

(I)  If  a  ray  of  light  proceed  from  a  point  P  to  another 
Q.  Buffering  any  reflexions  or  refractions  in  its  course,  then  if 
it  be  incident  in  the  reverse  direction  from  Q  it  will  follow 
the  exactly  reverse  course  to  P. 

(s)  If  a  ray  pass  from  vacuum,  through  any  number  of 
media  having  their  surfaces  plane  and  parallel,  when  the  ray 
emerges  into  vacuum  its  direction  will  be  parallel  to  that 
which  it  had  before  incidence. 

Now  let  tp  be  the  angle  of  incidence  from  vacuum  upon 
the  medium  B,  dt'  the  angle  of  refraction,  which  will  also  he 

"Sm  .lilrtnong.    Ail  33, 
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the  angle  of  incidence  upon  the  medium  A.  Also  let  <{/'  be 
the  angle  of  refraction  into  At  which  will  also  be  the  angle  of 
incidence  upon  the  second  bounding  surface  of  A  ;  and  by  the 
second  of  the  preceding  laws  the  angle  of  emergence  into 
vacuum  will  be  <p.    Hence  we  shall  have 


sin  0  «  /a'  sin  <p\ 
and  by  the  first  of  the  above  laws, 

sin  0  »  M  Bin  <!>' ; 

•*.  sm  0  Bi  -7  sm  0  ; 
which  proves  the  proposition. 

Cor.     If  the  refractive  index  from  vacuum  into  a  me- 
dium be  fA,  that  from  the  medium  into  vacuum  will  be  -  • 


ON  THE  CRITICAL  ANGLE. 

10.  Let  (f>  be  the  angle  of  incidence  of  a  ray  within  a 
medium,  the  refractive  index  of  which  is  fi,  and  <p*  the  angle 
of  refraction  into  vacuum ;  then 

sin  d>  a     sin  d>\ 

From  this  formula  if  0  be  given  0'  may  be  found,  and  a 
real  value  will  be  given  so  long  as  sin  0  is  less  than  -  ;  bat 
when  0  has  a  value  greater  than  that  determined  by  the  equa- 
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tion  Bin  <p  "-,  the  formula  fails  to  give  us  a  value  of  <p',  it 

becomes  in  fact  impossible,  because  the  sine  of  an  angle  can- 
not be  greater  than  unity.  In  consequence  of  this  failure  of 
our  formula  we  have  recourse  to  experiment,  and  we  find  that 
in  reality  there  is  no  refracted  ray  when  the  angle  of  incidence 
is  greater  than  that  above  assigned,  the  ray  being  wholly  re- 
jected within  the  medium.     The  angle  of  which  the  sine  is 

-  is  called  the  critical  angle.     The  critical  angle  for  glass  is 

about  iiHs',  for  water  about  *8''30'. 

This  internal  reflexion  at  the  surfaces  of  media  is  the 
most  complete  kind  of  reflexion,  that  is  to  say,  the  reflected 
light  is  more  nearly  equal  in  intensity  to  the  incident  than  in 
any  other  case.  The  critical  angle  is  sometimes  called  the 
angle  of  total  rejteadon.  Refraction  from  vacuum  into  a 
medium,  or  from  a  rarer  into  a  denser  medium,  is  always 
possible. 

The  efl'ect  of  total  reflexion  may  be  easily  exhibited  by 
filling  a  common  drinking  glass  with  water,  and  holding  it 
above  the  level  of  the  eye ;  if  we  then  look  upwards  through 
the  water,  we  shall  see  the  whole  surface  shining  as  with  a 
strong  metalHc  reflexion.  The  most  remarkable  result  however 
is  that  which  takes  place  in  the  case  of  vision  by  an  eye  under 
water.  An  eye  so  situated  will  see  all  external  objects  through 
ft  circular  aperture  of  about  97"  in  diameter  overhead;  all 
objects  down  to  the  horizon  will  be  seen  in  this  space,  but 
those  near  to  the  horizon  much  distorted  and  contracted  in 
dimensions.  Beyond  the  limits  of  this  circle  will  be  seen  the 
bottom  of  the  water  and  all  objects  in  the  water,  by  total 
reflexion  from  the  surface. 

H-  Wc  shall  now  proceed  to  investigate  the  effect  pro- 
duced upon  the  form  of  a  small  pencil  of  rays,  when  reflected 
and  refracted  under  various  conditions :  the  breadth  of  the 
pencil  will,  in  general,  be  considered  indefinitely  small,  for  the 
sake  of  mathematical  convenience,  and  our  results  must  there- 
fore be  regarded  as  an  approximation  to  the  actual  case,  in 
vliich  the  breadth  of  pencils,  though  generally  very  small,  is 
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of  course  not  indefinitely  small ;  for  many  purposes  the  re- 
sults we  shall  obtain  will  be  as  useful,  as  if  the  approzinution 
bad  not  been  made.  We  shall  first  consider  Bome  cases  of 
reflexion,  and  then  some  of  refraction. 


■D  -'-''''^ 

^-^ 

■/■                            ^ 

a 

ON  REFLEXION  AT  A  SINGLE  SURFACE. 

I.     A  Plane  Surface. 

12.     A  conical  pencil  of  rage  is  incident  upon  a  plane  n- 
fleeting  surface;  to  determine  thejbrm  of  the  reacted,  penciL 

Let  JB  be  a  section  of  the 
surface  made  by  a  plane  per* 
pendicular  to  it,  and  passing 
through  the  luminous  point  Q, 
or  focus  of  incidence.  Draw 
QN  perpendicular  to  the  sur- 
face, produce  it,  and  take 
Nq  -  NQ.  Let  QP  be  any  in- 
cident ray,  join  qP  and  produce 
it  to  B ;  PR  will  be  the  reflected  ray. 

Draw  PM  perpendicular  to  the  surface.  Then  in  the  tri- 
angles PQN,  PqN,  we  have  NQ  -  A''^,  PN  common,  and  Ibe 
angles  QNP,  qNP  equal,  being  right  angles  ;  hence  the  angle 
QPN~qPN~APBi  therefore  also  angle  QPM^RPM. 
or  PR  is  the  reflected  ray. 

Hence   the  ray    QP   pro-  .  - 

cceda  after  reflexion  at  P,  as 
if  it  came  from  q ;  and  the 
same  may  be  said  of  each 
other  ray,  therefore  all  the 
rays  after  reflexion  proceed  as 
if  they  came  from  q,  and  if 
the  incident  pencil  be  a  cone 
having  Q  for  its  vertex,  the 
reflected  will  also  be  a  cone  having   q  for  its  rertes.    A> 
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incident;  and  reflected  conical  pencil  are  represented  in  the 
accompanying  figure. 

We  may  call  the  point  q  tbe  focua  of  reflexion ;  but  it  is 
to  be  observed  that  it  is  o.  virtual  not  a  real  focus,  that  is  to 
say,  the  reflected  rays  proceed  not  actually,  but  only  03  if 
they  came,  from  it.  So  also  the  line  qP,  which  is  the  direc- 
tion of  the  reflected  ray  PR,  may  be  called  a  virlual  ray. 

Since  the  rays  after  reflexion  proceed  from  q  aa  before 
reflexion  from  Q,  q  is  sometimes  called  the  image  of  Q, 


it   a  plane  surface,   contmus 


13.     Parallel  rays,   reflected 
parallel. 

(1)  Let  the  angles  of  incidence  be 
in  tbe  same  plane. 

Let  GH  be  the  reflecting  surface  ; 
AB,  CD  two  incident  rays,  BE,  DF 
the  corresponding  reflected  rays. 

Then  ABG  •-  EBH  and  CDG  =  FDH,  by  tbe  law  of 
refiexioa.  And  ABG  =•  CDG,  since  the  incident  raya  are 
parallel;  therefore  EBH  -  FDH,  or  the  reflected  rays  arc 
parallel. 

(2)  Let  the  angles  of  incidence  be  in  different  planes. 

Let  AB,  CD  be  two  incident  rays ; 
BG,  DH  perpendiculars  to  tbe  reflect- 
ing surface  at  B  and  D\  join  BD\  and 
let  BE  be  tbe  reflected  ray  correspond- 
ing to  AB.  Also  let  DF  be  the  inter- 
section of  tbe  planes  EBD,  CDH. 

Then  fiG,  DH  being  perpendicular  " 

to  the  same  plane  are  parallel ;  (Euc.  xi.  6)  and  AB  is  parallel 
to  CD  by  bypotbesis;  Ibcreforc  the  angles  ABG,  CDH  ATe 
equal,  and  therefore  tbe  angles  of  reflexion  are  equal. 

Again,  since  AB,  BG  are  respectively  parallel  to  CD,  DH. 
the  planes  ABG,  CDH  are  parallel,  (Euc.  xi.  15);  and  they 
are  intersected  by  tbe  plane  EBDF,  therefore  BE  ia  parallel 
to   DF;  therefore   the    angles   GBE,   HDF  are   equal;  but 
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GBE  is  the  angle  of  reflexion  for  the  ray  AB,  tliercfore 
HDF  J9  equal  to  the  angle  of  reflexion  for  the  ray  CD. 
And  HDF  is  in  the  same  plane  with  the  angle  of  incidence 
CDH;  therefore  the  reflected  ray  corresponding  to  CD  is 
DF,  which  has  before  been  shewn  to  be  parallel  to  BE. 


II.     A  Spherical  Surface. 

14.  We  have  seen  that  however  large  a  cone  of  rays  is 
incident  upon  a  plane  surface,  the  reflected  pencil  is  accu- 
rately conical ;  but  this,  it  is  easy  to  see,  will  not  be  the  case 
when  rays  arc  incident  on  a  spherical  surface.  If,  however, 
wc  consider  the  vertical  angle  of  the  incident  conical  pencil 
to  be  indefinitely  small,  the  reflected  pencil  will  also  be 
conical,  and  it  will  be  our  business  now  to  investigate  the 
position  of  the  vertex  of  the  reflected  cone,  that  of  the  iad- 
dent  being  given.  This  vertex  is  called  the  ffeomftrical  Jbaa, 
and  if  the  incident  rays  are  parallel,  it  is  called  the  priiKtjM^ 
focus  of  the  mirror.  Also  if  Q  be  the  focus  of  incident  my* 
g  the  geometrical  focus  of  the  reflected  rays,  it  is  manifest 
from  the  first  of  the  two  general  laws  quoted  in  Art.  9,  th«t 
if  q  be  made  the  focus  of  incident  rays,  Q  will  be  the  focM 
of  reflected  rays ;  hence  Q  and  q  arc  called  with  reference  to 
each  other  cmjwjate  foci. 

In  those  cases  of  incidence  which  wo  are  now  about  to 
Consider,  the  axis  of  the  small  incident  conical  pencil  will  be 
supposed  to  be  normal  to  the  surface,  and  therefore  coinci- 
dent with  the  line  joining  the  point  of  incidence  and  the 
centre  of  the  sphere.  This  line  is  called  the  a^ia  of  the  sur- 
face, and  incidence  of  this  kind  is  called  direct  incidcQCc;  w 
that  we  may  say,  that  incidence  is  direct  when  the  axis  of  the 
incident  pencil  and  that  of  the  surface  coincide.  Or  we  may 
say,  that  incidence  is  direct  when  the  axis  of  the  incideDt 
pencil  passes  through  the  centre  of  the  sphere. 

If  the  axis  of  the  incident  pencil  is  inclined  to  that  of 
the  reflector,  the  incidence  is  said  to  be  oUiqitt, 

The  calculations  which  follow  will  all  refer  to  the  OMS  of 
direct  incidence.  
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15.  Diverging  rays  are  incident  upon  a  concave  spherical 
reflector ;  to  find  the  geometrical  focus. 

Let  BAB>  be  a  section  of  the  reflector,  made  by  a  plane 
passing  through  the  centre  O  of  the  sphere,  and  the  focus 
of  incidence  Q.  Let  QP  be  any  incident  ray,  QOA  the  axis 
of  the  conical  pencil :  join  OP^  and  make  OPq  »  OPQ,  then 

B 


Pq  is  the  reflected  ray ;  and  the  ultimate  position  of  q^  when 
P  moves  up  to  A,  will  be  the  geometrical  focus. 

We  have,  by  Euclid,  vl  s,  since  QPq  is  bisected  by  PO, 

Pq      PQ 

qO"  QO' 

but  ultimately,  Pq  -  Aq,  and  PQ  -  AQ ; 

Aq      AQ 

•'•  qO'^  QO' 

If  we  denote  AQ  by  u,  Aq  by  v,  and  AOhy  r,  we  have 

V  u 


r  -^  V  M  —  r 

r  r 

p -- 1 « 1 -- 

V  u 


1       1      2 
or  -  +  -  -  - . 
V      u     r 

This  equation  determines  v,  when  u  is  given. 

16.     The  same  proposition  for  a  convex  surface. 

In  this  case  we  must  draw  PB^  to  make  with  OP  pro- 
iluced  to  N  the  angle  RPN  m  QPN^  and  produce  BP  to  cut 
the  axis  in  q. 
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Then  since  the  external  angle  RPQ  of  the  triangle  QPq 
is  bisected  by  OPN,  therefore  by  Eadid,  ti.  A, 


Pq     PQ 
Aq      AQ 

and  using  the  same  notation  as  before,  we  shall  have 

V  u 

r  -  ©      «  +r' 

r  r 

or  -  -  1  -  1  +  -  , 

V  u 

1      1      2 
or - . 

V  u      r 

In  this  case  the  focus  q  is  virtual. 

17.  In  like  manner  we  might  investigate  the  cases  of 
incidence  of  converging  rays.  We  shall  find,  however,  that 
all  four  cases  may  be  brought  under  one  formula,  by  adopt- 
ing a  convention  respecting  the  sign  -,  as  indicating  direc- 
tion, similar  to  that  which  we  have  already  found  so  conve- 
nient in  other  subjects. 

It  will  be  found,  that,  if  we  suppose  light  to  proceed 
from  right  to  left  across  the  paper,  so  that  Q  is  on  the  right 
of  the  mirror  for  diverging  rays,  and  on  the  left  for  converge 
ing,  the  following  formula  will  result : 
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(1)  Concave  mirror,  diverging  rays  : 

112 

-+  -=--. 

V  u      r 

(2)  Concave  mirror,  converging  raysr 

1      1      2 

V  u      r' 

(S)     Convex  mirror,  diverging,  rays : 

112 

V  u        r ' 

(4)     Convex  mirror,  converging  rays  : 

1      1         2 

V  u        r 

Now  let  us  adopt  this  convention,  that  lines  shall  be 
positive  or  negative,  according  as  they  are  measured  towards 
the  source  of  light,  or  in  the  opposite  direction ;  so  that  u 
will  be  positive  or  negative,  according  as  the  incident  rays 
are  divergent  or  convergent ;  v  will  be  positive  or  negative, 
according  as  the  reflected  rays  are  convergent  or  divergent ; 
and  r  will  be  positive  or  negative,  according  as  the  mirror  is 
concave  or  convex.  Then  it  will  be  seen  that  the  four  pre- 
ceding formulffi  will  all  be  embraced  in  the  following, 

1      1       2 
-  +  -  =  -. 

V  u      r 

18.     By  making  u  a  qo  ,  in  the  formula 

112 
-  +  -  «-, 
V      u      r 

we  find  that  t; «  - ,  which  shews  that  the  principal  focus  of 

a  mirror  is  half-way  between  the  mirror  and  the  centre  of  the 
spherical  surface  of  which  it  is  formed.  This,  however,  is  a 
sufficiently  important  proposition  to  deserve  a  separate  in- 
yestigatioD. 

To  find  the  principal  focus  of  a  concave  mirror. 
Let  QP  be  a  ray  of  light  parallel  to  ilO,  the  axis  of 
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the  mirror.     Join  PO9  O  being  the  oentre  of  the  sphere,  and 
make  qPO  «  OPQ,  then  Pq  is  the  reflected  ray  correspond- 


ing to  QP,  and  F^  the  ultimate  position  of  q  when  P  moves 
up  to  A,  is  the  principal  focus. 

Then  the  angle  qPO »  OPH  -  qOP,  since  O9,  PQ  are 
parallel; 

•••  Pq^qO; 
and  this  being  always  true^  AF  «  FO ; 

.-     ^O 

A  similar  demonstration  is  applicable  to  the  case  of  a 
convex  mirror. 

AF  is  called  the  focal  length  of  the  mirror,  and  is  fre- 

quently  denoted  by  the  letter/;  so  that/-  -. 

z 
112 

19.     The  formula  -  +  -  =  -  may  be  put  in  a  difierent 

V  u     r 

form,  by  measuring  the  distances   of  Q   and   q   from  the 
point  F.     For  we  have 

r  T 

.••  tt-QF  +  -,  and  t;-gF  +  -, 

2  2 

112 

and  hence  the  formula  -  +  -  b  -  becomes 

V  u     r 

1  1  2 

+ 


r  r      r 

9F  +  -      QF+- 
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or '^(QF  +  qF+r)~{qF  +  l)  [qF  +  D 

"qF.QF  +  UqF  +  qF  +  ^V, 
.'.  qF.QFm-m  OF*. 

4 

[The  proposition  expressed  by  the  preceding  formula  we 
shall  enunciate  in  words,  and  demonstrate  as  follows,  without 
reference  to  the  formulae  already  established. 

20.      When  a  amcM  pencil  of  diverging  or  converging  rays 

is  incident  directly  tqxm  a  spherical  reflector^  the  distance  of  the 

centre  of  the  sphere  from  the  principal  focus  is  a  mean  proper^ 

tional  between  the  distances  of  the  conjugate  foci  from  the  same 

point, 

B 


Let  BAff  be  the  spherical  reflector,  O  its  centre,  Q  the 
focus  of  incidence,  QOA  the  axis  of  the  pencil,  QP  any 
incident  ray;  join  OP,  and  make  OPq  ^  OPQ,  then  the 
ultimate  position  of  q  when  P  approached  indefinitely  near 
to  A  will  be  the  geometrical  focus. 

Draw  PC  parallel  to  AQ,  and  make  OPfm  OPC;  and 
bisect  JO  in  F. 

Then  in  the  triangles  QPf  qPf  we  have  the  angle  / 
conmion.    Also  the  angle  PQf  -  CPQ  -  CPO  -  OPQ  ' 

^  fPO  ^  OPq  m  fPq. 

Therefore  the  remaining  angle  QJ[f  «  angle  fqP^  and  the 
triangles  are  similar, 

.-.  Of  I  Pf  ::  Pf:  qf\ 
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and  this  is  true  ultimately  when  P  coincides  with  A,  and 
/with  F, 

.-.  QF  :  AF  ::  AF  :  qF. 

The  preceding  figure  is  constructed  for  the  case  of  diver- 
gent rays  incident  on  a  concave  surface;  the  same  demon- 
stration is  applicable,  mutatis  mutandis,  when  the  incident 
rays  converge,  as  is  represented  in  the  annexed  figure. 

B 


O 


If  the  lines  CP,  QP,  OP,  qP,  fP  be  produced,  the 
figures  will  serve  for  those  cases  in  which  the  rays  are  in- 
cident upon  the  convex  surface.] 

21 .  If  in  the  formula  -  +  -  =  -,  we  give  u  any  value, 

V     u      r  "^ 

we  obtain  the  corresponding  value  of  r,  which,  if  we  attend 
to  its  algebraical  sign,  will  make  us  acquainted  with  the 
form  of  the  reflected  pencil.     Suppose,  for  instance,  r  -  4  in., 

tt  -  §  in.,  then  -«i-|^""-l»  or  t;-^6;  hence  the  ny% 

V 

which  diverge  upon  the  mirror  from  a  point  one  inch  and 
a  half  to  the  right,  diverge  after  reflexion  from  a  point  ax 
inches  to  the  left  of  the  mirror.  And  more  generally,  if 
wc  suppose  Q  to  assume  all  possible  positions,  we  shall  be 
able  to  find  the  corresponding  positions  of  q ;  this  wc  pro- 
ceed to  do  in  the  following  proposition. 

22.  To  trace  the  corresponding  positions  of  the  conjugatefoci. 

Suppose  the  mirror  to  be  concave,  then  we  have 

1      1      2 
-  +  -«-. 
V     u.     r   • 
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Since  the  sum  of  -  and  —  is  constant,  as  one  of  them 

«         u 

increases  the  other  must  decrease,  and  the  same  will  be 

true  of  their  reciprocals  v  and  ti;  hence  Q  and  q  always 

move  in  opposite  directions. 

(I)     Let  Q  be  at  an  infinite  distance  to  the  right  of 

•'  .     .  ^ 

the  mirror,  or  the  incident  rays  parallel ;  then   t; « -  and 

9  is  at  F. 


O 


(2)  Let  Q  move  towards  O ;  then  q  moves  to  meet  it ; 
and  at  O  they  coincide,  because  when  tc  —  r,  t;  «  r. 

(S)  Let  Q  move  from  O  towards  F;  then  q  moves  to 
the  right  of  O ;  and  when  Q  has  reached  F,  q  is  at  an  infinite 
distance,  or  the  reflected  rays  arc  parallel,  because  when 

r 

2 

(4)  Let  q  move  from  F  towards  A  ;  then  q  moves  from 
an  infinite  distance  on  the  left  of  A  to  meet  it ;  and  when  Q 
has  reached  A,  q  is  there  also,  because  when  u  »  0,  t; «  O. 

(5)  Let  Q  move  to  the  left  of  A ;  then  q  moves  to  the 
right ;  and  when  Q  has  attained  to  an  infinite  distance,  q  is 

T 

at  Ff  because  when  ti «  qo  ,  t?  —  - . 

2 

Q  and  q  are  now  in  the  same  positions  as  at  first,  and 
therefore  we  have  traced  all  their  corresponding  positions.     • 

The  corresponding  positions  of  the  foci  for  a  convex 
surface  may  be  traced  in  a  similar  manner. 

Con.  It  appears  from  the  preceding  investigation,  that  Q 
and  q  are  always  on  the  same  side  of  ^. 
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23.     The  forraulie  which  have  been  proved  for  a  sphericil  1 
mirror  may  be  adapted  to  the  cose  of  a  mirror  formed  hy  the 
revolution  of  any  curve  about  its  axis,  by  putting  for  the 
radius  r  the  radius  of  curvature  of  the  mirror  at  the  point  of  ' 
incidence.     Thus,  suppose  the  mirror  to  be  parabolical,  and 

the  latu9  rectum  to  be  L,  then  for  t  we  must  write  -  *,  and 

2 

the  formula  becomes  I 


The  truth  of  the  principle  upon  which  this  substitution  is 
made  will  be  seen  at  once,  by  considering  that  In  the  tmtne- 
diate  neighbourliooil  of  the  point  of  incidence  the  curve  aad 
the  circle  of  curvature  may  be  supposed  to  coincide. 

24.  It  has  been  observed  (Art.  U)  that,  when  a  conical 
pencil  of  rays  is  incident  on  a  spherical  mirror,  the  reflected 
rays  will  not  converge  to  or  diverge  from  a  point,  unless  «o 
suppose  the  breadth  of  the  pencil  to  be  indefinitely  smtli. 
There  are  however  certain  surfaces,  on  which  if  a  pencil  of 
rays  of  any  magnitude  be  incident,  the  reflected  rays  wiH 
converge  to  or  diverge  from  a  point ;  such  surfaces  are  atid 
to  be  aplanatic. 

25.  7%fl  surface  formed  by  the  revolution  of  a  parahoia 
about  its  awii,  it  aplanatic  for  rat/s  incident  paralM  to  iu 
axis. 

By  a  property  of  the  parabola,  (Prop.  IL  Cor.  S,  p.  ifo), 
the  focal  distance  of  any  point  and  the  line  drawn  throttgli 
that  point  parallel  to  the  axis  make  equal  angles  with  tihe 
normal.  Consequently,  any  ray  incident  parallel  to  the  tsit, 
will,  after  reflexion,  paaa  through  the  focua,  and  therefore 
a  pencil  of  rays,  incident  parallel  to  the  axis  of  the  Kuriace 


*    Thccxpiculunroc  theni]iu«afcurTalutc(pkge3M)  nt---, 

L  "^ 

Ihii  becoiDM  iAS,  wliUb  ii  cquil  to  — ,    Tlic  wmc  »U1  be  irua  for  ■ 


REFLEXION    AT    A    SINOLH    SURFACE. 


formed  by  the  revolution  of  the  parabola  about  its  axis,  will 
have  the  focus  of  the  parabola  for  the  focus  of  reflexion. 

26.  Tlie  surface  formed  by  the  revolution  of  an  ellipse 
about  its  major  axis,  is  aplanatio  for  rays  incident  from  one 
of  its  foci. 

By  a  property  of  the  ellipse  (Prop,  ii,  p.  173),  the  focal  dis- 
tances of  any  point  make  equal  angles  with  the  normal  at 
that  point.  Consequently  any  ray,  incident  from  one  focus, 
will,  after  reflexion,  pass  through  the  other,  and  therefore  a 
pencil  of  rays,  incident  from  one  of  the  foci  of  the  surface 
formed  by  the  revolution  of  the  ellipse  about  its  m^jor  axis, 
will  have  the  other  focus  for  the  focus  of  reflexion. 
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27.  To  find  the  deviation  of  a  ray  of  light,  tohich  is  re- 
JUeted  at  the  surface  of  two  plane  mirror's,  inclined  to  each  other 
at  a  given  anyle,  in  the  plane  perpendicular  to  the  line  of  inter- 
section of  the  planes. 

Through   any    point   O  draw    OM,  p 

ON  parallel  to  the  normals  to  the  two 
mirrors.  Let  PO  be  parallel  to  the 
incident  ray ;  then,  if  we  make  MOQ 
-=  MOP,  OQ  is  parallel  to  the  ray 
aller  reflexion  at  the  first  surface ;  and 
again,  if  we  make  NOR=NOQ,  OR  **^ 
will  be  parallel  to  the  ray  after  reflexion 
at  the  second  surface.  Let  a  be  the 
angle  between  the  mirrors. 

Then  the  deviation  of  the  ray  =  FOR 
=  POQ  +  QOR  »  iMOQ  +  SNOQ  =  2MON  -  2a. 

For  simplicity  of  demonstration  we  have  here  represented 
only  the  normals  of  the  surfaces  and  the  directions  of  the 
rays ;  it  may  be  useful  however  to  represent  tlie  actual  course 
of  the  ray  when  reflected  at  two  surfaces,  and  this  we  proceed 
to  do. 

Let  AB,  BC  be  sections  of  the  two  surfaces  by  the  piano 

31 
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in  which  the  course  of  the  ray  QRltQ'  lies ;  and  let  QS,  tfB^ 
intersect  in  P,  then  QPR'  is  the  angle  of  deviation  which  we 
wish  to  find.      There  are  two  cases  to  consider,  according  as    Jj 


the  normale  Rn,  R'n'  intersect  between  the  planes  (fig.  i),  or 
not  (fig.  2). 

Infig.l,  QPIt~PRR'+PR'R~z{n'Rlt*n'B:R) 

«S(T-RnR')-2B. 

In  fig.  8,  QPR:~w-PRR:  -PR'R-'S  (j-mAfl'-OTfl'flj 
-  2  f-  -  BmR']  -  2B. 

In  other  words,  the  deviation  is  twice  the  angle  between 
the  mirrors.  This  is  an  important  proposition  in  consequence 
of  its  application  to  the  construction  of  Hadley'a  Sextant,  M 
we  shall  see  hereafter. 

28.  A  luminous  point  is  placed  hetween  two  parallel  jUmt 
mirrort ;  to  find  the  position  of  the  images,  which  will  bt  fatwui 
by  the  aueceasivt  rejlationi  of  the  rayi  at  the  turfac«a  of  th»  tw$ 
mirrors. 

Let  Q  he  the  luminous  point;  through  it  draw  JQB 
perpendicular  to  the  two  mirrors,  and  produce  it  both  waji. 

Consider  the  rays  which  fall  from  Q  on  the  mirror  .<4  ;  if  we 
make  JQt~JQ,  an  ima^e  of  Q  will  be  formed  at  f^.  (Art.  is.). 
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again,  make  BQ^ «  BQi^  then  the  rays  falling  as   from    Q| 
on  the  mirror  B  will  form  a  second  image  Qg ;  and   if  we 


Os 


0/ 


Q^ 


(U 


make  ^Qs »  ^Qs^  there  will  be  a  third  image  at  Q^,  and  so 
on. 

Let  AQ^a,BQ^b:  then, 

QQi^BQ  +  BQ^^BQ  +  BQ,m2BQ^QQ, 

s2a  +  26, 

similarly,  QQ^  «  2£Q  +  QQs  »  4a  +  46 ; 

and  generally,  QQ^  «  2na  +  2n&, 

QQs.4^1  «  (2n  +  2)  a  +  2n6. 

In  like  manner,  if  we  consider  the  rays  which  fall  from  Q 

on  the  mirror  B^  we  shall  have  a  series  of  images,  Q\  Q'2 

suppose,  the  position  of  which  will  be  determined  by  the 
formulae 

QQ'sn  ■>  2na  +  2n&, 

QQ'*.+i  «  2na  +  (2n  +  2)6. 

Cor.     If  a  <b  6,  and  d  be  the  distance  between  the  mirrors, 
we  shall  have. 


QQ'a.+  i 


2nc2, 

(2n  +  1)  d, 

2nd, 

(2n  +  1)  d  ; 
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which  formulss  are  included  in  this  one; 

QQn  -  nd. 

Hence  the  whole  series  of  images  will  be  equidistant  from 
each  othcTi  and  the  distance  between  two  consecutive  images 
will  be  d. 

29.  A  luminous  point  is  placed  beiween  two  plane  mirrors^ 
inclined  to  each  other  at  a  given  angle;  to  find  the  number  and 
position  of  the  images. 

Let  AOA\  BOff,  be  sections  of  the  mirrors,  made  by  t 
plane  perpendicular  to  their  line  of  intersection,  and  passbg 
through  the  luminous  point  Q.  With  centre  O  and  radios 
OQ  describe  a  circle. 

Consider  first  the  rays  which  fall  from  Q  on  the  mirror 
OA ;  draw  QaQx  perpendicular  to  OA  to  meet  the  circle  in 
Qp  then  aQi  ^  aQ,  and  therefore  Qx  is  the  image  of  Q :  in 
like  manner,  if  we  draw  Qt  Q,  perpendicular  to  OB  to  meet 
the  circle  in  Q^  Q^  will  be  the  image  formed  by  rays  falling 


B^ 


from  Qx  on  the  mirror  OB ;  and  so  on,  the  series  of  images 
Qi  Qi  Qs-**  all  lying  on  the  circumference  of  the  circle,  which 
we  have  described. 
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Let  the  arc  ^Q  -  a,  £Q  »  /3 : 

then        QQj  -  2a, 

QQt-  QB  +  BQ^mQB  +  BQ^m^QB+QQi 

-  2a  +  2/3*, 

similarly,  QQ^  «  4a  +  2)3 ; 

and  generaUy,  QQ^  «>  2na  4-  2n)39 

QQft.+i  -  (2n  +  2)  a  +  2ni3. 

In  like  manner  there  will  be  a  series  of  images,  Q'lQfn... 
suppose,  formed  by  rays  which  at  first  fall  on  the  mirror  OB, 
the  position  of  which  wUl  be  determined  by  the  formula, 

QQfu  ''^na  +  2n/3, 

QQ^u^i  -  2t»a  +  (2n+  2)  ft. 

To  determine  the  number  of  the  images,  we  observe  that 
reflexion  wUl  be  repeated  until  one  of  the  images  falls  at  the 
back  of  the  mirrors,  as  Q^  in  the  figure ;  that  is  to  say,  if  Q^ 
be  the  last  of  the  series  of  images,  Qi  Qs .  • .  ,  jc'  must  be  such 
that  AQp  is  greater  than  ir  if  p  be  even,  and  BQ^  greater 
than  TT  if  p  be  odd. 

Suppose  p  to  be  even  and  «> 2n,  then  AQ^  ma  +  QQi^ 
and  we  must  have 

a  +  2na  +  2n/3>x, 

X  —  a 

Suppose  j>  to  be  odd,  and  a  2n  -i*  i, 

then  BQ  ^fi  +  QQ^+i, 
and  we  must  have 

/3  +  (2n  +  2)  a  +  2n/3  >  w. 

IT  '^  a 

*  It  is  not  difficult  to  lee  that  QQ^  meaiuiesthe  deriatioD  after  two  reilezioni ;  hcnco 
thia  finiiiU  if  identical  with  that  of  Art.  27. 


Hence,  whether  p  be  even  or  odd,  it  will  be  the  whole 

number  next  greater  than . 

a  +  p 
Similarly,  the  number  of  images  formed  by  rays  which 
fall   from    Q,  on  the  mirror  OB  will  be  the  whole  number 

next  greater  than „  - 

Cor.  I£  a  +  ^,  the  angle  between  the  mirrors,  be  an 
integral  part  of  ir,  the  number  of  each  set  of  images  will  be 

TT ,  for  this  will  be  a  whole  number,  and  — -^ , r- 

will  be  proper  fractions. 

Suppose,  for  instance,  a  +  ^  -  ~ ,  then  each  set  will  con- 
sist of  3  images.  If  we  suppose  the  point  Q  to  be  sym- 
metrically situated  with  respect  to  the  mirrors,  the  last  of 
the  two  series  of  images  will  coincide,  and  there  will  be 
found  altogether  5  images,  so  that  the  object  and  images  will 
be  in  the  angular  points  of  a  regular  hexagon.  And  even 
if  the  point  Q  be  not  situated  symmetrically  with  respect  to 
the  mirrors,  the  object  and  images  will  still  he  in  the  angular 
points  of  a  hexagon,  though  not  a  regular  hexagon.  For  let 
Qa  and  Q\  be  the  lost  of  the  two  sets  of  images  as  in  the  pro- 
position; then  we  have,  as  above, 

QQ\  =  4^  +  3a, 


■  SiTi  Since  a  +  t 


Hence  Qj  and  Q*.  coincide,  and  therefore  there  will  be  in 

reality  only  5  distinct  images. 

The  preceding  proposition  contains  the  princijdo  of  the 
toy  called  the  kaleidoscope. 


ON  REFRACTION  AT  A  SINGLE  SURFACE. 

30.     Wc  shall   now  give  investigations  of  cases  i 
fraction,  analogous  to  those  of  rctlcxion  already  cotu 
The  figures  will  be  drawn  in  general  on  the  Bupp< 
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light  being  refracted  either  from  vacuum  into  a  medium,  or 
from  a  rarer  into  a  denser  medium ;  in  other  words,  /n  will 
be  supposed  to  be  greater  than  unity,  or  the  refracted  ray 
to  be  bent  towards  the  normal,  unless  the  contrary  is  stated: 
the  formulie  obtained  will  however  be  generally  true. 

L     A  plane  Surface. 
31.     Diverging  rays  an  incident  upon  a  plane  rtfractinrj 
aurface ;   to  find  the  geometrical  focus. 


Let  Q  be  the  focus  of  incidence ;  QA  a  normal  to  the 
surface  AB  of  the  refracting  medium;  PR  the  refracted  ray 
vhicb  produced  backwards  meets  QA  in  q ;  then  the  ultimate 
position  of  q,  when  P  moves  up  to  A,  is  the  geometrical 
focus. 


Let  AQ  =  «,    Aq  ' 
then,  Bin  <p  - 

but  sin  A  -  ' 


«,  AQP-<p,  AqP-<p'', 
/i.  sin  tp', 

AP       .     ,,  AP 

PQ  ^  Pq 

■•Pq-^PQ: 

ftnd  this,  being  always  true,  will  be  true  when  P  has  moved 
up  to  ^; 

.•.  «  =  ^u. 

Cor,  When  rays  proceed  from  a  denser  into  a  rarer 
medium,  fi  is  less  than  1,  and  therefore  q  is  nearer  to  the 
surface  than  Q.  Hence  when  we  look  at  an  object  which 
is  under  water,  it  will  appear  to  be  nearer  to  the  surface  of 
the  water  than  it  really  is ;  for  the  rays  which  proceed  from 
Q,  when  they  emerge  into  air,  proceed  as  if  from  q. 


488  OPTICS. 

Hence  also,  a  pole  thrust  partly  into  water  will  appear 
discontinuous  at  the  surface  of  the  water,  and  the  part  sub- 
merged will  seem  to  be  bent  upwards ;  for  the  raya  from  each 
point  of  the  part  submerged  will  come  to  the  eye,  as  if  from 
a  point  nearer  to  the  surface  than  the  point  itself. 

32.  When  a  ray  of  light  passes  oiU  of  one  medium  into 
another^  as  the  angle  of  incidence  increases,  the  angle  of  deviation 
also  increases. 

Let  (f)  be  the  angle  of  incidence, 

(f)  refraction, 

then  the  deviation  —  0  -  <^'. 
Also,  let  sin  0  -i  fA  sin  (f)  ; 

then     «E4±«^;  .  mjL!  , 
sm  0  -  sm  0      M  -  1 

>  4^  -^  4^        0  ""  0' 
Bin-^ — ^  cos-^- — ^ 

or  ;  s ; 

<b  +  (b    .     0-0         M  —  1 

cos  - — —  sm  ^ — ^     ^ 

2  2 

2  M+  1  2 

Now  as  0  increases  it  is  manifest  that  (f/  increases,  because 

,      1    ,  <t>  +  (t>'  f     -i  0  +  0'\  .  J 

sm^  ■  -sm0;  /.  -^ — ^  land  .'.  tan -^- — ^  I  increases;  ana 

.'.  tan  -^ — ^  increases,  or  the  deviation  0-0'  increases. 

This  result  is  true  whether  fi  is  greater  or  loss  than  unity", 
that  is,  whether  the  refraction  takes  place  from  a  rarer  into  a 
denser  medium,  or  from  a  denser  into  a  rarer. 

33.  Parallel  rays  refracted  at  a  plane  surface  continnf 
parallel, 

(l)     Let  the  angles  of  incidence  be  in  the  same  plane. 
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Let  GH  be  the  refracting  surface ; 
AB^  CD  two  parallel  incident  rays, 
BEy  DF  the  corresponding  re- 
fracted rajs. 

Then  ABG  =»  CDG,  that  is,  the  g: 
angles  of  incidence  are  equal ;  con- 
sequently the  angles  of  refraction 
must  be  equal ;  and  therefore  EBD^ 
FDHy  which  are  the  complements  of  the  angles  of  refraction, 
are  equal ;  that  is,  BE  is  parallel  to  DF. 

(2)  Let  the  angles  of  incidence  be  in  different  planes. 
Let  AB^  CD  be  two  incident  rays ; 
GBKy  HDL  perpendiculars  to  the 
refracting  surface  at  B  and  D ;  join 
BD ;  and  let  BE  be  the  refracted 
ray  corresponding  to  AB.  Also 
let  DF  be  the  intersection  of  the 
planes  EBD,  CDH. 

Then  GBK,  HDL  being  per- 
pendicular  to  the  same  plane  are 
parallel  (Euc.  xi.  6) ;  and  AB  is  parallel  to  CD  by  hypothesis; 
therefore  the  angles  ABG,  CDH  are  equal,  and  therefore  the 
angles  of  refrax;tion  are  equal. 

Again,  since  AB,  BG  are  respectively  parallel  to  CD,  DH, 
the  planes  ABG,  CDH  are  parallel  (Euc.  xi.  15);  and  they 
are  intersected  by  the  plane  EBDF,  therefore  BE  is  parallel 
to  DF :  therefore  the  angles  EBK,  FDL  are  equal ;  but  EBK 
is  the  angle  of  refraction  for  the  ray  AB,  therefore  FDL  is 
equal  to  the  angle  of  refraction  for  CD,  And  FDL  is  in 
the  same  plane  with  the  angle  of  incidence  CDH ;  therefore 
the  refracted  ray  corresponding  to  CD  is  DF,  which  has  before 
been  shewn  to  be  parallel  to  BE, 


II.     A  Spherical  Surface. 

We  shall  give  the  investigation  of  the  position  of  the 
geometrical  focus,  for  the  case  of  rays  diverging  upon  a  con- 
cave surface ;  the  student  will  be  able  to  apply  the   same 
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method  to  all  other  cases,  which  will,  however,  be  included  in 
the  formula  which  we  shall  obtain,  by  having  regard  to  the 
convention  respecting  the  negative  sign  explained  in  Art  17. 

34.     Diverging  rays  are  incident  upcn  a  eoneave  spherical 
refracting  surface:  to  find  the  geometrical  focus. 

Let  BAff  be  a  section  of  the  refracting  surface,  made  by 
a  plane  passing  through  the  centre  O  of  the  sphere,  and  the 

rB 


focus  of  incidence  Q.    Let  QP  be  any  incident  ray,  PR  the 
corresponding  refracted  ray,  which  produced  backwards  meets 
QOA  in  q.     Then  the  ultimate  position  of  9,  when  P  moves 
up  to  At  will  be  the  geometrical  focus. 
Join  POi  and  let 

OPQ^(t>,    OPq^(p\  AQm^u,  Aq^v,  AO^r; 

then,  in  the  triangle  OPq^ 

Oq        sin  0' 
Pg  "sin  POq* 

and  in  the  triangle  OPQ, 

OQ        sin  0         fi  sin  0'  ^ 
PQ  "  sin  POQ  ■  sin  POq' 

liOq      OQ 
••    Pg  "PQ^ 

and  this,  being  always  true,  will  be  true  when  P  has  moved 
up  to  A,  in  which  case 

PQ  -  M,   Pg  -  v,    Oqmv^r; 
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,   m(«' 

-r) 

u 

-  r 

• 

V 

t« 

or^- 

/*  ^ 

1 

1 

r 

t> 

r 

u 

or  — 

1 

M 

— 

1 

• 

V 

u 

r 

Obs.  It  will  be  seen,  that  this  formula  reduces  itself  to 
that  for  reflexion  by  putting  /a  »  -  i  ;  and  this  is  the  case 
with  all  formulae  for  refraction. 


Cob.   If  u  ■  00  ,  or  the  incident  rays  are  parallel,  v r, 

a  result  which  may  also  be  easily  obtained  by  direct  investi- 
gation. 

The  focus  of  refraction  for  parallel  rays  may  be  termed 
the  principal  focus.  Hence  the  distance  of  the  principal 
focus,  for  rays  passing  from  vacuum  into  a  medium,  from  the 

surface,  is r.     If  the  rays  had  passed  from  the  medium 


into  vacuum,  the  distance  would  have  been  — —  r 


1  /^  -  1 

--  1 

(without  regard  to  sign ;)  and  the  distance  from  the  centre 

would  be  r  + — ^—  r ;  hence  the  distance  of  one  of 

the  principal  foci  spoken  of  from  the  surface  is  equal  to  that 
of  the  other  from  the  centre. 

35.  The  relative  positions  of  the  conjugate  foci  are  not 
so  worthy  of  notice  in  the  case  of  refraction  at  a  spherical 
surface,  as  in  that  of  reflexion,  because  in  practice  we  are 
seldom  or  never  concerned  with  refraction  at  a  single  surface : 
nevertheless,  the  student  will  find  the  following  proposition 
worthy  of  attention,  as  tending  to  familiarize  him  with  inves- 
tigations of  the  same  kind. 
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36.     To  trace  the  earrespanding  posiiiana  of  the  eomjugoU 

foci.   • 


■   ■  • 


O 


Suppose  the  surface  to  be  concavei  then  we  have 

(^  -  1     ^  ""  ^ 

Since  the  difference  of  —  and  -  is  constant,  as  one  of 

them  increases,  the  other  must  also  increase,  and  the  same 
will  be  true  of  v  and  u ;  hence  Q  and  q  always  move  in  the 
same  direction. 

(1)  Let  Q  be  at  an  infinite  distance  to  the  right  of  the 
mirror,  or  the  incident  rays  parallel ;  then  v  -  — ^  r  -  AF, 
suppose,  and  9  is  at  i^. 

(2)  Let  Q  move  towards  O ;  then  q  also  moyes  towards 
Oy  and  at  O  they  coincide,  because  when  u^r^vm^r. 

(3)  Let  Q  move  from  O  towards  A ;  then  q  also  moves 
towards  A,  and  when  Q  arrives  at  A,  q  arrives  there  also, 
because  when  t^  -1  0,  t;  «  0. 

(4)  Let  Q  move  to  the  left  of  A ;  then  q  also  moves  to 
the  left  of  A,  and  when  Q  has  reached  a  point  /  such  that 

Af  "^ ,  7  is  at  an  infinite  distance,  or  the  refracted  ravs 

^  -  1 


parallel,  because  when  u  ■  - 


M-J 


,  v-  00  • 
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(5)  Let  Q  more  to  the  left  of/;  then  q  moTes  up  from 
an  infinite  distance  to  the  right  of  J,  and  when  Q  has  attained 
to  an   infinite   distance,  q  is  mt  F,  because  when    ti  b  ao , 

V  = r. 

Q  and  q  are  now  in  the  same  positions  as  at  first,  and 
therefore  we  hare  traced  all  their  corresponding  positions. 


[37.  The  preceding  Articles  contain  a  complete  inresti- 
gation  of  the  form  of  the  refracted  pencil  for  the  case  of 
incidence  on  a  spherical  surface.  We  shall  however  subjoin 
the  enunciation  and  independent  g^metrical  proof  of  two 
or  three  theorems,  which  may  readily  be  deduced  fit>m  our 
fundamental  formula. 


38.  When  a  small  pencil  of  parallel  rays  is  directly  inci- 
dent upon  a  spherical  refracting  surface^  the  distance  of  the  geo- 
metrical  focus  from  the  surface  is  to  its  distance  from  the  centre^ 
€ts  the  sine  of  the  angle  of  incidence  to  the  sine  of  the  angle  of 
refraction* 

There  will  be  four  different  cases, 
1      Concaye  surface;  rays  from  rarer  into  denser  medium. 
2 denser  ...    rarer       

3.  Conyex  surface ;   rarer     ...    denser     

4,     denser  ...    rarer       

Flg.l. 


Fig.  3. 


Let  QP  be  a  ray  incident  very  near  the   axis,  O  the 
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centre  of  the  spherical  surface,  Pq  the  direction  of  the  re- 
fracted ray.     Then  in  each  of  the  figures  we  have 

Pq  :  Oq  ::  sin  POq  :  sin  OPq 

::  sin  POA  :  sin  OPq 

::  sin  OPQ  :  sin  OPq 

::  sine  of  the  angle  of  incidence  :  sine  of  the 
angle  of  refraction. 

Now  let  P  be  indefinitely  near  to  A,  then  q  becomes  the 
geometrical  focus,  and  Pq  becomes  Aq,  the  distance  of  q 
from  the  surface,  and  Oq  its  distance  from  the  centre.  Hence 
the  proposition  enunciated  is  true. 

39.  When  parallel  rays  are  directly  incident  in  opposite 
directions  upon  a  spherical  rejracting  surf  ace,  the  distance  of  one 
of  the  foci  of  refracted  rays  from  the  surface  is  equal  to  the 
distance  of  the  other  from  the  centre. 

Let  F  be  the  focus  when  the 
rays  pass  from  the  rarer  medium 
into  the  denser,  /  when  they  pass  ^ 
from  the  denser  into  the  rarer. 
Then,  by  the  preceding  proposi- 
tion, 

FA  :  FO  ::  fi  :   1, 

.-.  AO  :  FO  ::  fi'-l  :  i. 
In  like  manner 

fA  :  fO  ::—  :  1  (Art.  9,  Cor.) 

::  1    :  fif 
.\fA  :  AO  ::    1  :  /i  -  1. 
Hence    FO^fA, 

and    fO-^fA-vAO^FO^AO^FA. 

40.  Wfxen  a  small  pencil  of  diverging  or  converging  rays 
is  incident  directly  upon  a  spherical  refracting  surfacey  the 
distance  of  the  focus  of  incident  rays  from  the  principal  focus  of 
rays  coming  in  the  opposite  direction^  is  to  its  distance  from  the 
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centre,  as  Us  distance  from  the  surface,  to  its  distance  from  the 
geotnetrica  I  focus. 

The  proposition  admits  oi  eight  cases,  since  the  rays  may 
either  diverge  or  converge  upon  a  concave  or  convex  surface, 
and  may  pass  from  a  rarer  into  a  denser  or  from  a  denser 
into  a  rarer  medium.  We  shall  give  the  demonstration  in 
two  casea ;  a  similar  method  will  apply  la  all  the  rest. 

(l)  Let  the  rays  diverge  upon  a  concave  surface,  and 
pass  from  a  rarer  medium  into  a  denser. 


Let  Q  be  the  focus  of  incidence,  0  the  centre  of  the  sur- 
face, QP  an  incident  ray,  F  the  principal  focus  of  rays  coming 
in  the  opposite  direction. 

With  centre  0  describe  an  arc  of  a  circle  FG,  meeting 
the  pay  QP  produced  in  G ;  join  GO,  and  draw  Pq  parallel 
to  GO. 

Then  since  G  is  the  principal  focus  of  a  pencil  of  rays 
incident,  (from  the  left,  as  the  figure  is  drawn.)  parallel  to 
GO,  any  ray  of  such  pencil  will  after  refraction  proceed  from 
G.  Hence,  conversely,  any  ray  incident  from  the  right  and 
proceeding  towards  G  will  after  refmction  become  parallel 
to  GO.  Hence  qP  which  is  parallel  to  GO  will  be  the  di- 
rection after  refraction  of  the  ray  QP  which  is  proceeding 
towards  G.  Therefore  when  P  approaches  indefinitely  near 
io  A.q  will  be  ultimately  the  geometrical  focus. 

Now  by  similar  triangles  QGO,  QPq, 

QG  :   QO  ;;   QP  :    Qq, 
or   QF  :  QO  ::  QA  :   Qq. 

(s)     Let  the  rays  diverge  upon  a  convex  surface,  and 
pass  from  a  rarer  medium  into  a  denser. 

The  construction  will  be  similar,  the  difference  will  be 
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that  Q  and  F  are  on  the  same  side  of  the  surface,  and  q  on 


^  O  A    F  Q 

the  opposite  side.     We  shall  have,  as  before, 

QG  :  QO  ::  QP  :  Qg, 

or  QF  :  QO  ::   QA  :  Qq. 

The  proposition  may  be  proved  in  like  manner  in  all  the 
other  cases.] 

COMBINED  REFRACTIONS. 
41.     Refraction  through  a  prism. 

Dbf.  a  prism  is  a  portion  of  a  refracting  medium 
bounded  by  two  planes,  which  terminate  in  a  copimon  line 
called  the  edge  of  the  prism. 

Def.  The  refracting  angle  of  a  prism  is  the  angle  of 
inclination  of  the  two  bounding  planes. 

A  ray  of  light  is  refracted  through  a  prism,  in  a  plane 
perpendicular  to  its  edge ;  to  find  the  direction  of  the  refracted 
ray. 

Let  the  plane  of  the  paper  be 
that  in  which  the  refraction  takes  j^ 
place  ;  and  let  A  BCD  be  the  course 
of  the  ray  through  the  prism. 

Let  0,  (p'  be  the  angles  of  in- 

snce  and  refraction  at  the    first 

surface,  \/ 

o 

\//',  >//,  those  at  the  second  surface, 
t  the  angle  of  the  prism, 
D  the  whole  deviation. 
The  deviation  at  the  first  refraction  is  0  -  0',  and  at  the 
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second  ^  —  yf/;  and,  as  we  hare  drawn  the  figure*,  the  two 
.deviations  evidently  take  place  in  the  same  directions ; 

hence,  2)  -  0  -  0'+  \|r  -  \|r', 

and  we  have,  ^'+ 0'- 180^- jBiV^C^  i (l)  ; 

.-.  2)  -  0  +  >/r  -  i (2). 

From  the  equations  (i)  and  {9),  together  with  the  relations 

sin  (p^  iL  sin  (p\ 

sin  yff  ^  fi  sin  \f/\ 

(f>yff  yj/  may  be  eliminated,  and  we  shall  then  have  D  ex- 
pressed in  terms  of  the  given  quantities  0  and  i. 

If  we  had  drawn  the  incident  ray  AB  on  the  other  side 
of  the  normal  to  the  surface  of  the  prism,  the  deviation  2) 
would  have  been  the  difference  of  the  two  deviations  <p-<p' 
and  ^  —  >^'f. 

*  We  mi^t  hsTe  drawn  two  figaret  m  in  the  case  of  reflexion,  (page  482),  but  this 
does  not  appear  to  be  neeenary.  It  may  be  remarked  alio  that  the  itadent  may,  if  he 
pleaiet,  treat  thia  proposition  in  a  manner  analogooa  to  the  first  demonstration  of 
Art  S7,  page  481. 

t  To  determine  nnder  what  circumstances  the  deriation  will  be  a  minimum. 

We  have  the  equations 

sin  ^s^  sin  ^'  (1) 

sin  ^3^  sin  ^'  (2) 

^'+»^'=l  (3) 

D  =  ^  +  ,^_f  (4); 

from  (2)  and  (3), 

sin  ^  B  ^  sin  (i — ^')  rr  ;i  sin  t  cos  ^' — /A  cos  t  sin  ^', 

•*•  sin^-f  costsin^s/Asintcos^'y 

also  sin  i  sin ^ seisin  t sin  ^'; 

•*.  adding  the  squares  of  these  equations, 

/&' sin' t  «■  sin' ^ -I- sin  '  ^ -f  2  cos  t  sin  ^  sin  <^ 

l-cos2i[f     1-COS20    ^       ..... 

= r — ^  + — ^  +  2costsm^sm^ 

3  2 

Bl-C0S(ifr-f-^)C0S(«^-^)-f-C0St  lC0s(^-^)-C0S(<^  +  ^)l 

.*.  (^' - 1) sin' t sens'! 4- cost  I  cos(«^-0)-cos(<^-f  ^)  1  -cos(<^  +  ^)cos(<^  -0) 

>B  {COSi  +  COS(^-^)   I    I  C08t-C0S(<^  +  ^})  • 

Now  it  is  eridcnt  that  D  diminishes  asco8t~cos(<^  +  ^)  diminishes,  and  therefore  as  • 
cos  t  +cos(^— ^)  increases.    But  this  last  quantity  will  have  its  greatest  value  when 
cos  (^  -  ^)  B  ly  or  ^M  ^.    Hence  the  deviation  will  be  a  minimum  when  the  angles  of 
incidcoee  and  cmcigeDce  a|e  equal. 

32 


■    Cor.     Let  i  be  very  small,  tp'  and  -^j/  both  Tery  ; 
And   therefore   <p  and  y}/.     Then,  if  the  angles  be  expressed  in 
the  circular  measure, 

<l>  -  iJitp',  and  yji  =  ii\j/,  nearly,  (Art.  57,  page  I5.i), 
.-.  D  -  m(^'  +>/'')-  i  -  Cm  -  0  «■ 
This  13  a  remarkable  result,  shewing  that  for  prisms  of 
very  small  angles  the  deviation  of  a  ray  falling  nearly  perpen- 
dicularly upon  the  prism  is  independent  of  the   direction  of 
incidence. 

42.      When  a  ray  of  light  passes  throjigk  a  prism,  which  is 
denser  than  the  surrounditig  medium,  in  a  plane  perpendictdar  u>    1 
its  edge,  the  deviation  of  the  ray  is  always  from  the  refraetiig 
angle,  or  towards  the  thicker  part  of  the  prism. 

There  are  three  cases  to  be  considered. 

(1)  Let  QRR'Q'  be  the  course  of 
the  ray  of  light  passing  through  the 
prism  BAC ;  and  let  the  angles  ARR', 
JR'R  be  both  acute.  Then  it  is 
evident,  that  in  this  case  the  deviation 
is  from  the  angle  of  the  prism  at  each  refraction,  and  there- 
fore  the  total  deviation  la  from  the  angle. 

(a)  Let  the  angle  ARR^  be  a  right  angle;  then 
there  is  no  deviation  at  the  first 
refraction,  and  the  deviation  is  from 
the  angle  at  the  second  ;  therefore  the 
total  deviation  is  from  the  angle.  And 
the  same  would  be  true  if  we  supposed 
AR'R  to  be  a  right  angle. 


(3)  "Lai  the  angle  ARR'  be  an  obtuse  angle;  then  QR  I 
must  lie  between  AR  and  the  normal  mA,  and  the  finti 
deviation  will  be  towards  J,  the  second  will  be  from  it,  i 
it   will  be  necessary  to  shew  that  the  second  dertMioa  kl 
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greater    than    the    first.      Now    tlie 

angle  BJS^n',  which  the  ray  BB'  makes 

with  the  normal  to  the  second  surface 

nB!m\   is  greater  than   KBm  which 

the  same  ray  makes  with  the  normal 

to  the  first  smrfiMse,  BB^n   being  the 

exterior  angle  of  the  triangle  BB^n; 

consequently  the  deyiation  at  the  second  sorfiu^  is  greater 

than  that  at  the  first,  by  Art.  32,  taken  in  conjunction  with 

the  first  of  the  laws  cited  in  Art.  9-     Hence  in  all  cases  the 

deviation  isyroai  the  refracting  angle  of  the  prism. 

43.  To  construct  a  pristn,  such  tlat  no  ray  shall  be  able 
to  pass  thrauffh  it. 

Suppose  the  angle  of  the  prism  to  be  such,  that  a  ray 
being  incident  very  nearly  parallel  to  one  face,  emerges  rery 
nearly  parallel  to  the  other;  then  it  is  clear,  that  if  the  re* 
fiucting  angle  be  greater  than  that  determined  by  this  con- 
dition, no  ray  will  be  able  to  pass  through,  because  every  ray 
which  enters  the  prism  will  be  incident  on  the  second  surface 
at  an  angle  greater  than  the  critical  angle,  and  will  therefore 
be  totally  reflected  within  the  prism. 

But  this  condition  gives  us,  that 

^-90*,         ^-9(>*; 

•     li      *  •     • ' 

.\  smo  »  -,  smvf  "  -• 

Hence,  i  «  0'  +  \^' «  2<p\ 

.     i      1 
or  sm  -  «  -. 
2      ft 

The  value  of  this  angle  for  glass  is  about  85^. 

44.  Befractum  through  a  lens. 

Dbf.  a  lens  is  a  portion  of  a  refracting  medium, 
bounded  by  two  spheriMl  surfaces.     The  line  joining  the 

32—2 
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centres  of  the  spherical  surfaces  i^  caUad  the  axU  of  the 
lens. 

Under  this  general  definition,  we  indade  the  case  of  one 
of  the  surfaces  of  the  lens  being  plane,  since  a  plane  may 
be  regarded  as  a  sphere  of  infinite  radius. 

Lenses  are  of  yarious  kinds,  and  receiTe  different  namei 
according  to  the  form  of  the  surfaces  which  bound  them. 
The  rule  for  assigning  the  proper  designation  to  a  lens  is 
this :  first  look  at  the  fiitce  of  the  lens  on  which  the  light  it 
incident!  then  reyerse  the  lens  and  look  at  the  other  face; 
combine  the  names,  which  indicate  the  form  of  the  surfaces 
successiyely  presented  to  the  eye,  and  the  combination  will 
giye  the  name  of  the  lens. 

If  we  suppose,  as  heretofore,  that  light  proceeds  acrosi 
the  paper  from  right  to  left,  then  the  names  and  forms  6t 
the  yarious  lenses  will  be  as  under ; 


I. 

II. 

III. 

IV. 

V. 


I.  II.  III. 

Qmcavo-^onveJCf 

Concavo-plane^ 

Concavo-concave  or  double  concave, 

Plano-coriCave,  " 

Conv^vo^ccncave, 


VIII.         IX. 
VI. 

VII, 
VIII. 

IX.       A  lens  such  as  that  represented  by  fig.  IX.,  accord- 
ing to  the  rule  aboye  given,  would  be  a  c|Miyexo-CQnoa?e ;  but 


VI.  VII. 

Convexo-plane^ 

Plano-convex, 

Convexo-convex  or  double  convex. 


*«iKU.JFi>t 


BEFBACTION    THROfJGH   A    LBNS.  1501 

having  very  different  properties  from  a  lens  of  that  descrip* 
tion,  it  is  distinguished  by  the  name  of  meniscus. 

45.  To  find  the  geometrical  focus  of  a  small  pencil  of  di" 
merging  rays  refracted  through  a  concavo-convex  lens^  the  thickness 
of  which  is  neglected. 

Let  r,  s  be  the  radii  of  the  surfaces  of  the  lens. 

11  the  distance  from  the  lens  of  the  focus  of  incidence. 

V  of  the  focus  after  re- 
fraction through  the  first 
surface. 

V  , through  the  second. 

Then,  by  Art.  84,  we  have 

V     u         r         ^'^• 

Now  the  rays  fall  upon  the  second  surface,  as  if  they  came 
from  the  geometrical  focus,  the  position  of  which  is  deter- 
mined by  equation  (l) ;  but  they  emerge  from  the  medium 
of  which  the  lens  is  formed  into  vacuum,  therefore  in  adapt- 
ing the  formula  to  this  case  we  must  write  -  instead  of  ^i^ 

(Art.  9.  Cor.) ;  hence,  for  the  second  surface, 

1 
11      J_     M " 
/Ir  ^  f"     s     • 

Adding  (l)  and  (2),  we  have 

V     u  \r      sj 

which  is  the  formula  required,  and  gives  v  when  u  is  known. 

46.   .  The  investigation  is  quite  similar  for  the  case  of 
converging  or.  parallel  rays,  or  for  any  other  species  of  lens.^ 


SOS 


We  have  taken  the  particular  case  of  rays  Aivergiog  on  « 
concavo-convex  lens,  because  in  it  all  lines  are  measured  in 
the  same  direction,  namely,  towards  the  source  of  light;  the 
formula  for  any  other  lens  may  be  deduced,  by  attending  to 
the  convention  already  explained  respecting  the  minus  sign. 


47.     If  we  make  u  =  oo ,  we  obtain  -  =  (m  -  i) 


M)^ 


the  point  thus  determined  is  called  the  principal  focut,  or 
more  briefly,  the  focue,  of  the  lens.  The  distance  of  this 
point  from  the  lens  is  called  Hajbcal  length,  and  if  we  denote 
Jt  hy  /,  we  shall  have 

i.(„-.,(i-i). 

On  examining  this  expression  it  will  be  seen,  that  the  first 
five  lenses,  enumerated  in  Art.  44,  have  their  focal  lengths 
positive,  and  the  last  four  negative  ;  that  is  to  say,  if  parallel 
rays  be  incident  upon  either  of  the  first  five,  they  will  divtr^ 
after  refraction,  if  upon  either  of  the  last  four,  they  will  cwi- 
verge.  Hence,  lenses  divide  themselves  naturally  into  two 
classes,  which  may  he  distinguished  by  the  algebraical  sign  of 
/;  those  for  which  /  is  positive  may  be  described  in  general  as 
concave  lenses,  and  those  for  which  it  is  negative  as  cdnm>. 
Su  far  as  the  purpose  of  this  treatise  is  concerned,  we  shall 
distinguish  the  lenses  used  in  optical  instruments  only  by  tliis 
general  character ;  when  greater  refinement  is  sought,  there 
are  other  considerations  which  render  the  use  of  particular 
lenses  in  particular  cases  desirable. 

48.  It  is  manifest  that  a  lens  wilt  produce  the  same  ef- 
fect, whichever  face  is  presented  to  the  incident  light,  noee 
tlic  formula  which  determines  the  position  of  the  geometrical 
focus  is  not  altered  by  supposing  the  face  changed.  Also,  it 
appears,  that  a  lens  has  two  principal  foci ;  for  whichever  face 
of  the  lens  is  e:iposed  to  parallel  rays,  the  rays  wiD  have  the 
same  geometrical  focus,  and  therefore  a  point  on  the  axis  of 
the  lens,  and  at  a  distance ^ from  it  on  either  side  of  the  Icna. 
may  be  called  its  principal  focus,  and  parallel  rays  will  have 
one  focus  or  the  other  as  their  geometrical  focus,  according 
as  tbey  fall  on  one  face  of  the  lens  or  the  other. 
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49.     To  trcLce  the  corresponding  positions  of  the  conjugate 
fodf  for  a  concave  lens. 

The  formula  which  determines  the  position  of  q  is, 

1       1      1 

Since  the  difference  of  -  and  -  is  constant,  -  and  -  must 

V  u  V  u 

increase  and  decrease  together,  and  the  same  will  be  true  of 
V  and  u ;  hence  Q  and  q  move  always  in  the  same  direction. 

Let  F  and  /  be  the  foci  of  the  lens,  which  are  at  a  dis- 
tance /  from  A .     Then, 


(1)  Let  Q  be  at  an  infinite  distance  to  the  right  of  A^ 
or  the  incident  rays  be  parallel ;  then  9  is  at  J?",  because  when 
n  «  oDy  o  at/,  and  the  rays  are  divergent. 

(2)  Let  Q  move  towards  A ;  then  q  moves  in  the  same 
directioni  and  at  A  they  coincide,  because  when  u  «  0,  t?  «  0. 

(8)  Let  Q  move  to  the  left  of  A ;  then  q  also  moves  to 
the  left  of  At  and  when  Q  has  reached  /,  q  is  at  an  infinite 
distance,  because  whenu  »  -/,  t?  b  00 ,  and  the  refracted  rays 
are  parallel. 

(4)  Let  Q  move  to  the  left  of  /;  then  q  moves  up  in 
the  same  direction  from  an  infinite  distance  on  the  right  of 
At  and  when  Q  is  at  an  infinite  distance,  q  ia  vX  F^  because 
when  t«  «  OD,  t>  =  /. 

Q  and  q  are  now  in  the  same  positions  as  at  first,  and  we 
have  therefore  traced  all  their  corresponding  positions. 

In  the  figure  we  have  represented  a  double  concave  lens, 
bat  the  same  investigation  is  applicable  to  all  lenses  for  which 
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f  is  positive.  On  account  of  the  importance  to  the  student  of 
perfect  familiarity  with  the  relative  positions  of  the  coqjugate 
foci,  we  shall  consider  at  length  the  case  of  a  convex  lens,  or 
in  general  of  a  lens  for  which  /  is  negative. 

60.      To  trace  the  corresponding  posUiona  of  the  conjugate 
foci,  for  a  conveai  lens. 

The  formula  which  determines  the  position  of  j  is,  , 

1       1         1 


Q  and  g  move  in  the  same  direction,  as  before.  Let  F  watf 
be  the  foci  of  the  lens,  which  are  at  a  distance  /  from  / 
Then, 

(1)  Let  Q  be  at  an  infinite  distance  to  the  right  c^  A, 
or  the  incident  rays  parallel ;  then  q  is  at  F,  because  when 
u  m  -X) ,  V  "  -  f,  and  the  refracted  rays  are  convergent. 

(2)  Let  Q  move  towards  /;  then  q  moves  to  the  left  of 
F,  and  when  Q  has  reached/,  <;  is  at  an  infimtc  distance,  be- 
cause  when  u  •=/,  v  ~  a>,  and  the  refracted  rays  are  parallel. 

(3)  Let  Q  move  from  /  towards  J;  then  q  mores  up 
from  an  infinite  distance  on  the  right  of  the  lens  towards  J, 
and  at  A  they  coincide,  because  when  u  >*  0,  r  —  0. 

(4)  Let  Q  move  to  the  Icdt  of  A ;  then  q  also  more*  to 
the  left  of  J,  and  when  Q  is  at  an  infinite  distance,  9  is  at  /*■ 
because  when  i*  =  a,  w—  —  y. 

Q  and  q  arc  now  in  the  same  positions  as  at  first,  ami 
therefore  we  liave  traced  all  their  corresponding  position!. 

51.  In  examining  the  preceding  investigations,  it  will  be 
seen,  that  the  concave  lens  alwa^  diminishes  Qm  conrer. 
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gency  or  increases  the  divergency  of  rays,  and  that  the 
convex  lens  has  exactly  the  reverse  effect.  This  very  im- 
portant property  of  lenses  admits  however  of  simple  direct 
proof,  as  in  the  following  proposition. 

52.  A  concave  lens  diminishes  the  convergency  or  increases 
the  divergency  of  a  pencil  of  rays,  and  a  convex  lens  produces 
the  opposite  effect. 

For  the  concave  lens, 

1      1       1 

V       u      f 

Suppose  u  positive,  or  the  incident  rays  divergent,  then  - 

is  greater  than  -,  or  i;  less  than  u\  therefore  the  geometrical 

u 

ibcus  is  nearer  to  the  lens  than  the  focus  of  incidence,  or  the 

refracted  rays  are  more  divergent.     If  u  is  negative,  or  the 

incident  rays  convergent,  v  is  either  positive  or  a   greater 

negative  quantity  than  u ;   therefore  the  refracted  rays  are 

either  divergent,  or  less  convergent  than  the  incident. 

For  the  convex  lens, 

1      I      1 

From  the  discussion  of  which  equation,  the  opposite  con- 
clusions to  the  above  are  deduced.  Hence  the  proposition 
is  true. 

53.  When  reflexion  takes  place  at  a  spherical  surface, 
it  is  evident  that  a  ray  which  passes  through  the  centre  of 
the  sphere  sufiers  no  deviation,  because  it  falls  upon  the 
surface  in  a  direction  coinciding  with  the  normal  at  that 
point :  there  is  a  similar  point  on  the  axis  of  a  lens,  through 
which,  if  the  direction  of  a  ray  during  its  course  through  the 
lens  pass,  it  will  emerge  parallel  to  the  direction  of  incidence, 
and  therefore  if  we  neglect  the  thickness  of  the  lens,  will 
suffer  no  deviation ;  this  point  by  analogy  is  called  the  centre 
of  the  lens. 
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54.      To  find  the  centre  of  a  lens. 

Let  the  lens  be  concavo-convex.     00^  the  centres  of  the 
first  and  second  surfaces  respectively. 

D 


Draw  any  line  OP  to  the  first  surface,  and  O'P',  paraDd 
to  OP,  to  the  second  surface ;  join  PP^\  and  let  BPFD  be 
the  course  of  a  ray  through  the  lens ;  produce  PP^  to  meet 
the  axis  in  C 

Then,  since  OP^  €(P  are  parallel,  the  planes  perpen- 
dicular to  them  are  parallel,  and  therefore  the  ray  BPPD 
passes  as  through  a  medium  bounded  by  parallel  surfaces,  and 
P^D  is  parallel  to  BP. 

Again,  by  similar  triangles,  CPOy  CPCf  ^ 

CO       CO' 

po^Va' 

or, ,    where  I  is  the 


thickness  of  the  lens  ; 


.-.  AC 


ft 


8  --r 


This  formula  determines  the  position  of  C,  the  centre  of 
the  lens,  which,  as  we  see,  depends  on  the  form  of  the  lena 
only. 

55.  If  the  surfaces  of  the  lenses  have  their  convexities 
turned  in  opposite  directions,  that  is,  if  r  and  a  have  different 
algebraical  signs,  the  distance  AC  is  very  small  when  t  is  very 
small ;  and  hence,  in  the  case  of  double  convex   or  dooUe 


• 
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concave  lenses,  which  are  very  thin,  we  may  consider  in  prac- 
tice that  the  centre  coincides  with  the  middle  point  A  of  the 
lens,  and  therefore  that  a  ray  passing  through  A  suffers  no 
deviation. 

But  the  centre  of  a  concavo-convex  or  of  a  meniscus  lens 
may  be  at  a  considerable  distance  from  the  lens,  if  r  and  $ 
be  nearly  equal. 

Let  us  investigate  the  condition  of  the  centre  lying  within 
the  substance  of  the  lens.  It  is  evident  that  the  condition 
is  this,  that  ^C  (as  we  have  measured  it)  must  be  a  negative 
quantity  and  numerically  less  than  i ;  and  this  we  may  ex- 
press by  putting  for  ^Cthe  expression  -  Ml  —  j,  where  * 
is  a  positive  quantity  greater  than  unity.     Hence  we  have 


-'(-i) 


rt 


8  -r 


or     -  «  -f  r  -f =  r, 


9  -r 

•  •  ^    Of 

W 


r 
or    a?  «  1  —  ; 

8 


now  «  is  a  positive   quantity  greater   than  1,  therefore  - 

must  be  a  negative  quantity,  or  r  and  a  must  have  opposite 
signs ;  consequently  for  the  double  convex  and  double  con« 
cave  the  centre  lies  within  the  substance  of  the  lens.  In  the 
case  of  the  plano-convex  or  plano-concave  the  centre  lies 
upon  the  curved  surface. 

56.  Sometimes  two  lenses  are  placed  on  the  same  axis, 
and  very  near  to  each  other,  so  as  to  serve  the  purpose  of 
one  lens :  the  focal  length  of  the  lens,  which  would  produce 
the  same  effect  on  a  pencil  of  rays  as  the  two  together,  is 
called  atk^  focal  length  of  the  combination^ 
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57.  To  find  the  focal  hngth  of  a  eomhinatioh  of  two 
lenses,  omitting  their  thickness. 

Let  Jf  be  the  focal  lengths  of  the  lenses,  F  that  of  the 
combination. 

Suppose  rays  to  diverge  from  a  point  at  distance  u  from 
the  first  lens,  and  let  V  be  the  distance  of  the  geometrical 
focus;  from  this  focus  rays  diverge  upon  the  second  leos, 
let  V  be  the  distance  of  the  geometrical  focus  afler  thb 
second  refraction. 


Then  we  have, 


1     1      ' 


adding  these  equations, 

1111 

v"tt"7  /• 

But  if  the  rays  diverged  upon   a  lens  of  focal  length 
jP,  the  formula  would  be 

L     L     1 
V     u      F' 

Hence,  in  order  that  this  lens  may  be  equivalent  to  the 
combination,  we  must  have 

I  1       1^ 
F'^f'^f 

If  the  first  lens  be  concave,  and  the  second  convex,  we 
should  have  in  like  manner, 

II  1 

F'fT' 

and  so  in  other  cases. 

A  similar  investigation  is  applicable  to  three  or  more 
lenses. 
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•   58.     To  find  fcy  ecrperimenl  the  focal  length  of  a  lens. 

First  suppose  the  lena  convex ;  and  let  Q  be  a  lumtooua 
point  upon  its  axis,  q  the  image  of  Q  formed  upon  the 
opposite  side  of  tlie  lens;  then  we  will  first  shew  (by  the 
method  given  in  p.  45,  note)  that  when  Q  is  so  adjusted  that 
the  distance  Qq  is  the  least  possible,  Qq  is  equal  to  four  times 
the  focal  length  of  the  lens. 


In  the  general  formula  - 


/ 


b 


let 


-  ity  =  —  M  (t( 


-A 


■^^■Zl^lSlV), 


If  X  be  less  than  4f,  u  is  imaginary;  in  other  words  the 
•least  value  of  j?  or  Qq  is  if. 

Hence  if  the  image  of  a  himinous  point  Q  be  received 
upon  a  screen,  and  the  lens  and  screen  moved  until  the 
distance  of  the  image  from  g  is  the  least  possible,  the  foeal 
length  of  the  lens  is  one  fourth  of  this  distance. 

If  the  lens  be  concave,  it  must  be  placed  in  contact  with 
ft  convex  lens,  the  focal  length  of  which  has  been  deter- 
mined; and  the  convex  lens  must  be  of  such  power  that 
the  focal  length  of  the  combination  is  negative.  Then  if  the 
focal  length  of  the  combination  be  found  by  the  method  just 
explained,  that  of  the  concave  lens  will  be  known  by  the 
formula  of  Art.  57. 

[The  preceding  articles  contain  a  sufficient  investigation 
of  the  properties  of  lenses  for  the  purposes  of  this  treatise; 
but  as  in  the  case  of  reflexion  and  refraction  at  a  spherical 
surface,  we  shall  subjoin  one  or  two  propositions,  which  differ 
from  some  of  those  already  given  only  in  the  mode  of  enun- 
ciatioQ  aod  the  method  of  demonstration. 


59.      To  determine  by  geometrical  construction  tha  primipat 
foctu  qfa  lens  of  inconsiderabU  thickness. 


We  shall  give  the  figures  for  two  cases,  the  double  convex 
and  double  concave  lens. 


Let  BAB'  be  a  lens,  A  its  centre,  O,  0'  the  centres  of  the 
first  and  second  surface  respectively.  Let  QA  be  the  axis  of 
a  snaall  pencil  of  parallel  rajs,  incident  very  nearly  parallel  to 
the  axis  of  the  lens ;  then  the  ray  QA  passes  through  the  leai 
without  deviation,  and  therefore  the  focus  of  the  refracted 
rays  is  upon  QA  or  QA  produced. 

Through  O  draw  OP  parallel  to  QA,  and  let  it  meet  the 
first  surface  in  M,  then  the  ray  PM  of  the  incident  pencil 
Buffers  no  deviation  at  the  first  surface.  In  OP  or  OP  pro- 
duced take  MV  =  ixOV;  join  VO'  and  produce  it,  if  neces- 


sary, till  it  cuts  QA,  or  QA  produced,  in  G,  and  the  firatand 
second  surface  in  S  and  T  respectively.  Draw  SB  parallel 
to  QA. 

Then  all  the  rays  in  the  small  pencil  PMSR.  will,  utter 
the  first  refraction,  converge  to  or  diverge  fix>tn  K;  uid  in  tim 
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state  they  will  fall  npon  the  second  surface ;  but  of  this  pencil 
the  ray  .ST  suffers  no  refraction,  since  its  direction  passes 
through  C ;  therefore  the  focus  of  refracted  rays  will  be  upon 
ST  produced. 

But  the  focus  of  refracted  rays  is  upon  QJ,  or  QJ  pro- 
duced ;  hence  the  focus  of  refracted  rays  is  G,  the  point  of 
intersection  of  QA  and  ST  produced. 

By  similar  triangles  OVO',  AGO',  we  have  , 

00'  :    or  ::   JO'  :   AG; 
which  determines  the  distance  of  the  principal  focus  from  the 
centre  of  the  lens. 

60.  When  a  small  pencil  of  diverging  or  converging  rayt 
M  incident  directly  npon  a  lens ;  the  distance  of  the  focus  of  inci- 
dent rays  from  the  centre  of  the  lens  is  a  mean  proportional 
bettoeen  the  distances  of  the  same  point  from  the  principal 
focus  of  rays  coming  in  the  opposite  direction  and  the  geomefri~ 
cal  focus. 

In  this,  as  in  the  preceding  proposition,  we  shall  give  the 
figures  for  the  double  convex  and  double  contave  lens. 

Let  BAB'  be  the  lens,  J  its  centre,  Q  the  focus  of  inci- 
dent rays.     Let  QP  be  any  ray  incident,  making  a  very  small 


angle  with  the  axis.  Let  PS  be  the  emergent  ray,  q  the 
point  in  which  PH  produced  cuts  the  axis  of  the  lens. 

Takey  the  principal  focus  of  rays  coming  in  the  opposite 
direction ;  with  centre  A,  and  distance  Af,  describe  a  circular 
arc/C  meeting  QP  or  QP  produced  in  G.     Join  GA. 

Then  G  is  the  principal  focus  of  a  pencil  of  rays  incident 
from  the  left  (as  the  figures  are  drawn)  parallel  to  GA.  Con- 
sequently any  ray  incident  from  the  left  parallel  to  GA  will 
after  refraction   through  the  lens  pass  through  G.      And 
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therefore,  conversely,  any  ray  proceeding ' 
passing  through  G,  will  after  refraction  be  parallel  to  GA. 
But  QP  proceeds  from  the  right  and  passes  through  G,  and 
Pq  is  its  direction  after  refraction  ;  hence  Pr/  is  parallel  to 
GA.     Therefore  GAQ,  PqQ.  arc  similar  triangles; 

.-.  QG  :   QA  ::  QP  :   Qq; 

or  ultimately      qf  :  QA  ::  QA  :  Qq. 

It  is  almost  unnecessary  to  remark,  that  from  the  results 
of  this  and  the  preceding  article,  the  fundamental  formula  of 
Art.  4^  may  be  deduced.  The  student  will  find  it  a  good 
exercise  to  deduce  the  one  from  the  other.] 


ON   IMAGES   FORMED   BY    REFLEXION     OR 
REFRACTION. 

61.  When  light  is  incident  from  a  luminous  point  upon 
a  reflecting  or  refracting  surface,  or  upon  a  comhinalion  of 
surfaces,  whether  plane  or  spherical,  the  investigations  of  the 
preceding  pages  enable  ua  to  determine  the  focus  of  the  re- 
flected or  refracted  rays ;  and  the  focus  so  determined  U  to 
be  considered  as  the  imaije  of  the  luminous  point,  that  is,  the 
rays  will  proceed  from  it  as  from  a  luminous  point,  sod 
will  therefore  produce  the  same  effect  upon  our  organs  of 
vision  as  an  actual  luminous  point.  Our  investigations  only 
apply  strictly  to  the  case  of  an  indefinitely  small  conical 
pencil  of  rays,  incident  directly  on  the  reflecting  or  refracting 
surface,  that  is,  having  its  axis  coincident  with  the  axis  of  the 
surface ;  if  the  incidence  be  oblique,  that  is,  if  the  axis  of  the 
pencil  be  inclined  at  some  angle  to  the  axis  of  the  surface, 
the  reflected  or  refracted  pencil  will  manifestly  be  altered  in 
its  form,  and  our  formulEc  will  not  be  strictly  correct.  Ke*cr- 
theless,  since  in  practice  the  obliquity  is  generally  small,  and 
since  the  consideration  of  the  general  question  of  the  form  of 
ohiiquc  pencils  would  lead  us  into  calculations  more  compli- 
cated than  we  desire  to  introduce  into  this  treatise,  we  shall 
suppose  that  the  formulee,  already  established  for  direct,  will 
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also   hold  for  oblique  incidence;    a   supposition  which  the 
student  will  bear  in  mind  is  only  approximately  true. 

62.  Having  then  solved  the  problem  of  finding  the  image 
of  a  point,  we  may  now  proceed  to  consider  the  more  general 
one  of  finding  the  image  of  any  object  formed  by  reflexion  or 
refraction.  We  may  conceive  any  object  to  be  made  up  of 
physical  points,  each  of  which  is  a  focus  of  incidence,  and  has 
a  corresponding  focus  of  reflexion  or  refraction ;  if  then  we 
construct  the  geometrical  foci,  corresponding  to  all  different 
points  of  the  object,  we  shall  have  the  image  of  the  object 
required. 

We  shall  confine  our  attention  almost  exclusively  to  the 
case  of  the  image  of  a  small  straight  line,  because  this  is  the 
simplest  figure  which  the  object  can  have,  and  the  determina- 
tion of  the.  image  in  this  case  will  be  sufiicient  for  our  purpose, 
when  we  come  to  apply  our  results  to  the  construction  of 
optical  instruments. 

63.  We  shall  first,  however,  shew  how  to  apply  our 
formulae  to  the  finding  of  the  image  of  a  point,  from  which 
the  rays  fall  obliquely  on  a  mirror  or  a  lens. 

Let  BAB'  be  a  concave  spherical  mirror,  and  AO  its  axis. 
Let  Q  be  a  luminous  point  not  on  the  axis^of  the  mirror. 

B 


Draw  QOP  through  the  centre    O  of  the  mirror,  and  take  q 
such  that 

1  1  g 

p^'^Tq"  po' 

then  q  will  be  the  image  of  Q. 

■       33 


I 


The  position  of  q  may  be  determined  very  esnly  and  suf- 
ficiently nearly  for  tnany  purposes,  by  means  of  the  investi- 
gation of  Art.  22.  Bisect  OP  in  /,  then  if  Q  were  at  an 
infinite  distance  q  would  be  at/;  but  as  Q  moves  towards  0, 
5  also  moves  towards  O,  therefore  when  Q  has  the  pxisition 
given  to  it  in  the  figure,  q  is  somewhere  betweenyand  O.  In 
like  manner,  if  Q  were  between  0  and  /,  q  would  be  on  PO 
produced ;  and  if  Q  were  betweenyand  J*,  q  would  be  on  OP 
produced. 

In  like  manner  we  may  find  the  image  of  a  luminous 
point  in  the  case  of  a  convex  mirror. 

64.  Next  let  us  consider  a  lens.  Let  BA  B'  be  a  doable 
convex  lens;   Q  a  luminous  point  not  in  its  axis,      Let  A  be 


the  centre  of  the  lens,  which,  on  account  of  the  thinness  of 
the  lens,  we  may  suppose  to  be  any  point  of  that  portion  of 
its  axis  which  lies  within  the  lens;  for  distinctness'  sake,  we 
will  suppose  the  centre  to  be  the  point,  in  which  the  Udo 
joining  B  and  B"  cuts  the  axis.  Draw  Q.4q  through  the 
centre  of  the  lens ;  then,  by  the  property  of  the  centre,  this 
ray  will  undergo  no  deviation,  and  consequently  the  image 
of  Q  must  be  Bomewhere  on  the  line  QJq.  If  we  suppose 
the  formula  proved  in  Art.  45,  to  apply  to  this  case  of  oblique 
incidence,  the  distance  {Jq)  of  the  image  from  A  will  be 
given  by  the  formula, 

1  I  I 

~Jq~  AQ'^f- 

But,  as  in  the  case  of  reflexion,  we  may  determhie  tlie 
position  of  q  sufficiently  nearly  for  many  purpoccs,  by  cod^ 
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dering  that  if  JQ=f.  (the  focal  length  of  the  lens,)  q  is  at  an 
infinite  distance  from  A,  and  that  as  Q  moves  away  from  A, 
q  moves  from  the  left  towards  A,  and  will  have  some  position 
to  the  left  of  F. 

In  like  manner,  wc  may  determine  the  image  of  a  Inmi- 
nou3  point,  in  the  case  of  a  double  concave  or  any  other  lens. 

65.  The  same  method  may  be  adapted  to  the  case,  in 
trhich  a  small  pencil  of  rays  falls  excentrically  on  a  lens,  that 
is,  in  which  the  axis  of  the  incident  pencil  does  not  pass 
through  the  centre  of  the  lens.  For  we  may  conceive  a 
complete  pencil,  having  its  axis  passing  through  the  centre, 
to  fall  upon  the  lens,  and  we  may  determine  the  image  in 
this  case,  and  the  same  will  be  the  position  of  the  image 
when  the  pencil  is  so  restricted  that  it  becomes  excentrical ; 
the  difference  will  be,  that  there  will  be  fewer  rays  diverging 
from,  or  converging  to,  the  geometrical  focus. 

Suppose,  for  instance,  a  very  small  excentrical  pencil  falls 
from  Q  on  the  portion  aa    of  a  double  convex  lens  BAffi 


draw  QAq  through  the  centre  of  the  lens,  and  take  q  such  that 


then  the  rays  incident  from  Q  will,  after  refraction  through 
the  lens,  converge  to  q. 

If  AQ  "f,  Aq  =  (c  ,  and  the  refracted  rays  are  parallel ; 
hence,  when  a  small  pencil  of  rays  is  incident  on  a  convex 
leas  from  a  point  at  a  distance  from  it  equal  to  its  focal 
leagth,  we  must  draw  a  line  through  the  point  and  the  centre 
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of  the  lens,  and  the  rays  will  emerge  parallel  to  that  straight 
line. 

66.  A  similar  method  is  applicable  to  a  small  excen- 
trical  pencil,  incident  on  a  mirror.  A  pencil  is  in  this  case 
said  to  be  excentrical,  when  the  point  in  which  its  axis  meets 
the  mirror  is  not  that  in  which  the  axis  of  the  mirror* 
meets  it. 

Let  Q  be  the  origin  of  a  small  pencil,  incident  on  the 
small  portion  a  a  of  the  mirror.     Draw  QOqP  through  the 


centre  0  of  the  spherical  surface,  and  take  the  point  q  such 

that 

112 

then  the  rays  of  the  small  excentrical  pencil  will,  after  re- 
flexion, converge  to  q. 

67.  We  are  now  prepared  to  consider  the  formation  of 
the  image  of  a  straight  line,  placed  before  a  reflecting  surface, 
or  before  a  lens. 

The  image  of  an  object,  placed  before  a  plane  reflector, 
will  manifestly  be  precisely  similar  to  the  object,  and  each 
point  of  the  image  will  be  as  far  behind  the  mirror,  as  the 
point  of  which  it  is  the  image  is  distant  from  the  mirror. 
This  follows  at  once  from  Art.  12. 

*  Bj  the  axis  qfthe  mirror  is  to  be  understood  here  the  line  dnvn  from  tht  omtn  of 
the  spherical  surface  to  the  central  point  of  the  mirror ;  the  miiror  ittdf  b«iiif  a  poftiea 
of  a  sphere  cut  oil'  bj  a  plane. 
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When  a  email  straiglit  line  is  placed  before  a  spherical 
mirror,  its  imnge,  that  is,  the  loeus  of  the  geometrieal  foci 
corresponding  to  the  different  points  of  it,  will  evidently  not 
be  a  straight  line.  If  the  line  be  indefinitely  distant  from 
the  mirror,  the  image  will  evidently  bo  a  small  are  of  a  circle ; 
in  other  cases  it  may  be  shewn  to  be  a  portion  of  a  conic 
section,  but  this  we  shall  not  do,  since  we  shall  not  be  con- 
cerned with  the  particular  form  which  the  image  assumes:  if 
however  the  object  be  supposed  to  be  extremely  small,  it  will 
be  sufficient  to  consider  its  image  to  be  also  a  straight  lino, 
and  the  only  point  with  which  we  shall  engage  ourselves  will 
be  the  determination  of  the  position  of  this  straight  line. 

68.  AVe  shall  here  give  results,  which  the  student  will 
have  no  difficulty  in  verifying  for  himself. 

Co7icave  Mirror.  When  the  object  is  at  a  distance  from 
the  mirror  greater  than  its  radius,  the  image  will  be  small, 
inverted,  and  between  the  centre  and  principal  focus.  "When 
the  object  is  between  the  centre  and  principal  focus,  the 
image  will  be  magnified,  inverted,  and  at  a  distance  from  the 
mirror  greater  than  its  radius.  When  tlie  object  is  between 
the  principal  focus  and  the  mirror,  the  image  will  be  mag- 
nified, erect,  and  behind  the  mirror. 


Convex  Mirror.  The  image  will  always  be  small,  erect, 
behind  the  mirror,  and  between  the  mirror  and  its  principal 
focus. 

Concave  Lens.  TTie  image  will  be  small,  erect,  on  the 
same  side  of  the  lens  as  the  object,  and  between  the  lens  and 
its  principal  focus. 

Convex  Lens.  When  the  object  is  at  a  distance  from  the 
lens  greater  than  its  focal  length,  the  image  is  on  the  Apposite 
side  of  the  lens,  inverted,  and  at  a  distance  from  the  lens 
greater  than  its  focal  length.  When  the  object  is  between 
the  lens  and  its  principal  focus,  the  image  is  erect,  and  on  the 
Bame  side  of  the  lens  as  the  object. 


618 


ON   THE  EYE. 

69.  The  theory  of  the  formation  of  images,  which  we 
have  been  explaining,  is  applicable  to  the  explanation  of  the 
construction  of  the  eye;  which,  to  take  the  simplest  new, 
may  be  conceived  of  as  a  convex  lens,  by  means  of  which 
images  of  external  objects  arc  formed  upon  a  screen  behind 
it,  these  images  affecting  the  brain  by  means  of  nerres,  and 
ID  some  inexplicable  manner  conveying  to  the  mind  the  sense 
of  vision*. 

70.  The  figure  represents  s  bori- 
xontal  section  of  the  human  eye ;  tta 
general  form  is  spherical,  but  the 
front  BAB  is  more  convex  than  the 
rest. 

The  outer  coat  is  called  the  aclt- 
rotica,  and  is  white  and  opaque,  except 
in  the  front,  which  is  occupied  by 
the  transparent  convex  portion  BJB" 
called  the  cortiea. 

The  interior  of  the  aclerotica  is  lined  with  a  sod  Uun 
coat,  called  the  choroid  viembrane ;  at  the  junction  of  Ihi* 
membrane  with  the  eclcrotica  arises  the  uvea,  an  opaque 
membrane,  having  an  aperture  aa  in  its  centre  called  thft 
pupil,  through  which  light  enters  the  eye,  and  by  the  spon- 
taneous cnlurgemcnt  and  diminution  of  which  the  qoantity 
of  light  admitted  is  regulated.  The  diameter  of  the  pupal 
varies  from  about  -j'jth  to  ^th  of  an  inch. 

The  interior  of  the  choroid  membrane  is  covered  with  a 
black  substance  called  the  pigmentum  nigrum,  the  office  of 
which  is  to  absorb  stray  rays  of  light,  and  so  prevent  inter- 
nal reflexions,  which  would  be  the  source  of  much  confusion. 
At  the  back  of  the  eye,  and  imbedded  in  the  pigmenluni 

■  In  Ot  Voung'*  Lututci  on  Naluril  PhiloMphj  than  b  ■  LMtat*  m  TUa 
[Leclutc  zxxviii)  which  maj  be  iluiUtd  with  adruiucs.  Th«  niMM  U  «f  mmbHT 
trntnl  Tcry  brieflj  [d  the  uit. 
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nigrnm,  is  the  rrft'iM ;  tbe  retina  is  a  network  of  rery  fine 
nerves,  which  bniDch  off  from,  and  may  be  looked  upon  as  a 
continuation  of,  the  optic  nerve,  which  proceeding  directly 
from  the  brum  enters  at  O,  on  the  side  of  tbe  eye  next  the 
nose. 

CC  13  a  soft,  transparent  substance,  in  the  form  of  a 
double  convex  lens,  and  called  the  crystalline  Ima. 

The  space  between  the  crjstalline  lens  and  the  cornea  is 
filled  with  a  transparent  fluid  resembling  water,  and  cidled  the 
aqueoua  kumottr.  That  between  the  crystalline  and  the  retina 
is  filled  with  another  humour,  called  the  vilreou*  humour.  The 
refncUve  indices  of  these  humours  differ  very  little  from  that 
of  water. 


71.  When  a  pencil  of  light  diverges  from  a  luminoua 
point  upon  the  exterior  surface  of  the  eye,  it  suffers  refraction 
at  the  cornea,  and  again  at  the  surface  of  each  successive 
humour  through  which  it  passes,  and  by  the  combined  re- 
fraction of  all  is  made  to  converge  to  a  point  upon,  or  very 
near  to,  the  retina.  In  like  manner  the  iniage  of  an  external 
object  is  formed  upon  the  retina,  each  point  in  the  object 
having  its  corresponding  point  in  the  image. 

It  is  a  remarkable  fact  that  there  is  a  portion  of  the  retina 
which  is  insensible  to  the  impression  of  rays  of  light.  It  is 
that  spot  at  which  the  opfic  nerve  enters  the  eye,  and  at 
which  the  nerve  is  not  yet  subdivided  into  the  fibres  which 
constitute  the  retina.  This  spot  is  called  the  punctum  cacum, 
and  its  existence  may  easily  be  detected  as  follows.  Place 
two  patches  of  white  paper  upon  a  dark  wall,  tbe  line  joining 
them  being  horizontal  and  about  the  height  of  the  eye  from 
the  ground.  If  then  one  eye  be  closed  and  the  other  directed 
to  one  of  the  patches,  (the  one  to  the  left  hand  if  the  right 
eye  be  used,  and  vice  vend,)  the  other,  to  which  the  eye  is  not 
directed,  becomes  invisible  on  retiring  from  the  wall  to  about 
four  or  five  times  the  distance  of  the  patches  from  one  another, 
and  the>  distance  being  further  increased,  becomes  again 
visible.     The  experiment  is  made  more  remarkable  by  plnciog 


a  third  patch  beyond  this  \a  the  same  right  line,  wfaicb  w31 
continue  visible  when  the  middle  one  disappears*. 


72.  The  focal  length  of  the  eye  is  not  constant,  but  is 
varied  instinctively  by  the  eye,  60  as  to  adapt  itself  to  viaiou 
at  different  distances.  The  shortest  distance  to  which  the  eye 
can  adjust  itself  varies  in  different  persons,  and  is  called  the 
hast  distance  of  distinct  vision,  and  this  varies  in  dififerent  eyes 
from  about  G  to  8  inches ;  with  regard  to  vision  of  distant 
objects,  the  majority  of  persons  can  see  when  the  object  is  at 
such  a  distftnce  that  the  rays  from  it  may  be  considered  to  be 
parallel  to  each  other,  but  some  eyes  require  the  rays  enterinj; 
them  to  have  a  certain  degree  of  divergency :  in  general, 
however,  we  say  that  rays  of  light  are  fitted  to  produce  distinct 
vision,  when  they  are  parallel  to  each  other.  It  may  be  ob- 
served, that  no  eye  can  see  by  means  of  rays  having  tbc 
smallest  nmouot  of  convergency.  The  question,  by  what 
means  does  the  eye  adapt  itself  to  dilfcrent  distances,  has 
been  much  discussed,  and  apparently  without  any  certain  re- 
sult; three  opiuions  have  been  advocated;  the  first,  that  the 
effect  is  produced  by  a  change  of  position  of  the  crystalline 
lens;  the  second,  that  it  is  due  to  a  change  of  the  curvatora 
of  its  surfaces,  or  of  that  of  the  cornea ;  the  last,  that  it  in 
produced  by  a  change  in  the  configuration  of  the  whole  eye 
and  an  elongation  of  its  axis.  The  most  plausible  opinion 
seems  to  he  that  which  combines  a  change  of  curvature  of  tbo 
cornea  with  a  change  in  the  figure  of  the  entire  eyct. 

73.  The  eyes  of  animals,  though  agreeing  in  principle, 
ore  different  in  many  of  their  details  from  those  of  men :  the 
difference  being,  in  general,  such  as  can  be  accounted  for.  by 
consideration  of  the  different  circumstances  of  vision,  to  which 
it  is  desirable  that  they  should  be  adapted ;  but  the  student, 

'  ThUmeihod  ordeteciing  ihe  punclum  eaeam  u  taken  (mm  l.lojd'*  T>Mtiai*M 
Lighl  and  Viiion.  Anochcr  mclhod  i*  ■•  rullowi :  inaL*  two  btau  upon  a  ab*«  cf  ffm, 
aboui  Tour  inehei  apui,  and  look  irith  ihc  rlghl  i;c  on  thai  which  lin  ib  th>  Mt  hod, 
tb<  ty  bdng  plated  pnclaclji  oier  it.  Wh«n  the  (jra  I*  nlitd  lo  ibc  faalght  of  ataoi  II 
incho,  iha  aecoiid  upoi  diiappean ;  on  coniinuing  la  lift  the  head,  ihc  (pw  •ill  rMffM> 
irhan  tha  tyt  I*  aboiit  IS  inchta  from  iha  papn. 

t  On  thla  tubjMI  ace  Llnjrd't  Tnatiu  nn  Light  and  Viiioi. 
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who  desires  iDfomuUioii  cm  this  hesd,  most  consult  other  works 
on  the  sobject*. 

74.  We  shall  now  exphun  and  fllastrate  with  figures  a  few 
eases  <^  actual  vision ;  and  for  distinctness'  sake  we  shall  first 
consider  the  object  Tiewed  as  a  point,  and  secondly  as  of  finite 
dimensions. 


75.  When  rays  direrge  from  a  luminoas  point  they  di- 
Tcrge  in  aQ  directions ;  and  if  an  eye  be  exposed  to  the  rays 
it  will  select  a  small  pencil  of  them,  limited  by  the  magnitude 
of  the  aperture  of  the  pupil,  and  provided  the  object  be  not 
within  the  least  distance  of  distinct  vision  the  small  pencil  will 
be  made  to  converge  to  a  focus  on  the  retina. 

This  will  be  fully  explained  by  the  figure. 


76.     Again,  suppose  the  object  viewed  to  be  not  a  point 


but  a  small  object ;  then  what  was  true  of  the  single  point  will 

*  For  iniUDce,  Lloyd's  Treatise  before  referred  to. 


be  true  of  each  physical  point  ia  the  object,  and  an  ima^  will 
be  formed  on  the  retina  as  in  the  figure. 

77.  It  will  be  observed  from  the  last  figure  that  the 
image  upon  the  retina  is  necessarily  inverted  with  respect  to 
the  object,  aud  hence  some  persons  have  perplexed  themselves 
by  inquiring  why  objects  do  not  appear  to  ua  inverted.  The 
apparent  difficulty  suggested  seems  to  rest  entirely  upon  the 
confusion  of  two  things  which  are  very  different,  aamcly,  the 
formation  of  an  image  on  the  retina,  and  the  perception  of  an 
external  object  by  the  mind  through  the  medium  of  that  image. 
Until  some  light  is  thrown  upou  the  mysterious  agency  by 
which  the  mechanical  impression  upon  the  retina  is  transmuted 
into  the  sense  of  sight,  it  would  appear  to  be  idle  to  inquire 
into  the  connexion  between  an  inverted  image  on  the  retiaa, 
and  the  impression  of  an  erect  object  on  the  mind  ;  in  fact  it 
must  be  demonstrated  that  there  is  a  difficulty,  before  we  ou 
be  called  upon  to  explain  it*. 

78.  Next,  let  us  consider  the  case  of  vision  afler  re- 
flexion at  a  plane  surface. 

Let  Q  he  a  luminous 
point,  q  the  focus  of  re- 
flected rays,  E  an  eye  in 
any  position.  Then  Q  will 
be  seen  by  means  of  a  small 
cone  of  rays  having  Q  for 
its  vertex,  and  the  aperture 
of  the  cya  for  its  base ; 
and  the  actual  course  of  the  pencil  from  Q  will  be  as  id  the 
figure. 

79.  If  instead  of  a  single  luminous  point  we  were  to  take 
an  object  of  finite  dimensions,  then  each  point  of  the  object 
would  be  seen  by  means  of  a  pencil,  the  courao  of  which 
would  he  found  as  in  the  preceding  case. 

'  I  do  nol  know  whether  ft  will  icrvc  mj  fTtelifl  parpoM  to  Mf  hm*.  ■•• 
I  BcihrUj'i-t^tiiyiDwanlii  new  Theotj  of  Viiiwij"  but  cnulol/  iha  MwlfM  »aaU 
L  f'"  Rim  adfwuge  tiom  tivif'tag  ih«t  Utttf. 
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8<k  As  another  example  let  us  take  the  ease  of  a  lumi- 
nous point  between  two  mirrors,  as  in  Art.  29,  and  trace  the 
pencil  by  means  of  which  the  luminous  point  will  be  seen  after 
any  number  of  reflexions  by  an  eye  situated  anywhere  in  the 
plane  passing  through  the  point  and  perpendicular  to  the 


intersection  of  the  mirrors.     For  example,  let  us  trace   the 
pencil  after  three  reflexions. 

Let  Q  be  the  luminous  point,  Q„  Q„  Q^,,  the  three  images 
found  as  in  Art.  29  ;  E  the  eye.  Draw  a  line  from  £  to  Q, ; 
from  the  point  in  which  this  line  meets  one  of  the  mirrors 
draw  a  line  to  Q,;  from  the  point  in  which  this  line  meets  the 
other  mirror  draw  a  line  to  Q, ;  and  from  the  point  in  which 
this  line  meets  the  first  mirror  draw  a  line  to  Q.  We  shall 
thus  have  obtained  the  course  of  a  ray  from  Q  to  the  eye, 
and  the  pencil  can  be  drawn  as  in  the  figure. 

81.  As  a  last  example  we  will  consider  the  manner  in 
which  a  small  object  PQ  is  made  visible  to  an  eye  E,  {not 
very  distant  from  the  axis,)  after  reflexion  at  a  spherical 
surface  SJB'. 

Let  O  be  the  centre  of  the  surface.  Join  PO,  QO,  and 
upon  them  (produced  if  necessary)  take  p,  q  the  geometrical 
foci  corresponding  to  P  and  Q.  Then  pq  will  be  the  image 
of  PQ.     To  determine  the    pencil  by  means  of  which  any 


point  OS  Q  becomes  visible,  describe  a  cone  haring  q  tor  tts 
vertex  and  the  aperture  of  the  eye  for  its  base  ;  the  cooe  will 


intersect  the  surface  in  a  curve,  which  will  be  the  base  of  tit* 
cone  of  rays  from  Q  by  menus  of  which  Q  becomes  visible. 


ON   DEFECTS  OF  SIGHT. 

82.  Perfect  vision  requires  that  a  pencil  of  rajs  incident 
on  the  cornea  should  be  made,  by  refraction  through  the 
several  humours  of  the  eye,  to  converge  accurately  to  a  point 
upon  the  retina.  Vision  will  therefore  be  imperfect,  when 
the  rays  converge  to  a  point  in  front  of  the  retina  and  then 
diverge  upon  it,  or  when  they  converge  to  a  virtual  focus 
behind  it.  The  resulting  defect  is  nearly  the  same  in  the 
two  coses  ;  for  in  both,  the  image  of  a  point,  instead  of  being 
a  point,  is  a  small  circle  or  disc  of  light,  and  the  image  of  an 
object  is  therefore  formed  of  such  small  circles,  which,  over- 
lapping each  other,  produce  indistinctness  or  confusion. 

The  former  defect  is  that  of  ehortaight,  and  arises  tnta 
the  too  great  convexity  of  the  refi-acting  surfaces  of  the  eye 
It  may  be  remedied  by  the  use  of  a  concave  lens,  which  nil! 
give  the  riiya  the  degree  of  divergency  necessary  to  enable 
the  eye  to  bring  them  to  a  focus  upon  the  retina. 

Tiie  latter  defect  is  that  of  lonysiffht,  and  arises  from  tbe 
too  great  tlatness  of  the  refracting  surfaces  of  the  eye;  it  il 
a  defect  usually  brought  on  by  old  age.  It  may  be  remedied 
by  the  use  of  a  convex  lens,  which  will  cause  the  rays  to  enter 
tlio  eye  in  a  state  of  parallelism,  and  so  to  he  fit  to  produce 
distinct  vision. 


TI8ION  THROUGH  A  SINGLS  LBN8. 
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ON  VISION  THROUGH  A  SINGLE  LENS. 

83.      To  determine  the  angle  under  which  a  given  object  wilt 
be  seen  by  the  ege^  when  viewed  through  a  concave  lens. 

Let  A  be  the  cenlre  of  the  lens,  E  the  eye,  PQ  the  object ; 
join  QJ,  and  let  pq  be  the  image  of  PQ.     Join  Eq ;  then 


qEp  is  the  angle  under  which  the  object  is  seen  through  the 
lens,  or  the  visual  angle. 

Let  PQ  m\,  JP^u,AE^d,  /=  the  focal  length  of  the 
lens,  0  ^  the  visual  angle. 

pq  PQ       Jp 


Then  tan  0  - 


JE  +  Ap      AE-^  Ap  AP 
angles,  Apq,  APQi) 

—  •    (Art.  45.) 


,    (by   similar   tri^ 


u  d 

1  + 


Ap 


Let  a  be  the  angle  under  which  the  object  would  have 
been  seen  by  the  naked  eye,  then  tan  a 


u  +  d' 


tand 
tana 


u  +  d 


,     du* 
u  +d  +  — 


This  ratio  is  less  than  unity,  and  the  effect  is  that  the 
object  appears  diminished. 

If  we  had  taken  the  case  of  a  convex  lens,  we  should  have 
found,  that 

tan  0  u  +  c2 


tan 


,     du 


If  «  +  d  be  greater  than  — - ,  the  object  will  appear  mag- 
■'  du 

ni^ed,  and  It  ma.y  be  magnified  to  any  extent.     But  if  —  be 

greater  than  «  +  rf,  tan  9  will  be  negative,  and  the  image  will 
be  inverted  and  not  necessarily  magnified. 

84.  If  we  suppose  the  lens  so  adjusted  that  the  njs 
enter  the  eye  in  a  state  of  parallelism,  we  must  have  u  -/ 
and  then  (for  the  convex  lens), 

tang        /+rf  d 

tana"/+rf-d"*'*'7" 
The  magnification  by  a  convex  lens  will  be  tberefbr« 

greater  as  ~  is  greater ;  hence  it  has  been  proposed,  to  call 

■^    1 
the  quantity  -  the  power  of  a  lens. 

85.  A  very  small  convex  lens,  of  short  focal  length,  or  a 
very  small  sphere  of  glass,  may  be  used  as  a  magnif^riog  glass 
in  a  way  slightly  differing  from  the  preceding.  Wbea  aa 
object  is  placed  very  near  the  eye,  a  magnified  image  is 
formed  on  the  retina,  but  on  account  of  the  too  great  di- 
vergency  of  the  rays  the  eye  is  not  able  to  obtain  a  distinct 
perception  of  the  object.     If  now  a  very  small  lens,  not 


I 


CTCCoding  in  breadth  that  of  the  pupil  of  the  eye,  and  of 
focal  length  so  short  that  the  object  shall  be  in  its  principal 
focus,  be  placed  close  to  the  eye,  the  rays  of  light  emergii^ 
from  the  lens  will  be  parallel  to  each  other,  and  therefore  &L 
to  produce  distinct  vision,  and  the  magnification  of  the  tnuig* 
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The  rays  wUI  in 


on  tbe  retina  will  be  the  same  as  before, 
this  case  pass  centrically  through  the  lens. 

The  formation  of  the  image  on  the  retina  in  this  case  will 
be  understood  from  the  above  figure. 

Small  spherules  of  glass  have  sometimes  been  used  instead 
of  lenses  when  high  magnifying  powers  have  been  required,  the 
construction  of  the  former  being  easier  than  that  of  the  latter 
vrhen  the  curvature  is  considerable. 


ON  THE  GEXERAL  PRINCIPLE  OF  TELESCOPES. 

86.  "When  a  small  object  at  a  great  distance  is  viewed 
by  the  naked  eye,  there  are  two  reasons  why  the  vision  is 
indistinct,  namely,  thesmallness  of  the  angle,  which  the  object 
subtends  at  the  eye  or  the  visual  angle,  and  the  small  quan- 
tity of  light  which  comes  to  the  eye  from  any  point  of  the 
object.  The  ends  to  be  accomplished  therefore  by  an  instru- 
ment used  for  viewing  distant  objects  are  also  two,  namely,  to 
increase  the  visual  angle,  and  to  increase  the  quantity  of  light 
which  reaches  the  eye.  The  latter  is  accomplished  by  allow- 
ing the  rays  to  fall  upon  a  convex  lens,  called  the  object-glass, 
which  collects  from  each  point  of  the  object  a  quantity  of 
light,  bearing  to  the  quantity  which  would  enter  the  naked 
eye,  the  ratio  of  the  area  of  the  object-glass  to  the  area  of  the 
pupil  of  the  eye ;  and  the  former  by  deflecting  the  rays 
through  a  system  of  lenses,  the  arrangement  of  which  varies  in 
telescopes  of  different  constructions.  In  some  telescopes  the 
rays  are  received  on  a  concave  reflector,  instead  of  a  convex 
lens,  but  the  principle  is  the  same. 

87.  It  may  be  seen,  without  any  difficulty,  that  the  two 
defects  of  vision,  which  are  to  be  remedied,  are  in  some 
measure  antagonistic.  For,  suppose,  that  from  a  very  small 
distant  object  a  certain  quantify  of  light  falls  on  the  object- 
glass  of  a  telescope,  then  the  magnifying  power  is  greater  in 
proportion  as  the  light  is  spread  over  a  larffer  ej:teitt  of  the 
retina ;  but  the  brightness  of  the  illumination  of  the  retina  is 
greater  in   proportion  as  the  light  is  more  concentrated,  or 

'   spread  over  a  smaller  extent  of  the  retina ;   hence,  when  an 


imago  IS  formed  on  the  refina,  we  liave  this  ^neral 

brin-litness  of  ibe  imace  = .^       — ■ -, -•. 

mngnincation  produced 

If  therefore,  with  a  given  object-glass,  we  increase  the 
magnifying  power,  we  diminish  the  brightness  of  the  imnge, 
and  thus  we  have  a  limit  put  to  increase  of  magnification. 
Hence,  in  order  that  we  may  have  telescopes  of  great  power, 
we  must  have  object-glasses,  or  object-mirrors,  of  very  large 
diameters ;  and  in  the  construction  of  these  lies  the  difficalty 
of  making  powerful  telescopes. 

88.  We  shall  now  proceed  to  describe  the  construction  of 
various  telescopes,  premising  that  we  shall  describe  them  in 
their  simplest  form;  to  render  them  practically  useful  instru- 
ments, it  would  be  necessary  to  introduce  a  variety  of  refine- 
ments of  construction,  wbich  the  elementary  mode  of  treating 
the  science  of  Optics  adopted  in  this  treatise  precludes  as 
from  making  intelligible  to  the  student. 

Telescopes  may  be  divided  into  two  classes.  Refracting, 
and  Reflecting.  The  former  are  more  generally  used ;  the 
only  advantage  possessed  by  the  latter  is  that  object -mirror* 
can  be  made  of  a  larger  size  than  object-glasses,  and  therefore 
reflecting  telescopes  can  be  made  of  greater  power  than  refract- 
ing. But  fur  the  greater  iimnbcr  of  astronomical  purposes  this 
is  no  advantage ;  and  moreover  a  large  reflecting  telescope  is 
an  instrument  of  much  less  utility  than  at  first  sight  might 
appear,  owing  principally  to  these  two  circumstances,  that  the 
condensation  and  in  cold  weather  the  freezing  of  vapour  upon 
it  frequently  quite  unfits  it  for  use,  and  that  it  is  impossible 
to  preserve  the  lustre  of  the  polish  for  more  than  about  two 
years  together. 


ON  EEFRACrrNG  TELESCOPES. 
89.      The  Common  Astronomical  Tdescopt, 

The  common  astronomical  telescope  consists  of  two  con- 
vex lenses,  a  larger  one  BAB'  called  the  object-glass,  and 

>  II  miij  be  abtorcd  (hat  the  magninctlioii  here  ■pi>ken«rTwin  Mth«»qn»<flbt 
■td^i/jri'V  f<nr(r  of  die  lelncopc. 
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a  smaller  one  bah'  called  the  eye-glasa,  placed  on   the  same 


axis,  and  at  a  distance  from  each  other  equal  to  the  sum  of 
their  focal  lengths. 

Let  the  axis  of  the  instrument  be  directed  to  a  point  P 
of  a  very  small  object  PQ,  so  distant  that  rays  from  any 
point  of  it  which  fall  upon  the  object-glass  are  sensibly 
parallel;  then  an  inverted  image  pq  will  be  formed  in  the 
focus  of  the  object-glass,  and  the  rays  which  diverge  from 
any  point  q  of  the  image  upon  the  eye-glass  will,  after  re- 
fraction, emerge  approximately  parallel  to  the  line  qa,  which 
joins  q  with  the  centre  of  the  eye-glass,  since  aq  nearly—  ap 
"  the  focal  length  of  the  eye-glass.  If  therefore  an  eye  be 
placed  at  E,  the  point  at  which  the  axis  of  the  pencil  from  q 
crosses  the  axis,  the  rays  entering  the  eye  will  be  fit  for 
producing  distinct  vision,  and  an  image  of  PQ.  will  be  seen. 

Objects  seen  through  this  telescope  will  appear  inverted, 
but  this  is  of  no  importance  in  the  case  of  celestial  objects. 


90.      The  Magnifying  Power. 

The  magnifying  power  is  measured  by  the  ratio  of  the 
visual  angles,  when  the  object  is  viewed  through  the  telescope 
and  with  the  naked  eye  respectively. 

The  angle  under  which  PQ  would  be  seen  with  the  naked 
eye  ia  PAQ,  which  =pAq;  and  the  angle  under  which  pq  is 
Been  is  paq,  since  the  rays  emerge  parallel  to  qa ; 

,.  .  paq      Ap  , 

.'.  magaifymg  power  =  ■ — ~  =  —  nearly, 

/.' 

where  /,./,  represent  the  focal  lengths  of  the  object-glaas 
Kod  eyeglass  respectively. 


91.  The  Field  of  Vmw. 

The  field  of  view  is  the  angle  subteodcd  at  the  ejc,  or  at 
the  centre  of  the  object-glass,  (for  on  account  of  the  distance 
of  the  object  the  two  will  be  sensibly  the  same,)  by  tbe  largest 
object  which  at  a  given  distance  can  be  seen  through  the 
telescope.  This  definition,  however,  though  apparently  precise, 
is  not  so  really ;  for,  suppose  we  find  a  poiat  io  the  object 
from  wliich  a  pencil  of  rays,  after  being  refracted  through  the 
object-glass,  just  fall  on  the  eye-glass :  then  if  we  take  n  point 
a  little  further  from  the  axis,  the  rays  from  it  will  not  all  fall 
on  the  eye-glas3,  but  some  of  them  will  be  lost;  still  more 
will  this  be  the  case  with  a  point  a  little  further  from  the 
axis;  and  so  on,  until  at  last  ivc  come  to  a  point  from  which 
no  rays  fall  upon  the  eye-glass,  and  therefore  none  reach  the 
eye.  The  result  is,  that  in  looking  through  a  telescope  such 
as  we  have  described,  the  outer  portions  of  the  field  instead  of 
being  clearly  defined  would  gradually  fade  away ;  this  im- 
perfect part  of  the  field  is  called  the  ragged  edge  of  the  jUd 
of  tnew. 

The  ragged  edge  may  be  cured  by  placing  a  stop,  or 
annulus  of  metal,  in  the  focus  of  the  object-glass ;  for  by  this 
means  we  can  stop  entire  pencils  of  rays,  which  cannot  be 
effected  by  a  stop  placed  in  any  other  position,  and  we  can 
thus  limit  the  field  to  any  extent.  If  this  be  done,  the  angular 
extent  of  the  field  of  view  will  be  the  angle  subtended  by  the 
aperture  of  the  stop  at  the  centre  of  the  object-glass. 

92.  The  telescope  which  we  have  now  described  ia  not 
applicable  to  vision  of  terrestrial  objects,  on  account  of  il< 
inverting  property;  but  it  may  be  adapted  to  the  purpose 
by  using  a  combination  of  lenses  called  in  ertctinp  eye-pilMV. 
instead  of  the  simple  eye-glass.     The  construction  of  sack  u 


eye-piece  will  be  suflSciently  understood  from  inflpecUon  of  the 
annexed  figure,  which  represents  one  form  of  iU  cotutmcUoa 
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93.      Galileo's  Telescope. 

This  teleficope   consists  of  a   convex  lens   BAB',  and  a 
concave  lens  bab',  placed  on  the  same  axis,  at  a  distance  from 


each  other  equal  to  the  difference  of  their  focal  lengths ; 
BAB'  is  the  object-glass,  and  is  of  much  greater  breadth  and 
focal  length  than  the  eye-glass  hab\  which  need  not  be  larger 
than  the  pupil  of  the  eye. 

Let  the  axis  of  the  instrument  be  directed  to  a  point  P 
in  an  object  PQ,  which  is  at  such  a  distance  that  rays  from 
any  point  of  it  may  be  considered  to  fall  upon  the  object-glass 
in  a  state  of  parallelism  ;  then  if  nothing  were  interposed,  an 
inverted  image  pq  would  be  formed  of  PQ  in  the  focus  of 
the  object-glass.  If  now  an  eye  were  [jlaced  at  E  the  rays 
converging  to  any  point  q  would  not  produce  distinct  vision 
{see  Art.  QG.) ;  but  if  a  small  concave  lens  bah'  be  placed  before 
the  eye,  and  at  a  distance  from  the  image  equal  to  its  focal 
length,  the  rays  will  emerge  in  a  state  of  parallelism,  and 
therefore  will  produce  distinct  vision ;  and  the  visual  angle 
will  be  paq,  since  flie  rays  which  before  refraction  at  the 
eye-glass  were  converging  to  q  emerge  parallel  to  aq.  The 
raj-8  being  intercepted  by  the  eye-glass  before  they  have 
crossed  the  axis,  objects  will  appear  erect. 

94.       The  Magnifying  Power. 

Let/j./,  be  the  focal  lengths  of  the  object-glass  and  eye- 
glass respectively ;  then  the  visual  angle  for  PQ  seen  with  the 
naked  eye  is  PAQ,  the  visual  angle  when  seen  through  the 
telescope  is  paq ; 

.:  magnifying  power 


=  -^^-  =  P?i=-^  nearly. 
PAq      pJq     /,  ^' 


85.      7%c  Field  of  View. 

The  ragged  edge  in  Galileo's  telescope  is  not  curable  by 
the  lue  of  a  stop  as  in  the  astronomical  telescope,  because  no 

34—2 


real  image  is  allowed  to  be  formed  by  the  objcct-glasa,  nnd 
it  is  manifest  therefore  that  a  stop  placed  any  vrhcre  witbia 
the  telescope  will  not  stop  imperfect  pencils  only. 

In  this  telescope  the  field  of  view  will  be  limited  by  the 
object-glass,  anil  not  by  the  eyeglass,  as  in  the  case  of  tbe 
astronomical  telescope.  For  the  field  will  necessarily  be 
limited  in  any  combination  of  lenses,  by  the  first  lena  through 
which  the  rays  pass  exccntrically ;  and  in  Galileo's  telescope, 
the  rays  pass  exccntrically  through  the  object-glass ;  for 
although  rays  fall  upon  the  whole  extent  of  the  object-gUsa 
from  each  point  of  the  object,  yet  the  eye-glass  selects  a 
small  pencil,  (as  will  be  seen  distinctly  from  the  figure,]  uid 
this  small  pencil,  with  which  alone  we  are  concerned,  pauses 
through  the  object-glass  excentrically. 

96.  Galileo's  telescope  possesses  great  historical  interest, 
as  being  the  first  combination  of  lenses  so  used;  the  con* 
struction  is,  however,  now  only  applied  to  opera-glasses,  aoil 
for  astronomical  purposes  is  wholly  useless.  The  capital 
defect  of  the  telescope  is  that  no  image  is  formed  by  the 
object-glass ;  now  observations  of  the  stars  are  made  by  meau 
of  fine  wires,  which,  being  placed  in  the  focus  of  tbe  ol^ect- 
glass  of  an  astronomical  telescope,  become  vLiibIc  by  slopping 
pencils  of  rays  which  there  converge  to  points,  and  the  plact 
of  a  star  Is  noted  by  referring  it  to  tWse  wires;  bat  in 
Galileo's  telescope  wires  cannot  be  so  used,  there  being  no 
position  in  which  they  can  be  made  visible ;  hence  for  aatro- 
nomical  purposes  tbe  construction  is  totally  useless. 

ON  REFLECTINa  TELESCOPES. 

97.  In  reflecting  telescopes,  the  place  of  the  object^lu 
is  supplied  by  an  object-mirror,  or  concave  speculum  of  metal 
which  reflects  the  incident  rays  and  causes  them  to  couvergc- 
We  shall  describe  four  kinds  of  reflecting  telescopes,  wbidi 
involve  however,  (as  will  be  seen)  only  two  essentially  different 
constructions, 

98.  Herachel'a  TeUacope. 

BAB"  is  a  concave  speculum,  having  its  axis  AF  incUncd 
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at  R  small  angle  to  JP  the  axis  of  the  tube  of  the  telescope, 
6o  that  a  ray  incident  in  the  direction  of  the  axis  of  the  tube 
is  reflected  in  the  direction  Jp;  on  the  line  Jp  as  axis  is 
placed  the  convex  lens  tab',  at  a  distance  from  A  equal  to 
the  sura  of  the  focal  lengths  of  the  mirror  and  lens. 

If  the  axis  of  the  instrument  be  directed  to  P,  a  point 
in  a  Email  distant  object  PQ,  an  inverted  image  pq  will  be 


formed  on  Ap,  and  at  a  distance  from  A  equal  to  the  focal 
length  of  the  mirror :  and  this  image  being  by  the  construc- 
tion in  the  focus  of  the  eye-glass,  the  rays  after  refraction 
through  it  will  emerge  in  a  state  of  parallelism,  and  will 
therefore  be  fit  for  the  production  of  distinct  vision.  Objects 
will  appear  inverted. 

The  form  of  the  object-mirror  should  be  parabolical,  not 
Bpherical.      See  Art.  25. 

99.      This  is  the  most  simple  construction  of  the  reflecting 

telescope,  and  is  nearly  analogous  to  that  of  the  astronomical 

*    telescope.      It  has  a  considerable  advantage  over  the  other 

constructions,  which  will  be  presently  described,  in  the  small 

»  number  of  reflexions  which  the  rays  undergo,  and  hence  it  is 
well  adapted  for  viewing  very  faint  objects,  when  no  unneces- 
sary loss  of  light  can  be  afforded.  But  it  has  this  very  great 
defect,  that  the  pencil  which  forms  the  centre  of  the  field  of 
view  is  not  incident  directly  upon  the  mirror,  and  the  reflected 
pencil  has  defects  of  a  very  serious  kind  owing  to  this  obli- 
quity.    Consequently  Herschel's  telescope  is  uot  advantageous 
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■when  great  distinctness  of  definition  is  the  point  princtpallv 
desired.  The  construction  is  adapted  only  for  very  large 
instruments,  because  if  the  telescope  be  not  large,  the  ob- 
gerver's  head,  when  looking  into  the  telescope,  will  materially 
interfere  with  the  incidence  of  the  rays :  this  defect  19  ob- 
viated by  Newton's  construction,  which  we  shall  presently 
describe. 

100.  The  Magnifying  Power, 

The  visual  angle  for  the  object  PQ  viewed  with  the  naked 

eye  is  PA  Q ;  when  viewed  through  the  telescope  it  is  paq ; 

..  .  ptKJ        pdQ       ap 

.:  magnifying  power  -  ^— -  =  '— -  «  -—  ,  nearly, 
PAti      pAq       Ap 

L 
"// 

where  /,  /,  are  the  focal  lengths  of  the  object-mirror  and 
eye-glaaa  respectively, 

101.  The  Field  of  Vievj. 

The  ragged  edge  may  be  cured,  as  in  the  astroaomical 
telescope,  by  placing  a  stop  at  the  common  focus  of  the 
mirror  and  eye-glass,  and  the  field  of  view  will  then  he  mea- 
sured by  the  angle  which  the  diameter  of  the  atop  subtends 
at  the  central  point  A  of  the  mirror.  If  there  be  no  stop, 
vre  may  take  the  angle  subtended  by  the  eye-glass  at  the 
same  point  as  the  measure  of  the  field  of  view. 

102.  NewtojCa  Telescope. 
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BAB  is  a  concave  mirror,  which,  if  light  were  incident 
upon  it  from  a  small  distant  object  PQ,  would  form  an  in- 
verted image  pq  of  /'Q  in  the  principal  focus.  Eut  a  small 
plane  mirror  BCD',  placed  at  an  angle  of  45"  with  the  axia 
of  the  object-mirror,  causes  the  image  to  be  formed  at  p'q\ 
instead  of  p?,  and  if  a  convex  lens  baH  be  placed  on  Cp  as 
axis,  and  at  a  distance  from  p'q  equal  to  its  focal  length,  the 
rays  will  emerge  after  refraction  through  bab'  in  a  state  of 
parallelism,  and  therefore  a.  distinct  image  of  PQ  will  be  seen 
,  by  an  eye  at  E. 

103.  The  Magnifying  Power,  and  Field  of  View. 

Both  of  these  will  be  the  same  as  in  Herschel'a  con- 
struction ;  the  two  telescopes  are  in  fact  the  same,  the  plane 
mirror  in  Newton's  being  introduced  principally  for  Ihe  sake 
of  avoiding  the  necessity  of  looking  directly  towards  the 
object-mirror,  which  in  the  case  of  bmall  instruments  would 
manifestly  be  most  inconvenient. 

104.  Gregory's  Telescope. 

BAB^  is  a  concave  mirror,  which  being  directed  to  a  dis- 
tant object  PQ  forms  an  inverted  image  of  it  pq  in  its  principal 


focus.  BCD'  is  a  small  concave  mirror,  on  the  same  axis  aa 
BABt  and  at  a  distance  from  p  rather  greater  than  its  focal 
length  ;  the  ra^s  from  the  different  poiots  of  fg  diverge  upon 
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DCIf^  itnd  afler  reflexion  form  Hn  inverted  image  pV  ^^ 
P9,  which  will  therefore  be  erect  with  respect  to  jPQ.  The 
adjustment  is  such  that  pq  is  formed  in  the  focus  of  a 
convex  lens  6ab',  on  the  same  axis  as  the  two  mirrors,  and 
on  which  the  light  falls  through  a  circular  aperture  in  the 
middle  of  the  object-mirror ;  the  rays  of  light  therefore,  after 
refraction  through  it,  emerge  in  a  state  of  parallelism,  and 
produce  distinct  vision  of  the  object  PQ,  to  an  eye  at  E. 
Objects  seen  through  this  telescope  will  appear  erect. 

105.     The  Magnifying  Power. 


To  find  the  magnifying  power  let  us  trace  the  course  of 
the  ray,  which  would  fall,  from  the  point  Q  of  a  distant  object, 
on  A  the  middle  point  of  the  object-mirror ;  let  AB  be  the 
reflected  ray,  which,  after  reflexion  at  the  small  mirror  will 
pass  very  nearly  through  f  the  focus  of  the  small  mirror,  (on 
account  of  the  distance  of  the  point  A  being  very  consider- 
able,) and  passing  through  the  point  q  of  the  final  image,  and 
being  refracted  through  the  eye-glass,  emerges  in  the  direc- 
tion hE,  parallel  to  qa. 

Then  QAP  may  be  regarded  as  the  visual  angle  of  PQ  to 
the  naked  eye,  qap  the  visual  angle  when  the  object  is  viewed 
through  the  telescope ; 

therefore,  magnifying  power  .  ^  -  ?^  |^  .-^  ^ 

^     ^    ^  ^  QAP      qfp  BAG      ap  fC 


nearly. 
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wlia«  /t/»f,  ore  the  focal  lengths  of  the  object-mirror,  small 
mirror,  aod  eye-glass  respectively*. 

106.      Field  of  View. 

The  field  of  view  may  be  limited  either  by  the  eye-glass, 
or  by  the  small  mirror.  With  the  same  figure  as  in  the  last 
article,  suppose  the  ray  there  traced  to  fall  on  the  extreme 
point  b  of  the  eye-glass,  then  the  eye-glass  will  limit  the  field, 
and  we  shall  have, 
the  field  of  view  =  ^PAQ  =  BAC 

where  b  is  the  breadth  of  the  eye-glaas. 

If  the  field  of  view  is  limited  by  the  small  mirror,  we 
must  suppose  the  ray  traced  in  the  figure  to  pass  through 
the  extreme  point  D  of  the  small  mirror,  in  which  case  the 

field  of  view  =  ~— ^  -  j ,  where  c  ia  the  breadth  of  the 

small  mirror. 

In  order  that  the  field,  as  limited  by  these  two  considera- 
tions, may  be  the  same,  we  must  have 

"-■^ 

Practically,  the  field  of  view  will  always  be  limited  by  the 
eye-glass,  and  not  by  the  small  mirror ;  if  it  were  limited  by 
the  small  mirror,  the  construction  of  the  instrument  would  be 
defective.  The  preceding  investigation  points  out  the  smallest 
breadth  which  the  small  mirror  can  have  without  diminishing 
the  field  of  view. 

If  we  call  the  magnifying  power  M,  we  have 

field  of  view  =  —  .  -— . 

"  The  ■ppronimBlioni  in  ihii  wid  the  following  itlicle  Ke  of  a  »ery  rough  kind, 
ACmi/p  being  (Kh  considered  lo  be  equal  io/_  But  il  «rill  be  easilj  aeen  that  litil« 
value  would  be  atiribulable  to  a  more  cireful  spproximBlion.  ilnee  a  rough  estimate 
of  the  pcwET  of  the  leleieope  ii  all  which  it  lequiied  in  praciice.  Ii  may  be  obierrrd, 
hoverer,  ihal  Uie  elpreuion  giten  Id  Ihe  text  is  a  more  acearale  iilue  of  ihe  ratio  of 
the  angles  gap,  QJP,  iban  it  would  lecni  u>  be  from  ihe  manner  in  whicb  tl  ii 
obtained. 
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From  this  expression  it  appears  that  a  telescope  of  high 
magnifying  power  wiU  have  a  very  smaU  field  of  view,  in 
consequence  of  which  it  is  very  difficult  to  bring  such  an 
instrument  to  bear  upon  a  heavenly  body.  Hence  powerful 
telescopes  are  always  supplied  with  a  small  telescope,  called  a 
finder^  having  its  axis  parallel  to  that  of  the  larger  instrument ; 
the  heavenly  body  having  been  found  with  this  less  powerful 
telescope,  and  brought  into  the  centre  of  its  field,  will  then 
also  be  in  the  centre  of  the  field  of  the  more  powerful 
instrument. 

107.     CcissegrairCa  Telescope. 

The  construction  of  this  instrument  differs  from  that  of  the 
preceding,  only  in  having  a  convex  small  mirror  instead  of  a 
concave. 

BJB'  is  a  concave  mirror,  which,  being  directed  to  a  dis- 
tant object  PQ,  would  form  an  inverted  image  of  it  pq  in  its 
principal  focus ;  but  the  reflected  rays  ax'e  intercepted  by  the 
small  convex  mirror  DCD\  which  is  so  placed  that  its  focus 
is  a  little  further  from  the  object-mirror  than  the  principal 
focus  of  that  mirror,  and  consequently  an  image  p'q\  inverted 
with  respect  to  PQ,  is  formed  at  some  dbtance  from  the  small 


? 


mirror.    The  adjustment  is  such  that  this  image  is  formed  in 
the  focus  of  the  eye-glass  bab',  and  consequently  the  rays 
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after  refiractioii emerge  in  astate  of  paraDeUsm,  and  are  there* 
fore  fitted  to  produee  distinct  Tision. 

Objects  seen  through  this  telescope  will  appear  inyerted. 


108.     The  magmfyvRg  power. 

Let  a  constmction  be  made  sinular  to  that  for  Gregory's 
telescope. 


Then  the  magniQrhig  power  « 


qap       gap  BfC 


QAP      qfp  BAC 

fp  ^C     //         , 
mm  <±-  -—  m  ^^  ncarlj. 

109.  Field  of  View. 

If  the  field  be  limited  by  the  eye-glass  we  shall  have> 

field  of  view  «  ftPAQ  «  5tBAC 

AC   "^ 

f 
=  ^  6,  nearly. 

110.  The  Compound  Refracting  Microscope. 

We  have  already  explained  (Art.  S5.)  the  principle  npon 
which  a  small  convex  lens  of  very  short  focal  length  may  be 
used  as  a  magnifying  glass,  or  simple  microscope.  Combina- 
tions of  lenses  may  be  used  for  the  same  purpose,  or  combi- 
nations  of  reflectors  and  lenses,  and  such  combinations  are 
called  compound  microscopes.  We  shall  confine  ourselves  to 
the  description  of  the  compound  refracting  microscope  in  its 
simplest  form,  observing  that  to  make  it  practically  useful 
a  number  of  refinements  must  be  introduced^ 


•  • 
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BAff  is  a  small  convex  lens,  before  which,  and  at  a 
distance  from  it  a  little  greater  than  its  focal  length,  if  a 
small  object  PQ,  be  placed,  an  inverted  image  pq   will   be 


formed  of  it  The  adjustment  b  such  that  pq  b  formed  in 
the  focus  of  a  convex  lens  bab\  and  therefore  the  rays  when 
refracted  through  it  emerge  in  a  state  of  parallelism,  and 
therefore  in  a  state  fit  to  produce  dbtinct  vision;  and  an 
eye  at  E  will  see  a  magnified  inverted  image  of  PQ. 

The  method  of  estimating  the  magnifying  power  of  the 
microscope  requires  notice.  For  the  magnifying  power  will 
not  be  measured  by  the  ratio  of  the  angles  qapy  qjp  as  in 
the  case  of  a  telescope,  but  this  ratio  must  be  multiplied  by 
the  ratio  which  the  distance  of  distinct  vision  with  the  naked 
eye  bears  to  the  distance  JP,  since  the  angle  under  which  the 
object  b  seen  must  be  compared  with  that  under  which  it 
would  be  seen  if  viewed  under  ordinary  circumstances  with 
the  naked  eye. 

Suppose/,  the  focal  length  of  BJB\  f^  that  of  bab\  and 
let  JP  m  u.     Then,  without  regard  to  sign, 

1        1       1 
Ap      u     f. 


and 


1 
Ap 

Ap 


«       fo 


Now  let  X  be  the  ordinary  distance  of  distinct  vision,  then 
the  magnifying  power  will  be  measured  by 
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1.  We  propose  in  the  following  treatise  to  give  eoino 
account  of  the  physical  constitution  of  the  universe,  the  mo- 
tions of  the  heavenly  bodies,  and  the  resulting  phenomena, 
with  the  mode  of  making  observations;  all  which  and  other 
kindred  subjects  are  classed  under  the  head  of  Plane  Astro- 
nomy :  we  shall  not  here  treat  of  the  Physical  branch  of 
Astronomy,  which  investigates  phenomena  on  the  principles  of 
Mechanics,  and  refers  them  to  general  laws,  but  only  of  that 
branch  which  deals  with  facts  as  matters  of  observation.  We 
must  premise,  that  the  subject  is  so  vast  and  extensive,  that 
the  student  must  not  expect  more  than  the  merest  intro- 
duction in  a  treatise  which  is  necessarily  so  brief  as  the 
present. 

As  it  is  of  the  utmost  importance  that  the  student  should 
be  perfectly  familiar  with  the  notion  of  a  sphere,  and  of  lines 
drawn  upon  it,  we  shall  commence  by  presenting  him  with  a 
few  of  the  most  elementary  propositions  and  notions  belong- 
ing to  the  doctrine  of  the  sphere. 

ON  THE  SrilERE. 

2.  Def.  a  sphere  is  a  surface  every  point  in  which  is 
equidistant  from  a  given  point,  called  its  centre. 

The  distance  from  the  centre  to  the  surface  is  called  the 
radiut,  and  any  line  passing  through  the  centre  and  bounded 
by  the  surface  is  called  a  diameter  of  the  sphere. 

3.  Every  section  of  a  sphere 
made  by  a  plane  is  a  circle. 

Let  EDF  bo  any  such  section 
of  a  sphere,  of  which  the  centre  is 
0.  Draw  OC  from  0  perpendi- 
cular to  the  cutting  plane,  and  join 
CD,  OD,  D  being  any  point  in  the 
section  EDF. 
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Then  since  OC  is  perpendicular  to  the  cutting  plane,  it 
is  perpendicular  to  any  line  in  that  plane,  and  therefore  to 
CD; 

.-.  OD^  =  0(7  +  CD\ 

or  CD^^OD^-'OO'; 

but  OD  and  OC  are  both  constant  quantities,  therefore  CD 
is  constant,  or  the  section  is  a  circle  having  C  for  its  centre. 

4.  A  section  of  a  sphere  made  by  a  plane  passing  through 
the  centre  is  called  a  great  circle ;  other  sections  are  called 
small  circles. 

The  diameter  of  the  sphere,  which  is  perpendicular  to  the 
plane  of  any  circle  on  the  sphere,  is  called  the  cuns  of  that 
circle ;  and  the  points  in  which  the  axis  meets  the  sphere  are 
called  the  poles  of  the  circle. 

It  is  evident  that  the  poles  of  a  great  circle  are  equi* 
distant  from  it ;  also  it  is  easy  to  see  that  the  pole  of  a  circle 
is  equidistant  from  every  point  in  the  circle. 

5.  The  angle  which  is  subtended  at  the  centre  of  a  sphere 
by  the  arc  joining  the  poles  of  two  great  circles^  is  the  angle  of 
inclination  of  the  planes  of  the  circles. 

Let  O  be  the  centre  of  the 
sphere;  DC-E,  FCG  the  two  great 
circles;  OJ,  OB,  lines  respectively 
perpendicular  to  the  planes  of  the 
circles,  so  that  A,  B  are  their  poles.  i>| 
Join  OC. 

Then    OC  being  in   the   plane 
DCE    is     perpendicular     to     JO, 
and   being   in   the  plane    FCG    is 
perpendicular  to  BO  \  therefore  CO  is  perpendicular  to  the 
plane  in  which  AO,  BO  lie,  and  therefore  to  EO  and  G0\ 

.*.  EOG  is  the  inclination  of  the  planes  of  the  circles. 

But  EOG  -  90^  -  BOE  =  AOB ; 

therefore  the  angle  subtended  by  AB  is  the  inclination  of  the 
planes  of  the  circles. 
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CoH.  Hence  also  it  appears,  that  the  arc  joining  the 
points  in  two  great  circles  distant  90°  Trom  the  point  of  their 
intersection,  subtends  at  the  centre  of  the  sphere  an  angle 
equal  to  the  inclination  of  the  planes  of  the  circles. 


6.     To  determine  the  position  of  a  point 
Let   ^   be  a   point  on  a  sphere, 
the  centre  of  which  is    O ;   then    its 
position   may  be    most    conveniently        / 
determined  as  follows. 

Let  FOF"  be  a  given  diameter  of 
the  sphere;  through  P,  J  and  P'draw 
the  great  circle  PAP';  then  if  the 
angle  which  the  plane  of  PJP' makes 
with  a  given  plane  passing  through 
PP",  and  the  arc  FA.  be  given,  the 
position  o(  A  will  be  completely  determined. 


a  sphere. 


OX  THE  FIGURE  OF  THE  EARTH. 

7.  The  form  of  the  earth  is  nearly,  but  not  accurately, 
spherical.  Its  true  form  is  that  of  a  slightly  oblate  spheroid, 
or  a  surface  generated  by  the  revolution  of  an  ellipse,  having 
its  axes  nearly  equal,  about  its  minor  axis.  In  the  greater 
number  of  cases  it  is  sufficient  to  consider  the  earth's  figure 
to  be  that  of  a  sphere,  having  a  radius  of  about  4000  miles. 

The  round  form  of  the  earth  is  easily  concluded  from  such 
considerations  as  the  fullowing ;  the  tops  of  the  masts  arc  the 
first  portion  of  a  ship  which  become  visible;  all  the  heavenly 
bodies  with  which  wc  are  acquainted  have  that  form ;  more- 
over the  earth  has  been  actually  sailed  round ;  and  lastly,  in 
the  case  of  a  lunar  eclipse  the  shadow  of  the  earth  may  be 
seen  upon  the  face  of  the  moon  and  its  circular  form  is  then 
exhibited.  The  experiments  which  determine  the  actual 
figure  to  be  spheroidal  are  of  a  far  more  delicate  kind,  and 
cannot  be  entered  upon  here ;  the  general  principles  of  the 
methods  employed  will  be  explained  hereafter. 

8.  The  heavens  present  to  an  observer  on  the  earth's 
surface  the  appearance  of  a  hollow  sphere,  at  the  centre  of 
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which  the  observer  stands ;  and  it  will  be  conrenicnt  to  c 
ceive  of  such  a  sphere,  which  we  may  call  the  celestial  upbrrf, 
and  iu  the  surface  of  which  we  may  conceive  the  heavenly 
bodies  to  be ;  the  actual  point  on  the  surface  of  the  celestial 
sphere,  to  which  we  shall  refer  any  given  object,  will  be  the 
point  in  which  the  line  joining  the  eye  of  the  observer  ami 
the  object  meets  the  surface  of  the  sphere. 

On  account  of  the  enormous  distance  of  the  heavenly 
bodies  from  the  earth,  it  will  be,  for  many  purposes,  indif- 
ferent whether  we  consider  the  centre  of  the  earth  or  the 
position  of  the  observer  as  the  centre  of  the  celestial  sphere, 

9.  The  earth  revolves,  as  will  be  explained  more  par-  . 
ticularly  presently,  about  a  certain  axis  coinciding  very  nearly 
witli  the  minor  axis  of  its  figure,  considered  as  a  spheroid ; 
the  points  in  which  this  axis  produced  meets  the  celestial 
sphere  are  called  the  North  and  South  Pulea.  The  great 
circle  of  which  these  points  are  the  poles  is  called  the  equator, 
and  the  two  equal  portions  into  which  the  plane  uf  the 
equator  divides  the  celestial  sphere  arc  called  the  Norlhtm 
and  Southern  Hemispheres. 

The  plane  of  the  equator  cuts  the  surface  of  the  earili 
into  two  equal  portions,  which  arc  also  called  respectively 
the  northern  and  southern  hcroisphcrea  ;  and  the  circle  in 
which  the  plane  cuts  the  earth  is  sometimes  called  the  equa- 
tor, as  well  as  that  in  which  it  cuts  the  celestinl  sphere. 

The  direction  of  a  line  perpendicular  to  the  surface  of 
still  water  at  any  place  on  the  earth's  surface,  is  called  tlic 
vertical  at  that  place ;  and  the  points  in  which  the  vertical 
line  meets  the  celestial  sphere,  are  called  the  xenilh  and 
uadir  of  the  place.  The  vertical  direction  wiU  be  very  ap- 
proiimately  that  of  the  line  joining  the  place  nith  the  earth's 
centre.  The  actual  direction  of  the  vertical  may  be  a<ccf- 
tained  by  suspending  a  plumb-line,  that  is,  a  fine  wire  which 
carries  a  weight  sufficiently  heavy  to  keep  it  thoroughly 
stretched.  The  vertical  direction  may  also  be  spoken  of  as 
the  direction  of  the  force  of  gravity,  or  that  in  which  a  body 
falls  to  the  earth*. 

•  Sec  ihU  aubitci  txpUlnnl  ajih  pw   cw«  \a   th(  ■ 
Atuwtowj." 
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A  pUne  pcrpendicalar  to  the  Terticml  at  the  earth's  sur- 
fkcei  is  called  the  mtUiU  horixon ;  a  plane  perpendicular 
to  the  same  line  at  the  earth's  centre,  the  ratioMal  hori:xM. 
In  the  greater  number  of  cases,  the  sensible  and  rational 
horizon  may  be  considered  as  coincident. 

The  meridian  of  a  place  is  the  great  circle  passing  through 
the  poles  of  the  hearens  and  the  zenith  of  the  place. 

The  intersection  of  the  plane  of  the  meridian  frith  the 
horizon  is  called  the  meridian  lint;  ihe  intersections  of  this 
line  and  a  line  at  right  angles  to  it  with  the  celestial  sphere 
are  the  four  Cardinal  points,  Korth,  South,  East,  and  West ; 
looking  to  the  North  that  on  the  right  hand  is  the  East,  that 
on  the  left  the  West. 


ON  TEREESTHIAL  LATITUDE  AND  LONGITUDE. 


10.  The  position  of  a  place  upon  the  earth's  surface 
may  be  determined  on  the  principle  explained  in  Art,  (i.  Lot 
the  meridian  of  some  place,  as  Greenwich,  be  considered  as 
given;  then  the  angle  between  the  meridian  of  Greenwich 
and  that  of  the  place  in  question  is  called  the  lone/itud«  of 
the  place,  and  the  angle  subtended  by  the  arc  of  the  meridian 
between  the  zenith  of  the  place  and  the  equator  is  called 
the  latitude ;  and  the  latitude  is  said  to  be  north  or  south, 
according  as  the  place  is  to  the  north  or  south  of  the  equator. 
The  latitude  and  longitude  beiug  given,  the  position  of  the 
place  is  defined.  The  latitude  of  Greenwich  is  61'  28'  40" 
North. 

The  complement  of  the  angle  which  measures  the  latitude 
of  a  place  is  called  the  co-lalittide ;  it  will  be  measured  by  the 
arc  of  the  meridian  between  the  zenith  and  the  pole. 

The  latitude  of  a  place  may  also  be  spoken  of  as  the 
elevation  of  the  pole  of  the  heavens  above  the  horizon  of  the 
phice.  Circles  parallel  to  the  equator  are  called  parallels  of 
latitude;  the  latitude  of  all  places  on  the  same  parallel  ia 
obviously  the  same.  The  length  of  a  degree  of  latitude  upon 
the  earth's  surface  is  about  70  English  statute  miles. 

35—2 
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It  is  usual  to  measure  longitude  through  180^  east  and 
west  of  Greenwich ;  perhaps  it  would  be  more  convenient  to 
measure  through  360^  in  the  same  direction,  but  in  practice 
longitude  is  never  so  reckoned. 


ON  THE  EARTH'S  MOTION. 

11.  The  motion  of  the  earth  may  be  conceived  of,  as 
being  compounded  of  two  motions,  namely,  a  motion  of  re* 
volution  about  an  axis,  while  at  the  same  time  that  axis  is 
moving  parallel  to  itself  in  space. 

Let  us  first  consider  the  revolution  about  the  axis :  and 
for  a  first  approximation  we  may  say,  that  the  earth  revolves 
about  a  line  coinciding  with  its  shorter  axis  and  remaining 
fixed  in  space ;  this  we  shall  find  afterwards  to  be  not  strictly 
true.  The  time  of  revolution  is  twenty-four  hours*;  and  the 
effect  produced  to  an  observer  on  the  earth's  surface  is  this, 
that,  imagining  himself  to  be  fixed  in  position,  the  celestial 
sphere  appears  to  revolve  about  its  poles,  carrying  the  hea- 
venly bodies  with  it;  so  that  the  sun  and  stars  describe 
circles  about  the  axis  of  revolution,  the  greater  part  small 
circles,  those  only  describing  great  circles  which  happen  to 
be  in  the  equator.  When  a  heavenly  body  comes  into  the 
horizon  of  any  given  place  it  is  said  to  me,  when  it  reaches 
the  meridian  it  culminates,  and  when  it  again  reaches  the 
horizon  it  sets.  The  heavenly  bodies  appear  to  revolve  round 
the  earth  from  east  to  west,  consequently  the  revoluticm  of 
the  earth  takes  place  from  west  to  east. 

All  this  coincides  with  observation;  for  the  stars  are 
observed  to  revolve  about  a  certain  point  in  the  heavens, 
-nearly  coinciding  with  a  bright  star,  known  as  the  Pole  Star, 
and  we  are  therefore  obliged  to  adopt  one  of  two  hypotheses, 
namely,  that  the  celestial  sphere  actually  revolves  about  the 
«arth  as  fixed,  or  that  the  celestial  sphere  being  fixed  the 
earth  revolves  about  an  axis  which  remains  fixed  in  space. 

*  We  are  here  usiog  the  term  hour  in  m  popular  eente ;  this  is  the  case  with  muj 
words  which  are  necessarily  introduced  for  the  purpose  of  explanation,  and  which  00I7 
receive  a  strict  definition  from  the  refined  processes  of  Astronomy. 
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The  great  simplicity  of  the  latter  hypothesis  leaves  little 
doubt  concerning  its  truth.  Moreover  the  analogy  of  the 
.  other  heavenly  bodies  leads  to  the  same  result;  the  sun  for 
example  is  known  from  observation  of  epols  upon  its  surface 
to  revolve  upon  its  axis  in  somewhat  more  than  95  days.  The 
rotation  of  the  earth  is  also  connected  in  a  remarkable  man- 
ner with  its  form ;  the  oblate  form  of  the  earth  being  a  necea- 
sary  consequence  of  the  centrifugal  force  of  the  particles 
arising  from  its  rotation. 

The  rotation  of  the  earth  has  lately  been  demonstrated 
in  a  novel  and  curious  manner,  which  deserves  notice.  The 
peculiarity  of  the  demonstration  consists  in  the  fact  of  the 
rotation  being  rendered  palpable  by  its  effects  upon  a  pen- 
dulum ;  if  a  heavy  ball  be  suspended  by  a  fine  thread  and 
made  to  oscillate,  and  if  the  earth  upon  which  the  ball  is 
suspended  be  revolving  about  an  axis  it  seems  probable  that 
tbe  effect  of  that  revolution  will  in  some  way  influence  the 
nature  of  the  oscillation ;  the  actual  nature  of  the  effect  it  is 
rather*  difficult  to  conceive.  We  will  however  attempt  to 
exhibit  it. 

Let  US  6rst  take  a  particular  ease,  in  which  the  problem 
presents  no  difficulty.  Suppose  the  point  of  suspension  of  the 
thread  to  be  upon  the  axis  of  the  earth's  rotation,  or  the 
pendulum  to  be  made  to  oscillate  at  the  North  Pole.  Then 
the  rotation  of  the  earth  will  in  no  way  influence  the  direction 
of  the  pendulum's  motion ;  and  consequently  if  we  make  a 
mark  immediately  below  the  pendulum,  shewing  the  direction 
of  its  vibrations  at  any  moment,  this  mark  will  turn  round 
while  the  direction  of  the  vibrations  remains  the  same,  and  to 
a  spectator  who  moves  with  the  earth  the  mark  will  be  at 
rest,  and  the  plane  of  vibration  will  have  an  aximuthal  motioa 
round  the  pole. 

Now  let  us  consider  how  this  effect  will  he  modified  if  we 
suppose  the  pendulum  suspended  at  any  other  point  of  the 
earth's  surface.  Let  0  be  the  earth's  centre ;  P  the  north 
pole.  EE'E!'  the  earth's  equator,  L  the  place  of  suspension 
which  is  carried  by  the  supposed  diurnal  rotation  of  the  earth 
in  the  circle  LL'L".     Draw  LT  a,  tangent  to  the  circle  PLE 


650 


iSTBONomr. 


which  is  the  meridian  of  L ;  then  if  we  suppose  for  nmplicity's 


sake  that  the  pendulum  is  made  to  oscillate  in  the  plane  of 
the  meridian,  LT  will  be  the  direction  of  the  oscillations. 
Let  £'  be  a  position  of  the  place  L  indefinitely  near  to  X,  or 
if  we  draw  the  circle  PIlEi^  let  this  be  the  position  assumed 
by  the  meridian  of  L  after  an  indefinitely  small  amount  of 
rotation  of  the  earth.  Draw  UT  9l  tangent  to  PUE  which 
will  meet  the  earth^s  axis  in  the  same  point  T  9a  LT\  also 
draw  L'Q,  parallel  \.oLT\  LNj  Z'iV  perpendicular  to  PO\  and 
join  iO,  X'O,  IfO. 

Then  ultimately  LT,  UTy  and  Z'Q  will  be  in  the  same 
plane ;  and  the  force  of  gravity  whether  at  L  or  l!  may  be 
regarded  as  a  force  perpendicular  to  this  plane ;  the  efieet  of 
the  indefinitely  small  amount  of  rotation  of  the  earth  therefore 
will  be  the  same  as  that  of  shifting  the  plane  of  vibratioa 
through  an  indefinitely  small  space  parallel  to  itself;  so  that 
when  L!  is  the  place  of  suspension  11 Q,  is  the  direction  of  the 
vibration.  But  Z'Tis  the  direction  of  the  meridian,  conse- 
quently the  line  of  vibration  instead  of  now  lying  in  the  me- 
ridian makes  with  it  an  angle  TllQ,  or  LTL\  The  same 
thing  will  take  place  for  each  subsequent  indefinite^  small 
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motion  of  rotation  of  the  earth,  and  the  plane  of  the  pendu- 
lum's motion  will  therefore  have  a  continuous  aximitthal 
motion,  but  will  not  make  a  complete  revolution  durinf;  94 
liours  because  the  angle  L  TL'  is  manifestly  less  than  LNL' 
m  EOtf. 

The  exact  amount  of  azimuthal  motion  is  easily  calculated. 
Let  i:;Vi'  =  ^Z.7'A'-e,  and  X-^Oi-Z.T'JV,  the  latitude  of 
the  place.     Then 

/,rchd0-/,JVehd^, 
or  since  9  and  <p  arc  indcfiiiitcly  small. 


•  (p  sin  \. 


And  the  same  relation  will  hold  for  nil  subsequent  sninll  niif;lofl 
of  rotation  of  the  earth,  so  that  if  ^  be  any  angle  through  which 
the  earth  has  turned,  and  9  the  corresponding  angle  through 
which  the  plane  of  the  pendulum  has  revolved,  we  simll  still 
have 

^  =  0  sin  X  : 

and  when  the  earth  has  made  a  complete  revolution,  the 
plane  of  the  pendulum  will  have  turned  through  Sa-sinX. 

For  the  pole,  X  -•  —  .  and  d  -  0,  as  before  explained.    Fop 

the  equator,  X  -  0,  and  d  «  0,  or  there  is  no  change  produced. 

Tlie  results  thus  shewn  to  be  consequent  upon  the  rota- 
tion of  the  earth  are  conformable  with  experience;  only  it 
must  be  remembered  that  the  phtenomenon  will  in  practice  he 
somewhat  modified  by  the  fact  of  the  oscillations  taking  place 
in  air  instead  of  a  vacuum  as  here  supposed.  Conversely,  from 
the  observed  change  in  the  plane  of  vibration  of  a  pendulum 
the  rotation  of  the  earth  may  be  concluded. 

A  simple  but  singular  consequence  results  from  the  rota> 
tion  of  the  earth.  The  sua  appears  to  an  observer  on  the 
earth's  surface  to  rise  in  the  cast,  and  after  passing  his  mcri- 
tUan  to  set  in  the  west ;  now  if  when  the  sun  is  on  his  meridian 
a  person  were  to  travel  westward  at  such  a  rate  as  would 
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carry  him  round  the  earth  in  24  hours,  it  is  evident  that  he 
would  keep  the  sun  constantly  upon  his  meridian ;  and  if  he 
travel  westward  but  more  slowly,  the  sun  will  be  a  longer  time 
than  24  hours  before  it  again  comes  upon  his  meridian,  and 
therefore  if  he  carry  a  chronometer  with  him  the  chronometer 
will  be  too  fast.  Suppose  now  he  travels  completely  round 
the  world,  then  the  sun  will  have  crossed  his  meridian  later 
and  later  every  day,  until  when  he  returns  to  the  place  from 
which  he  started  it  will  cross  24  hours  later,  in  other  words, 
he  will  have  lost  a  whole  day  in  his  reckoning ;  and  if  he  kept 
a  journal,  that  which  would  be  entered  in  it  as  Monday  (for 
instance)  would  be  with  the  inhabitants  of  the  place  from 
which  he  started  Tuesday.  If  he  travel  eastward  the  reverse 
effect  will  take  place,  or  be  will  find  himself  a  day  in 
advance. 

This  is  the  diurnal  motion  of  the  earth,  which  gives  rise 
to  the  succession  of  day  and  night ;  in  addition  to  this  there 
is  an  annual  motion,  that  is,  the  earth  is  carried  round  the 
sun  in  a  certain  period,  which  constitutes  one  year.  *In.  this 
motion  the  axis  of  revolution  moves  always  parallel  to  itself, 
as  is  shewn  by  the  fact  of  its  appearing  always  to  point  to 
the  same  point  of  the  celestial  sphere.  The  centre  of  the 
earth  does  in  fact  describe  an  ellipse  in  one  plane  about  the 
centre  of  the  sun,  and  this  ellipse  does  not  differ  much  from 
a  circle  ;  at  present,  however,  .we  are  not  concerned  with  the 
actual  path  described  by  the  earth,  but  only  with  the  fact 
of  its  moving  round  the  sun  in  the  plane  of  a  great  circle, 
in  the  course  of  a  year.  According  to  observation,  the  sun 
appears  to  move  in  that  time  round  the  earth,  but  the  phss- 
nomena  will  be  exactly  the  same,  whether  the  earth  move 
round  the  sun,  or  the  sun  round  the  earth,  and  the  consi- 
deration of  the  enormous  magnitude  of  the  sun  as  compared 
with  the  earth,  combined  with  other  reasons  which  will  ap« 
pear  hereafter  when  we  come  to  treat  of  the  planets,  leave 
no  doubt  as  to  the  correctness  of  the  hypothesis  of  the 
motion  of  the  earth  about  the  sun,  not  the  sun  about  the 
earth.  Properly  speaking,  neither  the  one  assertion  nor  the 
other  is  correct,  for  the  point  about  which  the  motion  takes 
place  is  the  centre  of  gravity  of  the  sun  and  planets ;  as  how* 
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ever  on  account  of  the  enormous  mass  of  tlie  sun  tlie  centre  of 
gravity  of  the  whole  system  is  not  very  different  from  its  own 
centre,  it  will  be  in  general  sufficient  to  speak  of  tlie  sun  being 
fixed  and  the  motion  taking  place  relatively  to  the  sun. 

For  purposes  of  explanation  however,  we  shall  in  general 
speak  of  the  sun  as  moving  in  a  great  circle  about  the  earth, 
and  this  great  circle  we  shall  call  ttie  ecliptic. 

The  inclination  of  the  plane  of  the  equator  to  that  of  tho 
ecliptic  is  an  angle  of  about  23*28',  and  la  called  the  ohliquUy 
of  the  ecliptic. 


12.  The  rotation  of  the  earth  upon  its  axis  is  effective 
in  producing  the  phasnomenon  of  the  Trade  Winds,  ivhicli  we 
shall  here  therefore  take  the  opportunity  of  explaining. 

Without  assuming  the  knowledge  of  subsequent  cxphina- 
tions,  it  may  be  taken  for  granted  that  the  power  of  the  aim 
upon  the  regions  of  the  earth  in  the  neighbourhood  of  the 
equator  is  much  greater  than  upon  those  nearer  to  the  polca. 
The  effect  of  the  sun's  heat  upon  the  atmosphere  is  to  rarefy 
the  air  and  cause  it  to  expand  ;  it  is  therefore  displaced  and 
raised  from  the  surface  by  the  influx  of  colder  and  therefore 
heavier  air  from  the  regions  more  distant  from  tho  equator; 
thus  is  caused  a  current  of  air  setting  from  the  poles  towards 
the  equator,  while  the  rarefied  air  rising  to  the  higher  regions 
flows  towards  the  poles  forming  a  counter-current.  Putting 
out  of  consideration  then  the  rotation  of  the  earth  we  should 
have  a  regular  north  wind  north  of  tlie  equator,  and  a  south 
wind  south  of  it;  but  this  pho^nomenon  is  modified  conside- 
rably by  the  circumstance  of  the  earth's  rotation ;  for  it  will  be 
observed  that  the  velocity  of  a  point  upon  the  earth's  surface 
is  greater  as  the  point  is  nearer  to  the  equator,  or  as  the  point 
is  further  from  the  axis  of  rotation ;  also  if  a  particle  of  air  be 
at  rest  with  respect  to  the  earth's  surface,  it  is  eo  because  it  in 
moving  with  the  same  velocity  as  the  point  of  the  cnrtirs  surface 
with  which  it  is  in  contact ;  when  a  particle  therefore  moves) 
towards  the  equator  it  will  constantly  approach  points  of  the 
earth's  surface  which  are  moving  morcrapidly  than  itsclf.and  the 
particle  of  air  with  respect  to  the  earth's  surface  will  therefore 
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appear  to  lag  or  to  hare  a  motion  in  the  opposite  direction* 
Now  the  motion  of  a  point  on  the  earth's  surface  is  from  west 
to  east,  therefore  the  air  will  hare  with  reference  to  the  earth's 
surface  a  motion  from  east  to  west,  and  this  motion  combined 
with  that  before  explained,  will  constitute  a  permanent  north 
easterly  and  south  easterly  wind;  these  are  known  as  the 
Trade  Winds. 

ON  THE  SEASONa 

13.  The  remarkable  changes  of  temperature  which  are 
observed  to  take  place  in  the  different  parts  of  the  year, 
which  we  call  Spring,  Summer,  Autumn,  and  Winter,  may 
be  simply  explained  by  reference  to  the  fact  tiiat  the  axis 
about  which  the  rotation  of  the  earth  takes  place  remains 
always  parallel  to  itself  and  is  inclined  at  a  fixed  angle  to 
the  ecliptic.  This  circumstance  affects  the  temperature  in 
two  ways;  in  the  first  place  it  cannot  escape  the  most 
ordinary  observation  that  in  summer  time  the  altitude  attained 
by  the  sun  at  midday  is  much  greater  than  that  attained  in 
the  winter;  and  the  lower  the  sunn's  altitude  the  more  ob* 
liquely  do  its  rays  fall  upon  the  earth's  surface,  and  it  is 
manifest  that  if  we  take  a  small  plane  of  given  magnitude 
and  expose  it  to  the  sunn's  rays,  the  quantity  of  heat  which  it 
will  receive  will  depend  upon  the  angle  at  which  it  is  inclined 
to  the  direction  of  the  rays,  varying  from  zero  when  the 
plane  is  held  parallel  to  the  rays  to  a  maximum  when  it 
is  held  perpendicular  to  them.  In  these  latitudes  we  never 
obtain  this  maximum  effect  of  the  sun's  rays,  in  other  words 
we  never  have  the  sun  vertically  over  our  heads,  but  the 
more  nearly  the  midday  altitude  of  the  sun  approaches  to 
that  extreme  limit  the  greater  is  the  amount  of  heat  which 
we  receive  in  a  given  time ;  and  the  greater  midday  altitude 
of  the  sun  in  summer  than  in  winter  may  therefore  be  taken 
as  one  cause  of  the  greater  heat  of  that  season. 

But  again,  the  earth  receives  heat  from  the  sun  during 
the  day,  and  loses  it  by  the  process  called  radiation  during 
the  night;  consequently  the  longer  the  day  and  the  shorter 
the  night,  the  less  will  be  the  loss  by  radiation,  and  the 
higher  the  temperature  upon  the  whole.     Now  in  summer 
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the  days  are  longer  than  the  nights,  in  the  winter  the  < 
trsry ;    consequently    we    have    here  a    second  and   ft    very 
important   cause  of  the  change  of  temperature  throughout 
the  year. 

The  heat  received  by  the  earth  of  course  depends  also  I 
upon  the  earth's  distance  from  the  sun,  and  this  not  hein;  I 
quite  constant  there  will  be  a  variation  of  temperature  dna 
to  this  cause ;  it  is  e^Hdent  however  that  no  porlion  of  tha 
heat  of  summer  in  Northern  Latitudes  is  due  to  this  causd 
from  the  fact  that  the  earth  is  nearest  to  the  sun  almost  nt 
the  period  of  midwinter,  and  therefore  the  effect  is  rather  to 
mitigate  the  cold  of  winter  than  to  increase  the  heat  of  . 
summer  ;  it  may  be  shewn,  however*,  that  in  consequence  of  ' 
the  angular  velocity  of  the  earth  being  greatest  when  nearest 
to  the  sun,  and  in  fact  increasing  according  to  precisely  the 
same  law  as  the  intensity  of  the  heat  increases,  a  compen- 
sation takes  place,  so  that  an  equal  distribution  of  light  and 
heat  is  accorded  to  both  hemispheres :  were  it  not  for  this 
compensation  the  tendency  of  the  cause  now  under  consider 
ation  would  be  to  exaggerate  the  difference  between  summer 
and  winter  in  the  southern  Hemisphere  and  to  equalise  the 
temperature  of  the  two  in  the  Northern.  This  does  not 
however  prevent  the  effect  of  the  direct  heat  of  the  sun's  rays 
in  Southern  Latitudes  being  greater  than  in  our  own,  the 
excess  of  the  intensity  of  sunshine  due  to  this  cause  being 
as  much  as  one  fifteenth  of  the  whole. 

14.     The  manner  in  which  the   obliquity  of  the  earth's 
axis  produces  the  change  of  the  seasons  will  be  seen  from  a 


figure.     Let  MN  be  the  path  of  the  earth's  centre  0  round 

•Sm  "Ouilines  of  Ailionomy,"  page  217, 
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the  sun  S.  POP'  the  axis  about  which  the  earth  rerolres 
and  which  is  inclined  itt  an  angle  of  ss'':28'  to  a  line  perpen- 
dicular to  the  plane  jtfA',  A,  B,  C,  D,  may  be  supposed  to 
represent  the  position  of  the  enrtli  on  the  Slst  of  March, 
the  aistof  June,  the  Slat  of  September,  and  21st  of  Decem- 
ber respectively.  The  hemispheres,  which  are  turned  awajr 
from  the  sun,  and  are  therefore  deprived  of  its  li^ht  and 
heat  are  shaded  to  denote  that  circumstance.  Now  if  we 
consider  the  condition  of  any  point  in  the  Northern  hemi- 
ephere,  that  is,  lying  between  P  and  the  equator  EQ.  we 
Bhall  see  at  once  that  the  two  conditions  of  heat,  aa  depending 
upon  the  direct  incidence  of  the  sun's  rays  and  the  sbortneat 
of  the  night,  are  realised  for  the  position  B  of  the  earth 
and  not  for  the  positiou  D:  these  are  the  two  extreme  cases; 
and  it  is  manifest  that  the  sun's  rays  fall  at  a  smaller  obliquity 
upon  a  place  J-  in  North  latitude  for  the  position  B  of  the 
earth,  than  they  do  upon  the  same  place  for  the  positioa  D, 
indeed  there  is  one  parallel  of  latitude  in  the  former  ease 
upon  which  the  rays  can  fall  absolutely  vertically ;  raorcover 
if  the  earth  be  supposed  to  revolve  uniformly  upon  its  asll 
PP",  it  is  clear  from  inspection  that  the  time  during  which 
the  place  L  will  be  immersed  in  shade  will  be  much  less  in 
the  former  case  than  in  the  latter.  In  other  words  for  the 
position  B  of  the  earth  L  is  in  midsummer,  for  the  position 
D  it  is  in  midwinter.  The  effects  for  the  positions  A  and  C 
will  be  intermediate  to  these  two  extreme  cases. 

ON  THE  SUN'S  MOTION  IN  THE  ECLIPTIC- 
15.  Let  0  be  the  centre 
of  the  earth,  supposed  fixed ; 
and  let  (he  plane  of  the  paper 
pass  through  0,  the  pole  of  the 
equator  P.  and  the  pole  of  the 
ecliptic  11;  EtE'  \s  the  equa- 
tor, StS"  the  ecliptic. 

Then  we  may  say,  that  (he 
Bun  describes  its  course  in  the 
ecliptic  round  O  uniformly  id 
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ihe  course  of  a  year;  this  is  not  strictly  true,  on  account  of 
the  orbit  of  the  earth  round  the  sun  being  not  a  circle,  but 
an  ellipse  of  small  excentricity ;  it  will  however  be  sufficiently 
nearly  true  to  serve  the  purpose  of  the  present  explanation. 
The  ecliptic  is  conceived  to  be  divided  into  twelve  equal 
portions,  each  therefore  consisting  of  30",  and  these  portions 
are  called  the  twelve  si^ftts  of  the  Zodiac;  they  are  known  by 
the  following  namca :  Aries,  Taurus,  Gemini,  Cancer,  I^eo, 
Virgo,  Libra,  Scorpio,  Sagittarius,  Capricornus,  Aquarius, 
Pisces;  the  origin  of  these  names  will  be  seen  hereafter; 
they  are  denoted  by  different  symbols,  one  only  of  which 
we  shall  use.  (  t.),  which  is  the  symbol  for  Ariea.  The  first 
point  of  Aries  is  determined  by  the  intersection  of  the  equa- 
tor and  ecliptic,  the  other  point  of  intersection  being  the 
first  point  of  Libra. 

Suppose  the  sun  to  be  at  r ,  which  will  happen  at  the  time 
of  year  called  the  vernal  equiiw.v,  and  suppose  it  to  be  moving 
in  the  ecliptic  towards  5" ;  for  three  nnonths  its  distance  from 
,  the  equator  will  increase,  and  at  the  end  of  that  time  it  will 
be  at  .$,  a  point  in  the  great  circle  passing  through  P  and  H. 
Its  distance  from  the  equator  will  then  diminish,  until  at  the 
end  of  three  months  it  will  again  be  in  the  equator ;  this  will 
happen  at  the  autumnal  equinoji.  The  sun  will  now  go  to 
the  south  of  the  equator,  and  at  the  end  of  the  next  three 
months  will  be  at  S"  on  the  great  circle  passing  through  P 
and  n.  Lastly,  after  passing  S*  the  sun  will  again  approach 
the  equator,  and  at  the  end  of  three  months  more  will  be 
again  at  t  . 


16.  For  a  few  days  before  and  after  passing  the  poiuta 
S  and  S",  the  sun  will  move  nearly  parallel  to  the  equator, 
and  therefore,  will  neither  approach  it  nor  recede  from  it; 
hence,  so  far  as  motion  to  or  from  the  equator  is  concerned, 
the  sun  may  be  said  at  those  points  to  be  stationary  for  a 
short  period,  and  they  are  on  this  account  called  the  sohlicea. 
S  is  the  sxtmmer  solstice,  S  the  winter  solstice;  the  great 
circle  passing  through  the  solstices  and  the  poles  of  the 
equator  and  ecliptic,  is  called  the  solstitial  coture. 
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ON  CLIMATE. 

17.  It  will  be  easily  seen,  that  all  parts  of  the  earth's 
surface  are  not  equally  affected  by  the  sun^s  heat ;  the  term 
climate  is  used  to  express  the  difference  amongst  the  several 
regions  of  the  earth  in  this  respect. 

Let  0  be  the  centre  of  the  earth ;  nn  S  the  ecliptic,  nr  E 
the  equator,  n,  P,  their  respective  poles ;  and  let  tt,  p,  ^,  «, 


be  the  points  in  which  the  lines  Ofl,  OP,  OS,  OE,  respectively 
meet  the  earth's  surface;  also  trir',  88\  small  circles  on  the 
earth's  surface  made  by  planes  parallel  to  the  equator,  and  ee 
the  great  circle  in  which  the  plane  of  the  equator  cuts  the 
earth. 

Then  the  portion  of  the  earth^s  surface  to  the  north  of 
^ir\  and  an  equal  portion  to  the  south  of  a  similar  small 
circle  round  the  south  pole,  are  called  the  frigid  Zones  :  the 
portion  between  wir  and  88\  and  a  similar  portion  in  the 
southern  hemisphere,  are  called  the  temperate  Zones :  and  the 
portion  between  ss'  and  a  similar  circle  in  the  southern  hemi- 
sphere are  called  the  torrid  Zones. 

The  small  circle  irir  is  called  the  Arctic  Circle,  and  a 
similar  one  in  the  southern  hemisphere  the  Antarctic  Circle^ 
The  small  circle  ss'  is  called  the  Tropic  of  Cancer,  and  a 
similar  one  in  the  southern  hemisphere  the  Tropic  of  Ca^ 
pHcom ;  because  the  sun,  after  receding  from  the  equatoii 


turns  (^Tpevei)  on  entering  the  signs  of  Cancer  and  Capri- 
corn, and  again  approaches  the  equator. 

18.  The  peculiarity  of  tlie  torrid  zone  is  that  a  place 
situated  within  it  will  have  the  sun  vertical,  thatia,  exactly  in 
its  zenith,  twice  in  the  year.  For  let  o-  be  the  place  of  the 
sun  at  any  given  time,  then,  if  we  join  Oct,  this  line  will 
manifestly  intersect  the  earth's  surface  at  some  point  between 
the  tropics,  and  that  place,  with  all  others  in  the  same  latitude, 
.will  have  the  sun  in  the  zenith ;  and  the  same  thing  will  take 
place  when  the  sun  has  passed  the  solstice  by  a  distance  equal 
to  <r^.  Even  when  the  sun  is  not  exactly  vertical,  its  rays 
fall  with  a  smaller  obUquity  on  places  between  the  tropics 
than  in  the  temperate  zones ;  hence  the  extreme  heat  of 
tropical  climates. 

The  temperature  of  the  different  countries  of  the  earth 
does  not  however  depend  wholly  upon  their  latitude,  but  upon 
a  variety  of  local  circumstances.  This  will  be  at  once  evident 
from  inspection  of  a  map  upon  which  are  laid  down  a  system 
0^  Uothermal  lines* ,  or  lines  passing  through  all  places,  the 
mean  temperature  of  which  throughout  the  year  is  foimd  by 
observation  to  be  the  same.  It  will  be  seen  for  instance  from 
inspection  of  such  a  map  that  the  isothermal  line  which  passes 
through  the  centre  of  Great  Britain  passes  the  neighbourhood 
of  New  York  in  a  latitude  of  little  more  than  40",  and  that  the 
same  line  passes  through  the  north  of  the  Black  Sea  in  lati- 
tude -15° ;  thus  the  mean  temperature  enjoyed  by  England  is 
the  same  as  that  of  some  places  10"  or  15"  nearer  to  the  equator. 
The  two  principal  causes  of  these  local  differences  of  climate 
are  the  influence  of  prevalent  warm  winds,  and  that  of  warm 
ocean  currents ;  to  the  latter  cause  the  peculiar  warmth  of 
England  with  reference  to  its  latitude  is  mainly  due.  The 
climate  of  a  country  will  also  vary  sensibly  with  the  condition 
of  the  surface  of  the  earth,  and  will  be  favourably  influenced 
by  the  clearing  of  forests,  the  draining  of  swamps,  and  the 
like. 

The  peculiarity  of  the  frigid  zones  will  be  noticed  ia 
Article  30. 

*6ee  luch  >  map  in  Johi»iont'«  Phyiiul  Ada*. 
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ON  THE  LENGTH  OF  THE  DAY. 

1 9.  The  motion  of  the  sun  in  the  ecliptic  during  one 
day  is  not  very  great ;  hence  in  considering  the  effect  of  its 
motion  on  the  length  of  the  day  it  will  be  sufficient  for  the  pur- 
pose of  explanation,  to  suppose  it  to  preserve  the  same  position 
in  the  ecliptic  during  one  revolution  of  the  earth,  or  during 
one  of  its  own  apparent  revolutions  about  the  earth. 

Let  O  be  the  earth's  centre,  Z  the  zenith  of  a  place  on  its 
surface,  Hlf  the  horizon  of  the  place,  MSif  the  equator. 


P  its  pole.  Then  we  can  determine  the  length  of  the  day  tcft 
any  given  position  of  the  sun  in  the  ecliptic,  by  supposing 
it  to  describe  a  small  circle  in  a  plane  perpendicular  to  OP; 
as  long  as  it  is  above  the  horizon  it  is  day,  the  remainder 
of  the  twenty-four  hours  is  night.  We  shall  consider  three 
cases. 

(l)  Let  the  sun  be  in  the  equator;  then  its  diurnal  path 
will  be  the  great  circle  SM^  and  if  we  join  PS  by  an  arc  of  a 
great  circle,  half  the  day  will  be  measured  by  the  angle  MPS 
(called  an  hour-angle).  But  it  is  not  difficult  to  see  that  the 
Jingle  MPS  is  a  right  angle,  hence  the  hour-angle  measuring 
the  length  of  the  day  is  two  right  angles ;  consequently  that 
which  measures  the  length  of  the  night  must  be  two  right 
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angles,  or  the  day  and  night  arc  equal  When  therefore  the 
sun  is  in  the  equator,  day  and  night  are  equal  all  over  the 
world ;  hence  the  equator  is  8ometime3  called  the  equinoctial 
line,  and  the  first  points  of  Aries  and  Libra  arc  called  the 


(3)  Suppose  the  sun  to  be  in  the  summer  solstice ;  tliea 
its  diurnal  path  will  be  the  small  circle  S^My,  the  arc  MMt 
being  that  which  measures  the  obliquity  of  the  ecliptic.  Join 
SiP  by  an  arc  of  a  great  circle;  then  the  hour-angle  SyPMy 
measures  half  the  day,  and  this  angle  is  greater  than  a  right 
angle,  hence  the  days  are  longer  than  the  nights  to  places  in 
northern  latitudes. 


(3)  In  like  manner,  if  the  sun  is  in  the  winter  solstice, 
and  S,Mt  its  diurnal  path,  the  hour-angle  S,PM^  will  measure 
half  the  day,  and  the  days  will  be  shorter  than  the  nights. 

For  intermediate  positions  of  the  sun  the  results  will  be 
easily  inferred. 

20.  Let  us  consider  the  peculiarities  of  day  and  night  in 
the  frigid  zones.  Let  us  suppose  PZ  to  be  equal  to  the 
obliquity  of  the  ecliptic,  then  the  small  circle  S,Mi  will  pass 
through  Ji',  that  is  to  say,  when  the  sun  is  in  the  summer 
solstice  it  just  docs  not  set  to  a  place  upon  the  Arctic  Circle  ; 
and  in  general,  in  order  that  the  sun  may  set  to  any  givea 
place,  its  angular  distance  from  the  Pole  (or  North  Polar 
distance,  as  it  is  called,)  must  be  greater  than  the  latitude  of 
the  place ;  suppose,  for  instance,  we  take  a  place  in  latitude 
70*,  then  the  sun  will  not  set  to  that  place  from  the  time  that 
its  north  polar  distance  is  70",  until  after  having  passed  the 
Bolstice  its  north  polar  distance  is  70"  again.  Corresponding 
to  those  long  summer-days  there  will  be  equally  long  winter- 
nights;  and  at  the  poles  there  will  be  a  day  of.  six.  months 
in  length,  succeeded  by  a  night  equally  long. 

The  results  of  this  and  the  preceding  article  will  probably 
receive  elucidation  from  reference  to  the  figure  of  Art.  14; 
in  that  article  the  earth  has  been  represented  as  occupying 
different   positions,  the  sun  remaining  fixed,  here  we  hare 
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supposed  the  earth  stationary,  and  have  supposed  the  sun  to 
move  in  the  ecliptic. 

Consider  the  position  A  of  the  earth  in  Art.  1 4,  then  it  is 
evident  that  if  the  earth  be  supposed  to  revolve  about  its  axis 
POP',  any  place  upon  its  surface  will  in  the  coarse  of  a  revo- 
lution be  during  equal  times  in  light  and  in  shade,  and  the 
same  holds  true  of  the  position  C;  these  two  positions  corre- 
spond to  the  sun  being  in  the  vernal  and  autumnal  equinoxes 
respectively.  !A.gain,  consider  the  position  B,  and  suppose  the 
earth  to  revolve  on  its  axis  as  before ;  then  it  is  evident  from 
inspection  that  any  point  in  north  latitude,  such  as  L,  wfll  per- 
form a  longer  path  in  light  than  in  shadow,  and  the  contrary 
will  be  the  case  for  the  position  of  D  of  the  earth ;  in  other 
words,  places  in  north  latitude  will  have  the  day  longer  than 
the  night  when  the  sun  is  in  the  summer  solstice,  and  the 
reverse  for  the  winter  solstice.  It  will  be  seen  moreover  that 
any  point  between  P  and  B  is  in  perpetual  day,  and  any  point 
between  P  and  D  in  perpetual  night. 

21.  It  may  be  noticed  that  the  most  refined  calculations 
prove,  that  throughout  the  centuries  to  which  the  records  of 
astronomical  obsen-ations  extend  the  length  of  the  mean  day 
has  been  invariable ;  in  other  words,  the  velocity  of  rotation 
of  the  earth  upon  its  axis  has  remained  sensibly  the  same. 


ON  THE  MODE  OP  DETERMINING  THE  PLACE  OP 

A  HEAVENLY  BODY. 

22.  This  will  be  done  on  the  general  principle  explained 
in  Art.  6,  and  already  applied  to  the  case  of  terrestrial  lati- 
tude and  longitude  in  Art.  10. 

Let  O  be  the  centre  of  the  celestial  sphere,  EtE*  iht 
equator,  5  v  ^  the  ecliptic,  P,  n  their  respective  poles.  Let 
o-  be  any  heavenly  body,  the  position  of  which  we  desire  to 
determine :  draw  through  <r  the  arcs  of  great  circles  PtrA, 
U<rL;  then  T-i  is  called  the  Bight  Ascension,  A<r  the  Deeli- 
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nation  of  o-,  and  If  these  be 
given  the  positiou  of  a  will  be 
determined.  It  will  be  the 
Bame  thing  if  we  suppose  Ptr, 
'the  North  Polar  distance,  to 
be  given  instead  of  the  decli- 
nation. The  Itight  Ascension 
ia  measured  from  t  in  the 
direction  of  the  sun'a  motion. 
Right  AscenGion  is  usually 
written  in  the  abbreviated 
form  R.A.,  and  North  Polar 
Distance.  N.P.D. 


23.  The  position  of  o-  may  be  equally  well  determined 
by  means  of  the  arcs  t  L  and  La,  which  are  called  respec- 
tively its  longitude  and  lattlwle.  Care  must  be  taken  not  to 
confuse  these  terms  with  the  same  as  applied  to  places  upon 
the  earth's  surface. 

24.  By  measuring  R.A.  and  longitude  from  t,  we 
appear  to  assiime  that  t  is  a  lixed  point.  This  is  not  accu- 
rately true,  as  we  shall  see  hereafter ;  its  motion  however  ig 
suGBciently  slow  to  allow  us,  in  general,  to  conceive  it  to  be 
£xed  ;  in  making  observations  the  motion  is  allowed  for. 


I  ON  THE  ]«ODE  OF  MAKING  OBSERVATIONS 

[  OF  THE  HEAVENLY  BODIES. 

25.  We  propose  to  explain  the  mode  in  which  the  Right 
Ascension  and  Declination  of  a  star  become  matters  of  obser- 
vatioo,  and  to  describe  the  principal  instruments  by  means  of 
which  the  observations  are  made. 

Let  Z  be  the  zenith  of  the  place  of  observation,  0  the 
centre  of  the  celestial  sphere,  Ef  £f  the  equator,  P  its  pole, 
UZP  the  meridian  of  the  place. 

Let  o-  be  the  star  or  other  heavenly  body,  the  R.A.  and 
declination,    (or  N.P.D.)  of  which   we   wish  to  determine, 
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and  suppose  it  to  be  on  the  meridton  wheu  we  make  our  oly> 
servations.  Then  by  means  of 
an  instrument  called  the  Mural 
Circle,  soon  to  be  described, 
we  can  observe  with  great  ac- 
cturacy  Zv,  the  zenith  distance 
of  <T,  and  this  added  to  ZP,  the 
f!0-latitude  of  the  place  of  ob- 
servation, which  may  also  be 
supposed  known,  will  be  the 
N.F.D.  of  o-.  Again,  since  the 
whole  heavens  turn  about  OP 
uniTorroly  in  S4  hours,  called  aidtreal  hours,  if  we  note 
the  time  of  t  passing  the  meridian  and  that  of  <r,  the 
difference  between  these  times  will  measure  the  arc  t  E, 
or  the  R.A.  of  a ;  for  instance,   suppose    the  -  difference 


of  time  to  be  l  hour,  then  the  R.A.  would  be 


860* 


or  ISf.  The 


method  adopted  in  practice  is  to  have  a  clock  which  indicates 
0h  Qm  ^{,gQ  ef,  jg  QQ  t,he  meridian,  and  then  the  sidere^  time 
of  a  star's  passing  the  meridian,  or  the  time  of  its  trantU, 
converted  into  degrees  at  the  rate  of  15°  to  1  hour,  will  be 
the  R.A.  of  the  star. 

Thus  the  determination  of  the  B.A.  and  N.P.D.  of  a 
heavenly  body  is  reduced  to  that  of  the  time  of  passing  the 
meridian,  and  the  meridian  zenith  distance.  We  shall  proceed 
to  describe  the  Transit  Instrument  and  the  Mural  Circle,  by 
means  of  which  this  is  effected. 

26.      The   Trannt  Instrument. 

This  instrument  consists  of  a  common  astronomical  tele- 
scope, fixed  firmly  to  an  arm  KK*,  the 
extremities  of  which  are  cylindrical  and 
are  supported  by  two  pillars  of  solid 
masonry  E,  W,  so  placed  that  the  arm 
YV  points  east  and  west.  In  the  focus 
of  the  object-glass  are  placed  a  certain 
number  of  fixed  vertical  wires,  usually 
fiv^or  seven,  and  one  horizontal  wire 
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passing  through  the  centre  of  the  field,  as  in  the  annexed 
figure. 

The  telescope  moves,  as  will  be  seen  from  the  preceding 
'    description,  in  the  plane  of  the  mcridiau,  and  the  mode  of 


observation  is  as  follows :  Before  the  object  to  be  obscrYed 
comes  upon  the  meridian,  the  transit  instrument  is  set  io 
Buch  a  position  that  the  object  shall  pass  as  near  as  possible 
through  the  centre  of  the  field  of  view ;  this  may  be  done  by 
means  of  a  variety  of  contrivances,  but  it  requires  an  approx- 
imate value  of  the  zenith  distance  of  the  object,  which  however 
may  be  supposed  known  from  previous  ohservntions  sufficiently 
nearly  for  the  purpose,  in  the  case  of  all  bodies  of  which  it  is 
necessary  to  observe  the  transit.  The  time  of  transit  is  the 
moment  at  which  the  object  crosses  the  middle  vertical  wire, 
supposing  that  wire  to  be  in  perfect  adjustment ;  but  to  avoid 
the  error  of  imperfect  adjustment,  and  also  to  diminish  as  far 
as  possible  the  errors  of  observation,  it  is  usual  to  note  the 
time  of  transit  across  cacli  of  the  vertical  wires,  and  take  the 
mean  of  these  observed  times  as  the  true  time  of  transit. 
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The  observation  requires  the  assistance  of  a  sidereal  clock 
"which  beats  seconds  in  a  very  distinct  manner ;  the  observer 
before  looking  into  the  telescope  takes  notice  of  the  time  indi- 
cated by  the  clock,  and  by  counting  the  beats  of  the  pendulum 
knows  th^  time  which  elapses  afterwards :  having  a  book  and 
pencil  in  his  hand,  he  thus  notes  with  great  accuracy  the  time 
of  transit  over  each  wire. 

27.  The  transit  instrument  is  in  perfect  adjustment  when 
the  line  of  coUimcUian,  that  is,  the  line  joining  the  intersection 
of  the  horizontal  and  middle  vertical  wire  with  the  centre  of 
the  object-glass,  moves  in  the  plane  of  the  meridian,  the  instru- 
ment being  turned  about  its  horizontal  axis. 

In  order  therefore  that  the  adjustment  may  be  perfect^ 
(l)  the  line  of  collimation  must  be  accurately  perpendicular 
to  the  geometrical  line  in  the  transverse  axis  about  which 
the  instrument  turns ;  (2)  this  geometrical  axis  must  be  accu- 
rately horizontal;  (3)  the  same  axis  must  point  accurately 
east  and  west. 

In  practice  the  transit  instrument  is  seldom  or  never  in 
perfect  adjustment,  and  even  if  it  could  be  made  perfect  at 
any  given  time,  so  small  a  cause  is  sufficient  to  sensibly  dis« 
arrange  it  that  the  adjustment  would  soon  cease  to  be  perfect. 
The  three  errors  therefore  corresponding  to  the  three  adjust- 
ments above  mentioned,  and  which  are  known  as  the  errors 
of  collitnaiion,  level,  and  deviation,  respectively,  are  ascertained^ 
and  correction  made  in  the  observed  time  of  transit.  For 
the  method  of  determining  these  errors  and  correcting  the 
time  of  transit,  reference  must  be  made  to  a  more  complete 
treatise  on  Astronomy. 

28.  The  Sidereal  Clock. 

The  clock  when  properly  adjusted  ought  to  indicate 
Qh  Qm  Q8  y^^^^  ^jjg  gygj.  p^jj^^  ^f  ^j^g  jg  ^^  ^^  meridian, 

and  should  indicate  the  lapse  of  24  sidereal  hours  during 
the  interval  of  two  successive  transits  of  that  point.  The  time 
of  the  transit  of  a  star  according  to  the  sidereal  clock  will 
be  the  star's  B.A.  in  time. 
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The  clock  is  coirecfed  by  observing  the  time  of  transit  of 
a  star,  the  Il.A.  of  which  is  accurately  known,  and  comparing 
the  known  li.A.  with  that  indicated  by  the  clock. 

By  observing  two  transits  of  the  same  star,  or  the  transit 
of  two  known  stars,  we  can  ascertain  the  clock's  rate,  that  is, 
the  rate  at  which  it  is  gaining  or  losing. 

And  by  observing  three  transits,  we  can  ascertain  whether 
its  rate  is  regular. 

It  would  take  us  beyond  the  scope  of  the  present  treatise 
to  describe  accurately  the  method  of  setting  the  clock,  that 
is,  determining  tlie  precise  position  of  the  first  point  of  Aries. 
Of  course  if  we  could  make  an  observation  of  the  sun  at  the 
moment  when  its  declination  was  zero,  the  end  would  be 
accomplished;  this  ia  evidently  irapracticahic  ;  we  may  how- 
ever make  a  series  of  observations  when  the  declination  is 
very  small,  and  when  it  changes  from  northern  to  southern, 
and  by  means  of  certain  precautions  we  may  thus  ascertain 
with  considerable  accuracy  the  time  at  which  the  sun  actually 
crossed  the  equator.  In  the  present  state  of  astronomy  the 
error  and  rate  of  the  clock  arc  both  ascertained  by  help  of 
knowQ  stars;  the  places  of  loo  stars  which  have  been 
observed  unremittingly  during  the  greater  part  of  a  centui-y 
are  given  for  the  purpose  in  the  Nautical  Ahnanack. 

23.     The  Mural  Circle. 

This  instrument  consists  of  an  astronomical  telescope 
firmly  clamped  to  a  fiat  circular  rim,  which  moves  about  an 
axis  passing  into  a  strong  vertical  wall  to  which  the  back  of 
the  instrument  is  applied.  The  graduation  is  made  on  the 
gide  of  the  rim  perpendicular  to  the  wall,  and  the  reading  otf 
IB  effected  by  means  of  microscopes  A,  B,  C,  D,  E,  F.  lu 
the  focus  of  the  object-glasH  are  two  liscd  wires,  one  vertical 
and  one  horizontal,  and  besides  these  there  is  a  moveable 
horiisontal  micrometer  wire,  the  nature  of  which  will  require 
some  explanation. 

A  micrometer  wire  is  one  which  is  moveable  by  means  of 
a  screw  within  the  observer's  reach,  the  head  of  which  is  gra- 
duated and  so  contrived  as  to  indicate  the  distance  through 
which  the  wire  is  moved.     Suppose,  for  instance,  in  the  above 
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case,  when  the  microtneter  wire  coincides  with  the  fixed  hori- 
zontal wire,  the  pointer  on  the  screw-head  indicates  o"  o'  o", 
then  if  when  the  wire  is  made  to  coincide  with  any  givea 


oly'ect  in  the  field  of  view  the  reading  of  the  screw-head  is  a", 
we  shall  know  that  the  distance  between  the  image  and  the 
fixed  horizontal  wire  subtends  an  angle  of  n"  at  the  centre 
of  the  ol^ect-glass,  in  other  words,  that  the  anguUr  distance 
between  the  object  and  the  centre  of  the  field  of  view  aa 
measured  by  an  arc  of  a  great  circle  on  the  celestial  sphere 
is  ft". 


30.  Since  the  purpose  of  this  instrument  is  to  obserre 
the  zenith  distance  of  heavenly  bodies  as  they  pass  the  meri- 
dian, the  line  of  coUimation  ought  to  move  in  the  plane  of  the 
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meridian.  But  it  is  not  difficult  to  see  that  the  error  ocea- 
sioned  by  a  slight  deviation  of  the  line  of  collimation  from 
that  plane  will  not  be  so  important  as  in  the  case  of  a  transit 
instrument :  the  error  of  principal  importance  is  this  ;  when 
the  instrument  is  pointed  to  the  zenith,  one  of  the  micro- 
scopes ought  to  indicate  accurately  o",  and  this  will  not  ge- 
nerally be  the  case,  the  error  in  the  reading  may  be  called 
the  error  of  collimation  in  altitude,  and  may  either  be  cal- 
culated and  allowed  for,  or  may  be  got  rid  of  entirely  by  a 
method  of  observation  which  we  shall  presently  describe. 
Properly  speaking,  the  error  which  we  have  called  that  of 
collimation  in  altitude  consists  of  two,  one  arising  from  the 
fact  that  if  the  line  of  collimation  were  in  perfect  adjustment 
there  would  in  general  be  an  index  error,  and  the  other  from 
the  usual  want  of  accurate  adjustment  of  the  line  of  colli- 
mation ;  these  two  however  arc  necessarily  joined  together, 
and  may  be  conveniently  spoken  of  as  one  error. 

31.  The  reading  off"  is  made  with  six  microscopes  instead 
of  one,  for  the  sake  of  greater  accuracy,  especially  in  these 
respects:  we  diminish  the  probability  of  error  from  defective 
graduation  ;  but  still  more  wc  avoid  any  error  arising  from 
false  centering,  i.e.  from  the  centre  about  which  the  circle 
turns  not  coinciding  with  the  actual  centre  of  the  graduated 
rim ;  for  it  will  be  easily  seen  that  if  ou  this  account  any 
microscope  give  a  reading  in  excess,  the  opposite  one  will 
give  a  reading  as  much  in  defect,  and  thus  the  mean  of  the 
two  will  be  correct.  The  mode  of  reading  by  means  of  a 
microscope  is  simply  this :  the  part  of  the  graduated  rim,  the 
image  of  which  coincides  with  the  centre  of  the  field  of  the 
microscope,  is  that  the  position  of  which  we  desire  to  deter- 
mine; hut  this  will  in  general  not  happen  to  coincide  with  a 
line  of  graduation ;  we  have  therefore  to  determine  the  dis- 
tance of  the  centre  of  the  field  from  the  nearest  line  of  gra- 
duation. This  is  done  by  means  of  a  micrometer  wire,  which 
when  it  coincides  with  the  centre  of  the  field  gives  a  reading 
on  the  screw-head  of  o",  and  hence  if  we  turn  the  screw-head 
until  the  micrometer  wire  coincides  with  the  image  of  the 
nearest  line  of  graduation,  the  reading  on  the  screw-head 
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ivill  be  the  quantity  to  be  added  to  the  reading  of  the  circle, 
corresponding  to  the  nearest  line  in  question.  The  first 
reading  is  thus  made  with  the  naked  eye,  and  the  micro- 
scope then  furnishes  a  correction  to  this  reading. 

32.  The  mode  of  observation  with  the  mural  circle  is  as 
follows. 

Before  the  star,  or  other  heavenly  body  to  be  observed, 
crosses  the  meridian,  let  the  telescope  be  directed  downwards 
towards  a  trough  of  mercury,  in  such  a  manner  that  the 
image  of  the  star  seen  by  reflexion  at  the  surface  of  the 
mercury  may  pass  through  the  field  of  view :  this  can  be 
done,  because  the  zenith  distance  is  supposed  to  be  known 
approximately.  Let  the  circle  be  clamped  in  this  position, 
and  the  microscopes  read. 

When  the  star,  as  seen  by  reflexion,  comes  into  the  field 
of  view,  let  it  be  bisected  by  the  moveable  micrometer  wire, 
a  short  time  before  it  reaches  the  middle  of  the  field. 

Let  the  circle  be  now  undamped,  and  turned  rapidly 
round  until  the  star  is  visible  by  direct  vision,  and  by  means 
of  a  screw  provided  for  the  purpose  let  the  circle  be  slightly 
moved  until  the  star  is  bisected  by  the  fixed  horizontal  wire. 
This  may  be  effected  by  a  skilful  observer  soon  after  the  star 
has  passed  the  middle  of  the  field. 

The  microscopes  may  now  be  read,  and  the  mean  of  the 
six  readings  will  be  the  result  of  the  observation  by  direct 
vision.  The  micrometer  may  also  be  read,  and  this  reading 
added  to  the  mean  of  the  readings  of  the  six  microscopes, 
as  examined  before  the  observation,  will  give  the  result  of 
the  observation  by  reflexion. 

The  mean  of  the  two  observations  will  give  the  true 
altitude  or  zenith  distance  of  the  star,  free  from  error  of 
collimation  in  altitude.  That  this  will  be  so  may  be  seen 
as  follows. 

33.  Let  TtM  be  the  position  of  the  line  of  collimation, 
when  the  star  <r  is  seen  by  reflexion.  Then  if  Z  be  the 
zenith  point,  the  reading  ought  to  be  Z^  but  in  consequence 
of  the  collimation  error  let  it  be  Zt  +  C     Also  let  T'/  be 
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'  the  position  of  the  line  of  collimation,  when  the  star  is  seen 
by  direct    vision,  and    the    reading   will  be  Zt'+C;   hence 


of  the  star. 

34,  The  Transit  lastrument  and  the  Mural  Circle  are 
the  instruments  of  daily  use  in  observatories,  and  we  recom- 
mend the  student,  if  it  should  be  within  his  power,  to  visit  an 
observatory  for  the  purpose  of  inspection  of  the  instruments. 

Other  instruments  are  used,  especially  the  Equatorial, 
which  for  many  purposes  of  Astronomy  is  indispensable, 
inasmuch  as  the  Transit  Instrument  and  Mural  Circle  are 
applicable  only  in  the  case  of  bodies  which  can  be  observed 
upon  the  Meridian.  In  tlie  Equatorial  the  telescope  is 
attached  to  a  framework  which  revolves  about  an  axis  parallel 
to  the  axis  of  the  earth,  so  that  if  the  telescope  be  directed 
to  a  star  and  the  instrument  made  to  revolve  about  this  po/ar 
a-He  the  star  may  be  made  by  this  single  motion  to  remain 
in  the  field  of  view  :  but  again,  supposing  the  instrument  to 
be  at  rest  so  far  as  revolution  about  the  polar  axis  is  con- 
cerned, the  telescope  has  a  motion  in  declination,  that  is,  it 
can  revolve  about  an  axis  perpendicular  to  the  polar  axis. 
By  the  combination  of  these  two  motions  it  is  clear  that  the 
telescope  may  be  directed  to  any  part  of  the  heavens.     The 
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best  instruments  of  this  construction  are  fitted  with  a  dock* 
work  apparatus,  which  causes  the  equatorial  to  rcTolve  about 
the  polar  axis  at  the  same  rate  as  that  with  which  the  earth 
revolves  upon  its  axis,  and  by  this  arrangement  an  object 
once  in  the  field  of  view  continues  so  and  may  be  examined 
by  the  observer  as  if  it  were  at  rest. 

It  is  obvious  that  motion  about  any  two  axes  at  right 
angles  to  each  other  will  make  it  possible  to  turn  an  instrument 
upon  any  point  of  the  heavens;  instruments  are  some- 
times constructed  with  a  motion  round  a  horizontal  and  a  ver« 
tical  axis,  and  are  termed  Altitude  and  Azimuth  Instruments. 

A  heavenly  body  the  existence  of  which  has  only  been 
recently  discovered,  such  as  a  new  comet  or  planet,  must  be 
observed  by  means  of  an  instrument  such  as  the  equatorial, 
which  is  capable  of  being  turned  to  any  portion  of  the 
heavens;  when  the  II.A.  and  N.P.D.  have  by  this  means 
been  determined  with  some  degree  of  accuracy,  the  place 
of  the  body  may  be  ascertained  more  nearly  by  means  of- 
meridian  observations  made  with  the  Transit  Instrument  and 
Mural  Circle,  for  the  application  of  which  it  will  be  remem- 
bered that  an  approximate  knowledge  of  the  place  of  the 
body  to  be  observed  is  indispensable. 

We  shall  conclude  this  part  of  the  subject  by  describing 
Hadley's  Sextant,  an  instrument  of  great  importance  on  ac- 
count of  its  applicability  to  nautical  purposes;  the  instnfinents 
already  described,  and  all  others  which  require  fixed  supports, 
are  useless  at  sea  on  account  of  the  constant  motion  of  the 
vessel 

35.     Hadley*8  Sextant*. 

The  principle  on  which  this  instrument  is  constructed, 
depends  upon  a  proposition  proved  in  Optics,  (Art.27,  p.  481), 
viz.  that  when  a  ray  of  light  is  reflected  at  two  mirrors,  the 
angle  of  deviation  is  equal  to  twice  the  angle  between  the 
mirrors. 

*  Commonly  called  Hadley^s,  though  the  priority  of  invention  undoubtedly  bdongt 
to  Newton.  Newton  communicated  it  in  a  letter  to  Dr  Halley,  amongst  whose  papcis 
the  description  of  the  instrument  was  found  after  his  death  in  Newton's  own  handwritiof . 
Jiadlejr's  invention  howler  was  very  possibly  independent  of  Newton's. 
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Hie  figure  represents  Hodley'a  Sextant ;  DF  is  a  portion 
of  a  graduated  rim,  the  graduation,  as  the  name  imports, 


extending  usually  to  about  one  sixth  of  a  circumference,  but 
Sometimes  to  more.  AE  is  a  moveable  radius  of  the  circle, 
which  carries  with  it  a  small  mirror  A  of  silvered  glass  at  one 
end,  and  a  vernier  at  the  other*.    B  is  a  piece  of  glass  silvered 

*  Tba  Yemitr  li  ■  cmitriTuice  foi  lodlng  oO*  miiTB  ucuntd;  than  U  poa^ble  with 
•  dmpla  puiiitcT. 

IiM  AS  be  A  portico  of  iha  gndualed  limb  of  anjp  liulnitnnit,  and  inppoM  lliat 
Itlaail  of  a  ifanpli  paintB  *e  haTC  a  ■mall  piece  of  brail  CD,  haTiiig  apoiotec  E  and 


the  tpaea  bMwe«n  E  and  D  gradnaied  in  lUEh  a  manner  that  n  of  It«  gi 
bceqaal  ton  — I  oflhou  on  the  limb  AB. 

l«t  a,  ^  ba  the  Itngihi  of  the  raipeeiiTe  giaduatloni ; 

.•.«.-(»-l)^.  or^-<.-|. 

Now  innioM  that  after  an  obieT*aiion  E  doei  not  point  acennitelr  to  aoj  Ifaie  of 
padaathnoflheiDitnimenti  let  a  be  the  neaTeit,then  we  uuit  add  to  the  reading  at 
■  lb*  dlilanea  between  a  and  the  pobilet.  Soppote  the  r^  dlriaion  of  the  Temler  almoal 
ciactlj  point*  to  a  line  of  graduatloD,  a«  nt  b;  then  the  qnutilr  to  be  added  to  the 
reading  at  a 


Snppoae,  for  Initance,  that  ^- 1°, 
»  be  added  to  the  reading  at  B  .  40*. 


a  ^-IVt  omI  If  rm*,  the  qiianU^ 
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over  half  its  surface,  and  is  so  fixed  that  when  the  reading 
of  the  vernier  is  zero,  the  surfaces  of  the  mirrors  A  and  jBare 
parallel.  C  is  a  small  telescope  attached  to  the  instrument, 
and  so  arranged  that  its  axis  passes  through  the  line  of 
division  between  the  silvered  and  unsilvered  parts  of  the 
glass  B. 

To  find  the  angle  subtended  by  the  line  joining  two 
objects  0-9  o-^  let  the  instrument  be  held  in  such  a  position, 
and  the  moveable  radius  so  adapted,  that  the  image  of  <r  as 
seen  by  reflexion  at  the  two  mirrors,  coincides  with  that  of 
o'^  as  seen  by  direct  vision;  then  the  angle  between  the  two 
objects  will  be  twice  the  angle  between  the  mirrors,  or  twice 
the  arc  between  the  pointer  of  the  vernier  and  the  zero  point 
of  the  instrument,  since  when  the  mirrors  were  parallel  the 
reading  of  the  vernier  was  zero.  Consequently,  if  we  gra- 
duate the  arc  DF  in  such  a  manner  as  to  make  one  of  its 
divisions  correspond  to  2^  the  reading  given  by  the  vernier 
will  be  the  angle  required. 

By  means  of  this  instrument  the  angular  distance  between 
two  objects,  or  the  altitude  of  a  heavenly  body  above  the 
horizon,  may  be  ascertained  with  sufficient  exactness  for 
nautical  purposes. 

ON  METHODS  OP  FINDING  THE  LATITUDE  OF 

A  PLACE. 

36.  In  our  explanation  of  the  mode  of  finding  the 
N.P.D.  of  a  heavenly  body,  we  have  assumed  the  latitude  of 
the  place  of  observation  to  be  known ;  we  proceed  to  shew 
how  it  may  be  ascertained. 

Let  a-a  be  the  small  circle  described 
by  a  circumpolar  star,  round  the  pole  P, 
in  consequence  of  the  diurnal  revolution 
of  the  heavens;  Z  the  zenith  of  the 
place  of  observation,  ZaPa  its  meri- 
dian. 

When  the  star  is  on  the  meridian  at  its  upper  transit,  let 
its  zenith  distance  2<r  be  observed ;  and  when  it  is  again  on 


the  meridi&n  at  its  lower  transit,  let  its  zenith  distance   Ztx 
be  observed. 


hence  the  latitude  13  known. 

The  preceding  method  is  applicable  only  when  we  have 
a  fixed  instrument  in  the  plane  of  the  meridian,  as  in  an  Ob- 
servatory. Methods  applicable  to  obsen'ations  made  at  sea 
require  mathematical  calculations,  into  which  it  is  not  the 
purpose  of  this  treatise  to  enter. 


ON  THE  FIXED  STARS. 

37-  If  we  look  at  the  heavens  night  after  night,  we  shall 
easily  conclude  that  the  greater  part  of  the  stars  preserve, 
at  least  approximately,  the  same  relative  positions,  and  if  we 
determine  their  R.A.  and  N.P.D.,  we  find  them  nearly  con- 
stant ;  such  stars  are  called  jLxtd  stars,  a  name  which  dis- 
tinguishcs  them  from  the  planetary  bodies,  of  which  we  shall 
afterwards  have  to  speak  more  particularly.  The  modes  of 
determining  the  R.A.  and  N.P.D.  of  a  star,  which  we  have 
described,  will  require  considerable  correction,  but,  supposing 
that  we  have  the  means  of  determining  accurately  these 
elements,  we  can  make  a  catalogue  of  the  fixed  stars.  Such 
catalogues  have  been  made,  and  are  of  the  utmost  use  in 
practical  Astronomy ;  the  place  of  a  star  becomes  known 
accurately  only  by  a  long  scries  of  observations,  and  when 
the  It.A.  and  N.P.D.  of  a  star  have  thus  been  satisfactorily 
established,  it  is  called  a  kn<nvn  star.  These  fixed  stars  are 
at  an  enormous  distance  from  the  earth,  as  is  at  once  con- 
cluded from  this  fact,  that  the  most  powerful  telescope  does 
not  exhibit  any  sensible  disk  ;  but  of  the  greatness  of  their 
distance  we  shall  presently  have  a  more  definite  notion,  when 
we  come  to  speak  of  parallax.  The  stars  are  divided  into 
groups  called  constellations ;  this  however  is  not  done  upon 
any  good  and  convenient  system,  but  in  a  manner  apparently 
quite  arbitrary',  and  certainly  very  fanciful     If  we  refer  the 
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places  of  the  stars,  and  those  of  the  sun,  moon,  and  planets^ 
to  the  surface  of  the  celestial  sphere,  the  stars  will  be  fixed 
in  position,  and  the  sun,  moon  and  planets  will  move  amongst 
them ;  hence  we  may  speak  of  the  motion  of  the  sun  amongst 
the  fixed  stars ;  and  the  signs  of  the  zodiac  are  in  fact  the 
names  of  twelve  constellations,  which  at  the  time  the  names 
were  given  were  coincident  in  position  with  the  signs  bearing 
the  same  names,  but  now,  for  reasons  to  be  hereafter  assigned, 
occupy  other  positions. 

The  latitude  and  longitude  of  a  star  may  be  deduced  from 
its  right  ascension  and  declination,  and  stars  may  be  catalogued 
accordingly ;  but  this  method  is  not  so  convenient  as  that  of 
registering  their  right  ascensions  and  declinations. 


ON  THE  CORRECTIONS  OF  ASTRONOMICAL 

OBSERVATIONS. 

38.  We  have  described  the  mode  of  determining  by 
observation  the  R.A.  and  N.P.D.  of  any  h^venly  body,  but 
the  observations  so  made  require  sevend  important  correc- 
tions, which  we  now  proceed  to  explain. 


ON  REFRACTION. 

« 

89.  The  first  correction  is  due  to  the  deviation  caused 
in  a  ray  of  light  by  its  passage  through  the  atmosphere. 

Let  O  be  the  centre  of  the  earth,  A  the  place  of  obser- 
vation, Z  its  zenith.  And  conceive  the  atmosphere  to  be 
formed  of  concentric  strata  of  air,  diminishing  in  density  as 
they  are  further  from  the  earth's  surface. 

Then  a  ray  of  light  in  passing  through  the  atmosphere 
ivill,  on  entering  each  stratum,  be  bent  towards  the  normal, 
(Art.  7,  p.  465),  and  consequently  the  ray  of  light  by  which 
the  object  a  is  seen  by  an  observer  at  A  will  be  of  the  kind 
represented  by  the  line  aabcdeA.  In  the  limit,  when  we 
consider  the  strata  to  be  indefinitely  thin,  the  path  of  the  ray 
ihrough  the  atmosphere  will  be  a  continuous  curve,  and  the 
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direction  in  wbich  £he  object  will  be  seen  will  be  tbe  tangent 
to  the  curve  at  the  point  nearest  the  observer's  eye. 

The  atmosphere  will  be  exactly  similar  on  opposite  sides 
of  the  vertical  plane  through  ZAat  and  therefore  the  ray  of 


light  will  not  be  refracted  out  of  that  plane.  Hence  a  heavenly 
body  appears  to  be  raised  in  a  vertical  plane  above  its  true 
position,  and  the  eenith  distance  given  by  observation  will  be 
too  small ;  the  amount  of  correction  to  be  applied  depends 
upon  calculations  into  which  we  shall  not  enter. 

It  may  be  mentioned  however  that  of  all  the  corrections, 
which  it  is  necessary  to  apply  to  the  observed  places  of  hea- 
venly bodies,  this  is  the  most  difficult  to  determine  with 
accuracy.  The  observations  of  the  transit  instrument  are 
obviously  not  affected  by  it ;  but  in  the  case  of  the  mural 
circle  it  is  a  very  serious  error,  especially  when  the  zenith 
distance  is  considerable  ;  for,  without  inquiring  into  the  actual 
law  of  its  variation,  it  is  evident  that  the  effect  of  refraction 
is  zero  when  the  heavenly  body  is  in  the  zenith,  and  increases 
as  the  zenith  distance  increases.  If  the  atmosphere  were 
homogeneous  there  would  be  no  difficulty  in  assigning  the  law 
jof  refraction,  but  this  is  not  the  case,  and  the  actual  consti- 
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tution  of  the  atmosphere  being  unknown  there  is  a  consequent 
difficulty  in  determining  the  refraction ;  mathematicians  have 
however  been  able  to  construct  tables,  which  represent 
sufficiently  nearly  the  amount  of  the  error  provided  the  body 
observed  be  not  very  near  the  horizon.  These  tables  are 
constructed  for  a  certain  standard  height  of  the  barometer, 
and  a  certain  standard  temperature  of  the  air ;  the  corrections 
corresponding  to  other  states  of  the  atmosphere  may  be 
inferred,  and  for  this  purpose  it  is  necessary  to  note  the  height 
of  the  barometer  and  of  the  thermometer  in  making  an  obser^ 
vation  with  the  mural  circle. 

The  effi^ct  of  refraction  upon  the  appearance  of  the  sun 
and  moon  when  very  near  the  horizon  is  worthy  of  notice. 
We  have  seen  that  the  effect  is  in  general  to  raise  a  heavenly 
body  above  its  true  position,  but  this  effect  will  take  place 
in  different  degrees  for  different  points  upon  the  surface  of  a 
body  of  considerable  disk,  such  as  the  sun  or  moon,  especially 
when  those  bodies  are  very  near  the  horizon,  in  which  case 
the  effect  of  refraction  is  greatest.  If  we  consider  then  the 
vertical  diameter  of  the  disk  of  the  setting  sun,  the  highest 
and  lowest  poimts  will  both  be  raised  by  refraction,  but  the 
lowest  more  than  the  highest,  consequently  the  diameter  will 
be  shortened ;  and  the  same  thing  will  be  true  of  every  line 
parallel  to  this  diameter;  consequently  the  circular  disk  of 
the  sun  will  appear  as  an  oval,  the  oval  however  being  more 
flattened  at  the  lower  than  &t  the  upper  part  of  the  disk. 
This  is  a  result  capable  of  being  verified  by  common  observa- 
tion. It  may  be  noticed  that  the  apparent  increase  of  the 
magnitude  of  the  disk  of  the  sun  or  moon  when  near  the 
horizon  is  not  connected  with  refraction,  and  is  in  fact  a  mere 
illusion,  arising  from  the  fact  that  when  these  bodies  i^ppear 
in  the  horizon,  we  judge  of  them  as  terrestrial  objects,  whereas 
when  seen  above  in  the  heavens  the  judgment  is  bewildered 
and  forms  no  definite  conclusion  as  to  their  magnitude.  The 
angular  magnitude  of  the  moon  is  in  fact  materially  less  when 
in  the  horizon  than  when  seen  at  a  great  altitude. 

40.     On  the  pIuBnomenon  of  Twilight. 

The  consideration  of  the  effect  of  refraction  upon  the 


directions  of  rays  of  light  passing  through  the  atmosphere, 
renders  this  a  convenient  place  to  explain  the  phenomenon 
of  twilight.  We  have  shewn  in  the  preceding  article,  that 
the  heavenly  bodies  are  apparently  raised  in  a  vertical  plane 
by  the  refraction  of  the  atmosphere,  and  it  follows  that  they 
become  visible  on  the  earth's  surface  when  they  are  in  fact 
somewhat  below  the  observer's  horizon.  But  before  it  be- 
comes visible,  the  rays  of  light  from  the  sun  below  the  horizon 
illuminate  the  atmosphere,  which  to  some  extent  reflects  and 
scatters  the  rays  in  all  directions,  and  the  result  is  a  faint 
light  which  precedes  the  rising  of  the  sun  and  follows  its 
setting,  and  which  we  call  twilight.  Twilight  begins  and 
terminates  when  the  sun  is  about  IS"  below  the  horizon  ;  but 
its  duration  manifestly  varies  with  the  latitude,  for  the  time 
which  is  required  for  the  sun  to  rise  through  18'  vertically 
depends  upon  the  inclination  of  its  diurnal  path  to  the  horizon 
of  the  place,  and  is  less  as  this  inclination  is  greater,  that  is, 
as  the  place  is  nearer  to  the  equator.  To  take  an  extreme 
cose,  suppose  the  place  to  be  on  the  equator,  and  for  sinipU' 
city's  sake,  suppose  the  sun  to  be  in  t  ,  then  its  diurnal  course 
will  be  a  vertical  great  circle,  and  the  duration  of  morning  or 
evening  twilight  will  be  the  time  taken  to  describe  16°,  or  not 
tnucli  more  than  an  hour. 

In  more  northern  latitudes  the  twilight  may  endure  all 
night:  it  is  not  difficult  to  determine  the  conditions  under 
which  this  will  take  place. 

Let  Z  he  the  zenith  of  the  place, 
JtH  the  horizon,  P  the  pole  of 
the  equator,  S  the  sun  at  midnight. 
Then  the  condition  of  twilight  last- 
ing all  night  is,  that  the  greatest  i 
depression  of  the  sun  below  the 
horizon  shall  not  be  more  than  18", 
or  HS  not  greater  than  IB". 

Let  t  be  the  latitude  of  the  place  =  HP, 
S  the  sun's  declination  =  90"  -  PS : 
then  IJS=PS-HP~i)(y-S-t; 


580  AfiTRONOMT. 

therefore  we  must  have 

90«-5-/nQt>i8«, 

or    S+/not<72®. 

For  instance,  the  latitude  of  London  is  51^^  therefore 
twilight  endures  all  night  so  long  as  the  sun's  declination  is 
not  less  than  20]^^  that  ia,  from  the  latter  end  of  May  to  the 
latter  end  of  July. 

ON  PARALLAX. 

41.  This  second  correction  is  rendered  necessary  by  the 
fact  of  our  observations  being  made  at  the  surface  of  the 
earthy  and  not  at  the  centre.  If  the  position  of  a  heavenly 
body  were  registered  according  to  its  apparent  position  as  seen 
from  a  certain  place,  the  position  so  determined  would  not 
agree  with  that  determined  by  another  observer  at  a  different 
place  on  the  earth's  surface ;  a  correction  is  therefore  applied 
to  observations,  such  as  shall  reduce  them  to  what  they  would 
have  been  if  made  from  the  earth's  centre.  This  we  proceed 
to  explain  more  particularly. 

Let  O  be  the  earth's  centre,  A  the  position  of  an  observer 
on  its  surface,  Z  the  zenith ;  and  let 
a  be  a  heavenly  body,  which  an 
observer  at  A  will  refer  to  the  point 
^1  on  a  sphere  described  with  centre 
O,  and  an  observer  at  O  will  refer  to 
Cf  Hence  the  zenith  distance  of  o- 
as  observed  from  A  will  have  to  be 
diminished  by  the  quantity  ay  g%  in 
order  to  reduce  it  to  what  it  would 
have  been  if  observed  from  O.  Paral- 
lax, it  is  evident,  takes  place  in  a  vertical  plane,  and  depresses 
a  heavenly  body,  which  is  exactly  the  opposite  effect  to  that 
of  refraction ;  in  speaking,  however,  of  parallax  as  compared 
with  refraction,  it  is  to  be  carefully  borne  in  mind  that  they 
are  corrections  in  very  different  meanings  of  the  word,  for, 
in  consequence  of  refraction,  the  object  is  npt  actually  in  th$ 
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position  in  which  it  seems  to  be,  whereas  the  correction  for 
parallax  is  merely  a  reduction  of  the  observations  made  at 
one  place  to  what  they  would  have  been  if  made  at  another. 

42.  In  the  figure  let  p  m  AaOm  aia^  nearly,  ZAa  «  z^ 
then,  from  the  triangle  AaO, 

AO    . 
smjp  •  ■—  smar; 

or  since  p  is  very  small,  if  we  use  the  circular  measure, 

AO   . 
p  «  ^r-  Sin  ». 

This  quantity  p,  since  it  varies  with  the  altitude  of  the 
body,  is  called  the  diurnal  parallax ;  its  greatest  value  is  when 
the  body  is  in  the  horizon  or  ;$  ->  9^^,  in  which  case,  (if  we 
call  the  value  P), 

^     AO 

P-»      -,  andjp  —  Psm* ; 

P  is  called  the  Aortsron^a/.parallax. 

43.  It  is  found  that  some  of  the  heavenly  bodies,  namely, 
the  fixed  stars,  have  no  sensible  horizontal  parallax,  but  for 
the  sun,  moon,  and  the  planets  (of  which  we  shall  hereafter 
speak  more  particularly),  the  value  is  sensible,  and  the  deter- 
mination of  its  value  in  each  case  becomes  a  matter  of  great 
moment ;  for  it  will  be  seen,  that  the  knowledge  of  the  hori- 
zontal parallax  of  a  heavenly  body  informs  us  at  once  of  the 
distance  of  that  body  from  the  earth's  centre  in  terms  of  the 
earth's  radius,  the  magnitude  of  which  we  shall  presently 
shew  bow  to  find.     In  fact,  we  have  by  the  last  article 

and  if  R  be  the  eartVs  radius,  ^  the  distance  of  the  heavenly 
body,  and  the  horizontal  parallax  be  given  in  seconds, 

180  X  60  X  60  „      ,^^  _. 

ar  m  —- R.     (Art.  55,  p.  153.) 

;.  P  X  S.14159  '  r  / 
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The  value  of  the  sun's  horizontal  parallax  is  about  S.571&\ 
that  of  the  moon's  Sfi!', 


44.      To  find  the  horizontal  parallaa  of  a  heavenly  body 
by  observation. 

Let  Z^  be  the  zeniths 
of  two  places  on  the  same 
meridian  PZZ' i  and  let  cr 
be  a  heavenly  body  upon  the 
meridian,  which  is  referred 
by  observers  at  the  two  places 
to  the  points  a^  (Tz  on  the 
celestial  sphere  respectively, 
its  true  position  as  seen  from 
the  centre  of  the  earth  being 
cTi-  Then  if  P  be  the  hori- 
zontal parallax  of  cr,  we 
have 

cTi  0*3  ■■  P  sin  Ztr^ 

• 

cTi  cTs  «  i'  sin  Z^Gzt 


also  Za^  —  <ri<r2  +  Z'c^  —  cri<r3  •  ZZ', 

Zci  +  Z'o't  —  Z2f 
sin  Zo-a  +  sin  Z'ai 

In  this  equation  Zo's,  Z^ci  are  known  by  observation,  and 
ZZ'  is  the  difference  of  the  latitudes  of  the  places,  (or  the  9um, 
if  the  places  are  on  opposite  sides  of  the  equator,  as  in  the 
figure ;)  hence  P  is  completely  determined. 

We  have  spoken  of  the  two  places  of  observation  being 
upon  the  same  meridian;  practically  this  may  be  an  incon- 
venient or  an  impossible  condition ;  it  is  desirable,  however, 
that  the  condition  should  be  satisfied  as  nearly  as  possible, 
since  the  motion  of  the  moon  is  so  rapid,  that  if  there  be  any 
considerable  difference  in  longitude  between  the  two  places, 
the  change  of  the  moon's  declination  in  its  passage  from  one 
meridian  to  the  other  will  be  very  sensible ;  and  to  apply  a 
correction  for  this  change  of  declination  would  introduce  the 
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uncertainty  which  attaches  to  the  supposition  of  an  extremely 
accurate  knowledge  of  the  moon^s  motion.  The  observatories 
of  Greenwich  and  the  Cape  of  Good  Hope  answer  the  con- 
ditions of  the  problem  exceedingly  well,  their  distance  in 
Utitude  being  more  than  85^  and  their  difference  in  longitude 
not  much  more  than  18®. 

This  method  is  applicable  to  the  moofi,  the  parallax  of 
which  18  considerable ;  but  the  sun's  parallax,  being  a  very 
minute  quantity,  can  only  be  satisfactorily  determined  by  tho 
help  of  veiy  pajrticular  phnnoroena,  a  description  of  which  wo 
shall  not  here  enter  upon*.  It  may  be  stated  however  that 
the  value  above  given  probably  does  not  differ  from  the  truth 
by  more  than  one  two-hundredth  part. 

45.  The  diurnal  parallax  of  the  fixed  stars  is  found  to 
be  wholly  insensible :  but  there  is  another  kind  of  parallax  duo 
to  the  change  of  position  of  the  earth  in  its  orbit,  which  is 
called  annual  parallax,  and  it  becomes  a  question  how  far  this 
will  affect  the  apparent  position  of  a  fixed  star. 


Let  S  be  the  sun,  E,  E  two  positions  of  the  earth  on 
opposite  sides  of  it ;  o-  a  star  which  an  observer  on  the  earth 
at  E  refers  to  the  point  o-i,  and  an  observer  on  the  earth  at  JET 
to  the  point  fi%  on  the  celestial  sphere;  then  EtsU  is  tho 
greatest  variation  in  the  position  of  o-  caused  by  parallax,  and 
as  the  distance  EE  is  about  190,000,000  miles,  we   should 


*  See  Henchd*!  Ou  iRiiet  </  Aiironamiff  p.  S88. 
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expect  that  this  angle  would  be  sensible :  but  so  enoilnoiis  is 
the  distance  of  the  fixed  stars  that  ordmary  observations  detect 
no  annual  parallax.  By  observations  of  extreme  delicacy, 
Bessel,  the  late  eminent  astronomer  of  Konigsburgi  detected 
parallax  in  one  star  (6l  Cycni) ;  this  is  a  double  star,  that  is^ 
when  seen  through  a  good  instrument  it  appears  to  consist 
of  two  distinct  bodies  revolving  about  each  other,  or  rather 
about  the  centre  of  gravity  of  the  two,  and  this  was  one 
reason  for  its  selection  for  the  purpose  of  attempting  to  detect 
parallax,  because  the  distance  of  the  point  halfway  between 
the  two  stars  from  any  given  point  admits  of  more  exact 
determination  than  that  of  the  dbtance  of  a  star  itself: 
another  reason  for  choosing  this  star  was»  that  it  has  a  larger 
amount  of  proper  motion,  that  is  to  say,  its  place  in  the 
heavens  instead  of  being  absolutely  fixed,  is,  after  every  cor- 
rection has  been  made,  found  to  vary  regularly  from  year  to 
year,  and  to  whatever  cause  this  may  be  due,  a  large  amount 
of  proper  motion  would  seem  almost  certainly  to  indicate  pro- 
portionate proximity  to  our  system.  The  mode  of  observation 
was  to  determine  the  distance  of  the  point  midway  between 
the  stars  from  two  other  small  stars,  which  it  was  considered 
might  be  supposed  to  be  free  from  -sensible  parallax,  and 
by  continuing  the  observations  for  a  year,  it  was  found  that 
after  every  allowance  had  been  made,  there  appeared  to  be  a 
change  of  position  due  to  annual  parallax.  The  result  is,  that 
the  star  6l  Cycni  appears  to  have  an  annual  parallax  of  about 
00'^S48,  which  gives  its  distance  from  the  sun  to  be  657,700 
times  that  of  the  earth  from  the  sun,  or  62,484,500,000,000 
miles:  light  takes  rather  more  than  10  years  to  traverse  this 
space ;  yet  this  b  probably  one  of  the  nearer  of  the  fixed 
stars.  The  period  of  revolution  of  the  component  stars  about 
their  centre  of  gravity  is  about  540  years;  hence,  concluding 
their  distance  from  each  other  from  the  preceding  calculated 
distance  from  the  earth  and  their  apparent  angular  distance 
from  each  other,  we  can  deduce  the  sum  of  their  masses, 
which  proves  to  be  about  half  that  of  the  sun*. 


*  There  are  eight  other  stars  to  which  annual  parallax  has  been  assigned  with  more 
or  less  accuracy.    See  Herschel*s  Outlines  t/ Asironomp,  page  Ml. 
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46,  The  third  correction  to  be  applied  to  observations 
18  due  to  the  fact  of  light  travelling  with  a  finite  velocity;  the 
manner  lu  which  this  circumstance  affects  the  apparent  posi- 
tion of  B  star  may  be  explained  as  follows. 

Suppose  a  particle  to  move  with  a  uniform  velo- 
city from  S  towards  T,  and  suppose  it  is  required 
to  hold  a  tube  AliCD,  which  is  also  in  uniform 
motion  in  a  direction  perpendicular  to  S  T,  in  such  a 
position  that  the  particle  shall  move  along  its  axis. 
Let  a,  a.  point  in  the  axis,  be  the  place  of  the  par- 
ticle at  any  given  time;  let  c  be  any  other  point; 
draw  cd  perpendicular  to  ST,  t!ien  if  the  inclina- 
tion of  the  axis  of  the  tube  to  ST  he  such  that 


cd  :  ad  ;:  velocity  of  tube  :  velocity  of  particle,         ( 

it  is  manifest  that  when  the  particle  has  arrived  at 

■«(,  c  will  also  have  arrived  there,  and  the  particle  "^ 

will  always  be  on  the  axis  of  the  tube,  as  was  required. 

Let  6  be  the  angle  of  inclination  of  the  tube,  v  the  velo- 
city of  the  tube,  V  that  of  the  particle,  then  we  must  have 

Now  the  case  we  have  supposed  is  nearly  analogous  to 
that  of  a  heavenly  body  viewed  through  a  telescope ;  for  the 
telescope  is  in  motion  in  consequence  of  the  motion  of  the 
point  of  the  earth's  surface  on  which  it  is  fixed,  and  in  order 
that  a  star  may  be  visible  through  it,  we  must  hold  it  in  such 
a  direction  that  a  ray  of  light  coming  from  the  star  may  pass 
down  its  axis;  hence  we  conclude  from  what  precedes,  that 
the  direction  of  the  axis  of  the  telescope  does  not  coincide 
with  the  direction  in  which  light  proceeds  from  the  star,  but 
is  inclined  at  an  angle  {6)  determined  by  the  equation 


where  v  ia  the  velocity  of  the  earth  in  its  orbit,  and  V  the 
velocity  of  light.  If  then  v  be  comparable  with  V,  there  will 
|>e  a  consequent  error  in  our  observations,  and  this  error  is 
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said  to  be  due  to  aberration*.  We  shall  shew  how  it  can  be 
ascertained  by  observation  that  the  error  is  appreciable,  but 
first  we  must  explain  more  particularly  the  effect  of  aberration 
in  altering  a  star's  apparent  place  on  the  celestial  sphere. 

47.     Let  AOB  be  the  ecliptic^  n  its  pole,  S  the  sun,  B 


the  earth  in  its  orbit  CED,  a  a  fixed  star.  Draw  EO  a 
tangent  to  the  earth's  orbit,  then  EO  is  the  direction  of  the 
earth's  motion,  and  aE  that  of  light  from  the  star,  hence 

*  The  following  passage  is  fh>in  Airy's  Ipswich  Leeiuret :  ^'  It  was  long  ago  made 
out  that  vision  is  produced  by  something  coming  from  the  object  to  the  eye,  and  that 
this  something  comes  from  the  object  to  the  eye  with  a  definite  velocity.  Now,  in  ooose* 
quence  of  this  light  coming  from  the  object  to  the  eye  with  a  definite  velocity,  and  in 
consequence  of  the  earth*s  moving  with  a  definite  velocity,  by  the  combinatioo  of  thew 
two  things,  there  is  produced  a  disturbance  in  the  visible  place  of  every  object,  not  con- 
nected with  the  earth,  which  we  look  at.  Perhaps,  one  of  the  simplest  ways  of  giving  an 
idea  of  the  effect  of  this  combination,  in  relation  to  the  aberration  of  light,  wilL  be  to 
refer  you  to  the  chance  experiment  which  suggested  the  theory  of  aberration  to  Dr  Brad- 
ley, by  whom  in  fact  the  aberration  of  light  was  discovered  and  reduced  to  law.  fie 
says,  he  was  being  rowed  on  the  Thames  in  a  boat,  which  had  a  small  mast  with  a  vane 
at  the  top.  At  one  time  the  boat  was  stationary,  and  he  observed  by  the  position  of  the 
vane  the  direction  in  which  the  wind  was  blowing.  The  men  commenced  pulling  widi 
their  oars,  and  he  observed  that,  at  the  very  time  they  commenced  pulling,  the  vane 
changed  its  position.  He  asked  the  watermen  what  made  the  vane  change  iti  position  ? 
The  men  said  they  had  often  observed  the  same  thing  before,  but  did  not  pretend  to 
explain  the  cause.  Dr  Bradley  reflected  upon  it,  and  was  led  by  it  to  the  theory  of 
the  aberration  of  light.  I  may  offer  here  a  slight  illustration  of  it,  which  every  person 
may  observe  if  he  walks  out  in  a  rainy  day.  If  you  can  choose  a  day  when  die  drops 
are  large,  then  if  you  stand  still  for  a  moment,  and  observe  the  direction  in  which  the 
drops  are  falling,  when  there  is  little  or  no  wind,  you  will  see  that  the  drops  fall  vertically 
downwards  ;  but  if  you  walk  forward,  you  wiU  vet  the  drops  fall  as  if  they  were  meeting 
you ;  and  if  you  walk  backward,  you  will  immediately  observe  the  drops  of  rain  fidlingas 
Sf  they  were  coming  from  behind  you.  This  is  an  accurate  illustration  of  the  principle  of 
the  aberration  of  light.**  Mr  Airy  gives  the  further  illustration  of  a  gun  fired  at  a  ship 
In  passing  a  battery ;  it  is  evident  that  if  the  shot  were  to  entcf  on  one  side  of  the 
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aberration  takes  place  in  the  plane  aEO;  join  o-O  by  an  arc 
of  a  great  circle,  and  let  a  be  the  apparent  place  of  the  star. 
Join  aEf  and  draw  aE^  parallel  to  aE ;  then,  by  what  has 
been  said,  we  must  have 

EJEf  :  (tE (  •  aE)  ::  velocity  of  earth  :  velocity  of  light ; 

EE* 
/.  sin  tra  «  sin aEa  «  sin  Ea'E'  «  -7—  sin  aEO, 

aE 

,     velocity  of  earth  .      ^  , 

or  aa  «  — z — r^ — Trr^-rr  sm  aO,  nearly, 
velocity  of  light 

The  angle  aO  is  called  the  earth's  way. 

The  velocity  of  the  earth  in  its  orbit  is  so  much  greater 
than  that  of  any  point  in  its  surface  due  to  rotation  about 
the  axis,  that  we  may  confine  our  attention  to  4he  former  as 
producing  the  error  of  aberration. 

It  will  be  easily  seen,  that  the  effect  of  aberration  is  to 
make  the  apparent  place  of  a  star  describe  a  small  curve  about 
its  real  place  in  the  course  of  a  year. 

In  considering  the  effect  of  aberration  upon  the  position 
of  a  planet,  it  is  evident  that  the  displacement  will  depend 
upon  the  relative  motion  of  the  earth  and  planet. 

48.  Let  us  now  examine  a  particular  case  :  suppose  a  to 
be  on  the  solstitial  colure  AllPB,  and  the  earth  to  be  in  t  ,  as 


at  the  autumnal  equinox.    Then  the  earth  is  moving  towards 


ind  pMt  out  at  the  other,  then  in  consequence  of  thc^  progression  of  the  ship  the  point  of 
exit  of  the  shot  would  be  astern  of  the  point  at  which  it  entered ;  and  if  the  crew  did  not 
take  account  of  their  motion  thej  would  imagine  that  the  shot  was  fired  from  a  batter/ 
■omtwhctt  ahead. 
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A  parallel  to  the  Solstitial  colure,  and  consequently  the  star  tr 
is  displaced  by  aberration  into  the  position  a,  if 

,  .        .  .       o     /"  I-  velocity  of  earth\ 

<r<r  «  a  sm  aA  ^  a  sin  aB ;   I  where  «  «  — ; — ^ — ^  ..  ,     1 . 

\  velocity  of  light  / 

Again,  at  the  vernal  equinox  the  apparent  place  of  the 
star  will  be  <r",  if 

aa    ^  a  sin  aJS  =  aa  . 

Hence  we  are  furnished  with  the  means  of  determining  the 
coefficient  of  aberration  (a)  without  previous  knowledge  of 
the  velocity  of  light.  For  let  dct  he  the  N.P.D.  of  the  star  at 
the  autumnal  and  vernal  equinox  respectively,  then 

d  -d^  o(s"  «  2<T<r'  «  2  a  sin  tsB  •»  2  a  cos  {d  +  w), 

(o)  being  a  TIP,  the  obliquity  of  the  ecliptic) ; 


a 


2  COS  {d  +  o)) 


49.  Hence,  also,  we  are  able  to  determine  the  velocity  of 
light,  for  it  may  be  deduced  at  once  from  the  value  of  a<  if 
the  velocity  of  the  earth  in  its  orbit  be  known ;  but  this  \s^ 
determined  by  the  distance  of  the  earth  from  the  sun,  which 
is  known  from  the  value  of  the  sun^s  parallax.  Thus  the  phae- 
homenon  of  aberration  enables  us  to  determine  the  velocity 
of  light,  and  the  coincidence  of  the  value  thus  obtained  with 
that  deduced  by  a  perfectly  independent  method,  which  will 
be  mentioned  in  the  sequel,  leaves  little  doubt  concerning  the 
truth  of  the  principle  of  both  investigations.  The  coefficient 
a  has,  according  to  the  best  authority,  20^.445  for  its  value^ 
and  this  gives  8™l7'.7d  as  the  time  required  by  light  to  tra- 
verse the  mean  radius  of  the  earth^s  orbit. 


ON  PRECESSION  AND  NUTATION. 

50.  The  preceding  articles  contain  an  account  of  the 
three  astronomical  corrections  which  are  necessary  to  be  ap- 
plied to  any  observation;  but  besides  these,  another  correction, 
though  of  a  different  kind,  must  be  applied  to  the  R.A.  and 
N.P.D.  of  a  star,  as  determined  by  observation^.in  order  to 
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^ake  them  coincide  with  those  registered  in  a  catalogue  of 
stars.  To  understand  this,  it  is  only  necessary  to  observe, 
that  the  R.A.  and  N.P.D.  of  a  star,  when  considered  as  fixing 
its  position,  necessarily  assume  tlic  pole  of  the  equator  and 
the  point  t  to  be  6xed  with  regard  to  the  ecliptic,  which 
they  are  not.  We  have  already  alluded  in  a  cursory  manner 
to  this  fact ;  we  shall  now  attempt  an  exposition  of  its  physical 
cause. 

We  shall  hereafter  shew  how  to  prove  by  observation  a 
fact  which  has  been  already  mentioned,  and  which  we  shall 
here  assume,  namely,  that  the  figure  of  the  earth  is  not 
accurately  spherical,  but  that  of  an  oblate  spheroid  or  sur- 
face generated  by  the  revolution  of  an  ellipse  about  its  minor 
axis. 

It  is  to  the  action  of  the  sun  upon  the  protuberant  matter 
in  the  neighbourhood  of  the  earth's  equator  that  the  phaeno- 
menon  now  to  be  considered  is  due;  in  attempting  however 
to  explain  the  manner  in  which  the  result  is  brought  about, 
it  must  be  borne  in  mind,  that  the  proper  solution  of  the 
problem  belongs  to  a  department  of  mathematics  with  which 
we  have  not  been  hitherto  coueerncd,  namely,  that  depart- 
ment which  treats  of  the  motion  of  a  rigid  body  ;  and  every 
attempt  at  explanation  must  in  the  absence  of  an  acquaint- 
ance with  that  branch  of  mathematics  be  more  or  less  in- 
complete. All  that  we  can  hope  to  do  is  to  give  an  imperfect 
insight  into  the  manner  in  which  the  result  is  produced. 
The  Btudent  will  find  the  subject  treated  at  considerable 
length  both  in  Herschel's  Oullines  of  Aetronomy,  and  in 
Airy'fl  Tpaunch  Lectures. 

51.  Let  us  first  observe  that  the  force  of  the  sun  upon 
any  particle  of  the  earth's  mass,  with  which  we  are  concerned, 
ia  not  the  whole  amount  of  the  attraction  of  the  sun  upon 
that  particle,  but  the  difference  between  the  attraction  upon 
it  and  upon  a  particle  at  the  earth's  centre ;  for  we  are  con- 
cerned not  with  the  actual  motion  of  the  particles  of  the 
earth's  mass  in  space,  but  with  their  motion  relatively  to  the 
centre  considered  as  fixed ;  now  the  attraction  of  the  sun  upon 
A  particle  nearer  to  it  than  the  earth's  centre  will  be  greater 


590  ABTRONOUT. 

than  its  attraction  upon  the  eartVs  centre,  and  the  excess  of 
force  will  therefore  tend  from  the  partible  in  question  towardi 
the  sun ;  for  like  reasone  the  excesa  of  force  upon  a  particle 
more  distant  than  the  earth's  centre  will  tend  Jrom  the  sun. 
It  ia  manifest  also  that  this  excess  of  force  will  always  be  a 
very  small  quantity. 

This  being  premised,  let  us  consider  the  following  pro- 
blem, from  the  solution  of  which  we  shall  be  able  to  infer  the 
nature  of  the  motion  in  the  case  with  which  we  are  actually 
concerned,  A  particle  P  revolves  uniformly  in  a  circle  about 
a  centre  of  force  E,  and  is  disturbed  by  a  very  distant  body 
S  not  in  the  plane  of  its  motion ;  to  determine  the  effect  of 
the  disturbance  upon  the  motion  of  P. 

Let  S  and  E  lie  in  the  plane  of  the  paper,  and  let  N'Pn 
represent  the  orbit  of  P ;  Nn  being  the  interseutioo  of  the 


plane  of  the  orbit  with  a  plane  which  for  distinctness''  sake 
we  wilt  consider  to  be  the  plane  of  the  paper,  or  tbe  line  of 
node*.  And  suppose  the  motion  of  P  to  be  opposite  to  lUiat 
of  the  hands  of  a  watch,  so  that  N  is  the  atomdir^  node  and 
n  the  detcendinff. 

Let  A,  A'  be  the  pnints  in  the  orbit  which  are  at  the  same 
distance  from  8  &s  E,  that  is,  on  account  of  the  great  dis- 
tance of  S,  tbe  points  ia  which  a  plane  through  E  perpen- 
dicular to  SE  cuts  the  orbit;  and  let  B,  B  be  the  points 
halfway  between  N  and  n.  •  Then  by  what  has  been  already 
said,  through  the  portion  ABA  of  the  orbit  the  force  upon 
P  is  towards  S,  and  through  A'B'A  it  is  from  S.  Moreover 
from  N  to  B  and  from  n  to  jB'  the  body  P  is  receding  front 
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the  plane  of  the  paper,  and  from  B  ton  and  from  B"  to  A" it 
is  approaching  it. 

Now  if  while  P  is  moving/com  the  paper  between  A  and 
B  it  receives  a  small  impulse  tending  towards  S,  it  is  easy  to 
eee  that  the  effect  will  be  to  make  it  proeeod  in  a  direction 
less  inclined  to  the  plane  of  the  paper,  and  the  direction  of 
its  motion  produced  will  therefore  cut  tlie  plane  of  the  paper 
to  the  right  of  A'';  if  therefore  after  this  impulse  there  should 
be  no  further  action  of  S,  the  body  P  would  continue  to  re- 
volve in  a  plane  less  inclined  to  the  plane  of  the  paper  than 
^Bn,  and  the  line  of  whose  nodes  would  be  slightly  inclined 
to  Nn  and  turned  in  the  direction  contrary  to  that  of  Pa 
motion;  this  latter  change  we  express  by  saying,  that  the 
line  of  nodes  has  regreded.  This  being  the  efl'eet  of  a  small 
instantaneous  force,  we  may  conclude  that  the  effect  of  the 
continuous  force  of  iS"  acting  upon  P  during  its  passage  from 
.^  to  B  is  to  make  the  inclination  of  the  orbit  coutioually 
diminish,  and  the  line  of  nodes  regrede. 

In  like  manner  it  will  be  seen  that  from  B  to  n,  when 
the  body  ia  moving  towards  the  plane  of  the  paper  and  the 
force  is  towards  S,  the  effect  will  be  to  make  the  inclination 
increase,  and  the  line  of  nodes  regrede. 

And  from  n  to  J'  the  effect  will  be  to  make  the  inclina- 
tion increase,  but  the  line  of  nodes  progrede. 

If  then  we  denote  the  angle  NAE  by  0,  we  find  that  in 
passing  from  A  to  A\  the  inclination  increases  through  an 
angle  90°  +  <p  and  diminishes  through  90"  —  0 ;  and  that  the 
node  progredes  through  <p  and  regredes  through  180"  —  <p. 

Similar  cflects  take  place  in  the  other  half  of  the  orbit ; 
hence  in  an  entire  revolution  the  inclination  increases  through 
an  angle  180*  +  3^  and  diminishes  through  1 80"  -  20 ;  and  the 
node  progredes  through  20  and  regredes  through  360"  —  20. 

Hitherto  we  have  supposed  the  line  of  nodes  to  He  in 
what  would  be  called  in  Trigonometry  the  first  and  third 
quadrants;  if  wc  had  supposed  them  to  lie  in  the  second  and 
fourth,  we  should  have  found  thai  the  inclination  would  have 
increased  through  1 80° -£0,  and  diminished  through  I8o"+20j 
and  that  the  node  would  have  progredcd  through  20  as 
before,  and  regreded  through  stio"  -  20. 
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Combining  then  the  results  of  these  two  cases  we  may 
conclude,  that  the  inclination  of  the  orbit  will  not  be  perma? 
gently  affected,  but  that  on  the  whole  tne  node  will  regrede. 

The  preceding  investigation  is  worthy  of  the  student's 
attention*  independently  of  our  present  purpose,  since  it 
corresponds  to  the  actual  case  of  the  moon's  motion  as  dis- 
turbed by  the  sun ;  we  now  proceed  to  deduce  from  it  an  ex^ 
planation  of  the  phsenomenon  of  precession. 

Suppose  in  the  first  instance  that  the  earth  is  spherical, 
then  the  attraction  of  the  sun  upon  it  will  have  no  tendency 
whatever  to  alter  its  motion  with  regard  to  its  own  centre. 
But  suppose  that  there  is  a  particle  revolving  round  the  earth, 
and  having  for  the  plane  of  its  orbit  the  plane  of  the  equator; 
then  we  have  seen  that  the  effect  of  the  sun  upon  such  a 
particle  is  not  on  the  whole  to  alter  the  inclination  of  the 
plane  of  its  motion  to  the  plane  of  the  ecliptic,  but  to  make 
its  line  of  nodes  regrede.  Hence  then  if  we  suppose  a 
number  of  such  particles  to  be  affixed  to  the  earth  at  itp 
equator,  we  may  conclude  that  although  at  any  given  moment 
the  effect  upon  the  earth^s  motion  resulting  from  its  attacb* 
ment  will  be  different  for  different  particles,  yet  on  the  whole 
the  effect  will  be  to  give  to  the  line  of  equinoxes  a  motion  of 
regression,  and  to  leave  the  obliquity  of  the  ecliptic  unchanged. 
And  from  this  it  may  be  concluded,  that  the  effect  of  thp 
sun's  attraction  upon  the  whole  of  the  protuberant  matter  in 
the  equatorial  regions  will  be  of  the  same  kind ;  the  whole 
result  being  of  course  small,  on  account  of  the  comparatively 
small  quantity  of  matter  upon  which  the  sun  acts,  and  the 
enormous  inertia  of  the  spherical  portion  of  the  earth  to 
which  this  matter  is  attached. 

This  mode  of  considering  the  subject,  though  (as  has  bew 
mentioned)  extremely  imperfect  as  a  complete  solution  of  this 
problem,  derives  considerable  interest  from  the  fact  of  its 
being  the  mode  in  which  Newton  actually  treated  the  ques- 
tion, when  he  gave  the  first  explanation  of  the  phnnomenon 
of  Precession.  Having  t|[^ated  of  the  motion  of  the  nodes 
of  the  moon's  orbit,  he  then  considers  the  effect  of  a  number 

*  The  student^fl  attention  may  be  directed  with  advantage  to  Airj*s  GravUaiim^ 
where  he  will  find  this  kind  of  reasoning  eztensivelj  used«  ^ 


PREOeSSIO^  AND  NUTATION. 


693 


<rf  moons  attached  to  the  body  of  the  earth.  "  Par  est  ratio 
nodorum  annuli  lunarum  terram  ambientis  ;  sive  lunie  illse  ae 
miituo  non  contingant,  sive  liquescant  et  in  annulum  contt- 
'  nuum  formentur,  sive  deniqiie  annulus  Ule  rigescat  et  inflexi- 
bilis  reddatur."     Princip.  Lib.  iii.  Prop,  xxxix. 


52.  The  general  result  then  of  the  sun's  attraction  on 
the  protuberant  raatfer,  in  the  mid-regions  of  the  earth's 
surface,  is  to  make  the  first  point  of  Aries  regrede,  that  is, 
move  in  a  direction  opposite  to  that  of  the  earth's  rotation, 
or  of  the  sun's  motion,  without  affecting  the  obliquity  of  the 
ecliptic.  This  regression  of  t  gives  rise  to  what  is  called 
the  prtceasion  of  the  equinomes ;  for  since  t  moves  in  the 
opposite  direction  to  the  sun,  it  goes  as  it  were  to  meet  the 
Bun,  and  consequently  the  time  of  arriving  at  the  equinox 
will  precede  the  time  at  which  the  sun  would  reach  it  if  it 
were  stationary.  The  whole  phsenomenon  of  the  motion  of  the 
first  point  of  Aries  is  called  Precession ;  the  motion  is  about 
so"  annually.  It  is  not  difficult  to  see,  that  in  consequence 
of  the  regression  of  the  line  of  intersection  of  the  equator 
and  ecliptic,  the  pole  of  the  former  will  describe  about  that 
of  the  latter  a  small  circle  of  the  celestial  sphere  ;  in  other 
words,  the  straight  line  drawn  through  the  earth's  centre, 
perpendicular  to  the  plane  of  the  equator,  will  describe  about 
the  line  perpendicular  to  the  plane  of  the  ecliptic,  a  cone 
baving  for  its  semi-vcrtlcal  angle  the  obliquity  of  the  ecliptic. 

The  results  of  this  precessional  motion  are  remarkable: 
it  will  be  easily  seen  that  the  fixed  stars  will  change  their 
position  with  respect  to  the  equator  and  its  pole,  and  the 
change  of  their  position  will  be  represented  by  supposing 
the  whole  celestial  sphere  to  revolve  with  a  slow  angular 
motion  from  west  to  east,  about  an  axis  passing  through  the 
jjole  of  the  ecliptic ;  the  time  of  this  revolution  is  about  sfi.OOO 
*  years.  As  an  illustration  it  may  be  observed,  that  it  is  only 
an  accident  of  the  present  age,  that  we  have  what  is  called  a 
pole  star  ;  the  star  which  is  now  so  near  the  pole,  will,  after  a 
Mriea  of  years,  leave  that  position,  and  only  return  io  it 
after  a  complete  revolution  of  the  heavens. 

It  may  also  be  observed,  that  when  the  names,  Aries, 

38 
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Taurus,  &c.,  were  given  to  the  signs  of  the  zodiac,  the  be- 
ginnings of  those  signs  were  found  in  constellations  bearing 
those  names;  but  now  the  signa  are  far  distant  from  the 
constellations  which  have  respectively  the  same  names. 

53.  It  is  not  difficult  to  see,  that  the  action  of  the  sun 
on  the  earth  is  not  exactly  the  same  for  all  periods  through- 
out the  year ;  the  mean  effect  on  the  pole  of  the  equator  will 
be  such  as  has  been  described,  but  to  represent  the  facts 
more  accurately,  we  must  suppose  the  pole  to  describe  about 
the  pole  of  the  ecliptic,  not  a  small  circle,  but  a  tortuous 
curve,  sometimes  approaching  the  pole  of  the  ecliptic,  some- 
times receding  from  it,  this  curve,  however,  never  differing 
much  from  a  circle.  This  irregularity  of  the  motion  of  the 
pole  is  called  its  ntUation. 

64.  What  has  been  said  hitherto  has  been  confined 
entirely  to  the  action  of  the  sun  upon  the  earth  in  producing 
precession  and  nutation ;  a  similar  effect  will  manifestly  be 
due  to  the  action  of  the  moon,  and  the  entire  result  will  be 
due  to  the  joint  action  of  the  two  bodies.  Although  the 
mass  of  the  moon  is  so  much  smaller  than  that  of  the  sun, 
yet  on  account  of  her  proximity  the  precessional  motion  due 
to  her  action  is  greater  than  that  due  to  the  sun  in  the  pro- 
portion of  about  5  to  2.  The  nature  of  the  moon's  action 
moreover  is  of  a  much  more  complicated  kind  than  that  of 
the  sun,  on  account  of  her  orbit  not  coinciding  with  the  plane 
of  the  ecliptic,  nor  even  having  a  fixed  position  with  respect 
to  that  plane  on  account  of  the  regression  of  the  nodes  of  her 
orbit  before  referred  to ;  the  portion  of  the  nutation  therefore 
due  to  the  moon  will  depend  partly  upon  the  moon's  position 
in  her  orbit,  and  partly  upon  the  position  of  the  lino  of  nodes; 
the  general  nature  however  of  the  mechanical  action  is  the 
same  for  both  sun  and  moon,  and  the  explanation  which  has 
been  given  for  one  will  apply  in  principle  to  the  other. 

55.  We  shall  conclude  this  account  of  the  corrections 
which  must  be  applied  to  astronomical  observations,  by  giving 
an  account  of  the  manner  in  which  Bradley  aoparated  the 
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elTccts  of  Aberration  and  Nutation  and  established  the  ex- 
istence of  both. 

The  star  y  Dracomt,  passing  near  the  zenith  of  Brad- 
ley's obaervatory,  and  being  consequently  little  affected  by 
refraction,  was  the  chief  star  of  his  observations.  This  star 
in  March  passed  more  to  the  eouth  of  the  zenith  by  about 
Sg"  than  it  did  in  September.  Other  stars  also  changed  their 
declinations;  a  small  star  in  Camelopardahis,  having  an  op- 
posite R.A.  to  that  of  y  Draconis  was  observed  at  the  same 
time  ;  and  Bradley  argued  that  if  the  changes  of  declina- 
tion arose  from  a  real  nutation  of  the  earth's  axis,  the  pole 
must  have  moved  as  much  towards  y  Draconis  as  from  the 
star  in  Camelopardahis ;  such  however  wna  not  the  fact,  and 
Bradley  was  led  to  account  for  the  phtenomena  by  the  theory 
of  aberration.  Now  if  this  theory,  together  with  that  of 
precession,  would  account  for  all  observed  changes  of  decli- 
nation, the  declination  of  y  Draconis  in  September  1728 
ought  to  have  differed  from  that  in  September  1729  merely 
by  the  quantity  due  to  precession,  since  the  aberration  is 
the  same  at  the  same  season  of  the  year.  This  proving  not 
to  be  the  case,  it  appeared  that  there  was  still  some  cause  of 
change  of  declination  undiscovered. 

Bradley  was  thus  led  to  readopt  the  hypothesis  of  a 
nutation  of  the  earth's  axis,  which  he  had  before  rejected ; 
he  found  that  within  the  same  periods  the  changes  in  decli- 
nation of  y  Draconis  and  of  the  star  in  Camelopardalus  were 
equal  and  in  contrary  directions,  and  these  changes  which 
were  observed  through  a  term  of  years  could  be  satisfactorily 
explained  by  supposing  a  nutation  of  the  earth's  axis  from 
the  one  star  and  towards  the  other. 

After  17.^1  Bradley  observed  contrary  effects  to  happen; 
that  is,  y  Draconis  receded  from  the  zenith  and  north  pole, 
and  the  star  in  Camelopardalits  by  equal  steps  approached 
those  points;  and  this  state  of  things  continued  for  more 
than  nine  years,  from  1731  to  17+1,  after  which  7  Draconis 
again  began  to  approach  the  zenith  and  the  other  star  to 
recede.  These  phatnomena  then  might  be  explained,  by 
supposing  that  from  1731  to  1741,  there  was  a  nutation  of 
the  earth's  axis  from  7  Draconis  and  towards  the  star  in 
Camtlopardaliu.  38 — « 
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Bradley  was  thus  led  to  connect  the  physical  cause  of  the 
phaenomenon  with  the  position  of  the  moon^s  orbit»  the  nodal 
line  of  which  performs  a  complete  revolution  in  about  19 
years,  and  to  refer  the  supposed  nutation  of  the  earth^s  axis 
to  the  variable  effect  of  the  moon  in  producing  precession. 
Subsequent  examination  has  left  no  doubt  of  the  truth  of 
this  peculiarly  ingenious  hypothesis ;  indeed  the  whole  ques- 
tion of  precession  and  nutation  has  been  reduced  to  the  moat 
accurate  mathematical  calculation  upon  the  principles  of 
universal  gravitation,  "  We  cannot/'  says  an  eminent  scien- 
tific writer,  ''sufficiently  admire  the  patience,  the  sagacity, 
and  the  genius  of  the  Astronomer,  who,  from  a  previously 
unobserved  variation  not  amounting  to  more  than  forty 
seconds,  extricated,  and  reduced  to  form  and  regularity,  two 
curious  and  beautiful  theories*/' 

ON  THE  PROPER  MOTION  OF  THE  FIXED  STARS. 

56.  If  the  R.A.  and  N.P.D.  of  any  fixed  star  be  found 
by  observation,  and  all  the  corrections  which  we  have  de- 
scribed be  applied,  it  will  nevertheless  be  found  that  the 
position  of  the  star  is  not  actually  fixed.  The  change  of 
position  is  very  small  and  regular,  and  for  many  stars  is  a 
known  quantity.  No  physical  cause  has  been  certainly  assigned, 
but  the  variation  is  attributed  to  a  proper  motion  of  the  stars 
themselves.  And  reflection  will  shew  that  such  a  proper 
motion  might  have  been  expected  i  priori ;  for  supposing  the 
law  of  attraction  which  holds  in  our  own  system  to  extend,  as 
most  probably  it  does,  to  the  regions  of  the  fixed  stars,  then 
the  mutual  attractions  of  the  stars  must  prevent  them  firom 
being  actually  fixed  in  space.  Nevertheless,  in  consequence 
of  their  enormous  distance,  the  proper  motion  of  a  star  will 
produce  an  extremely  small  apparent  change  of  position  to 
an  observer  on  the  earth's  surface,  and  therefore  we  still  use 
the  name  fixed  stars,  although  believing  the  bodies  so  called 
to  be  really  in  motion. 

Regarding  the  sun  as  one  amongst  the  stars  we  should 
judge  from  analogy  that  it  was  not  absolutely  fixed  in  space, 
but  that  it  had  a  proper  motion  of  its  own.    And  this  appears 

«*  Woodhouie's  Attronompf  from  which  the  prerioai  McquBt  b  takm. 
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to  be  the  fact,  and  it  is  a  subject  of  much  interest  to  deter- 
mine the  point  of  the  heavens  to  whicli  the  solar  system  ia 
moving,  and  if  possible  also  the  velocity  of  its  motion.  The 
solution  of  the  problem  involves  many  sources  of  uncertainty; 
nevertheless  there  is  so  near  an  agreement  in  the  results  of 
independent  investigators,  as  to  make  it  highly  probable  that 
the  point  towards  which  the  sun's  motion  was  taking  place  at 
the  epoch  1790  was  nearly  that  determined  by  It.A.  260°  and 
N.P.D.  55".  With  regard  to  the  velocity  there  is  more  un- 
certainty, but  it  is  probable  that  the  rate  of  motion  is  about 
423,000  miles  per  diem,  or  that  the  velocity  is  somewhat 
more  than  one-fourth  of  the  velocity  of  the  earth  in  her 
'  orbit.  On  this  curious  subject  we  must  refer  to  Herschel's 
Outlines  of  Astronomy,  Chap.  xvi.  where  the  student  will  find 
a  variety  of  information  respecting  the  fixed  stars,  which  it 
would  be  impossible  to  introduce  into  a  short  treatise. 

ON  THE  MODE  OF   DETERMINING  THE  EARTH'S 
FIGURE  AND   MAGNITUDE. 

■  57.  We  have  already  described  the  earth  as  being  nearly 
spherical,  but  as  being  more  accurately  of  the  form  of  aa 
oblate  spheroid,  or  of  the  figure  which  would  be  generated 
by  the  revolution  about  its  minor  axis  of  an  ellipse  of  very 
small  excentricity.  We  shall  now  endeavour  to  explain  in 
a  general  way  the  method  of  determining  by  observation  and 
calculation  the  magnitude  and  figure  of  the  earth. 

Let  us  first  adopt  the  hypothesis  that  the  earth  is  spherical, 
and  proceed  upon  that  hypothesis  to  determine  its  radius. 
Let  O  be  the  earth's  centre  ;  Q,  </  ,, 

two  places  upon  tlie  same  meridian, 
the  distance  between  which  is  ac- 
curately measured ;  also  let  the 
meridian  zenith  distance  of  the 
same  star  S  be  observed  at  Q  and 
Q' ;  then  the  angle  QOQ'  will  evi- 
dently be  equal  to  the  difference 
between  these  two  zenith  distances, 
andhencetheangleQOQ'isknowa   ^ 
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from  astronomical  observation  ;  but  if  we  know  QQ'  and  the 
angle  QOQ[^  we  shall  know  the  radius  OQ  or  0Q[ ;  and  hence 
the  radius  of  the  earth  supposed  spherical  may  be  found. 

If  however  the  radius  were  so  determined  by  means  of 
observations  made  at  a  number  of  different  places  upon  -the 
earth's  surface,  it  would  be  found,  that  although  in  all  cases 
we  should  obtain  a  result  not  differing  much  from  4000  miles, 
yet  there  would  be  discrepancies  sufficiently  large  to  shew, 
that  the  hypothesis  of  the  earth  being  spherical  is  untenable 
as  an  accurate  representation  of  the  fact,  and  that  it  is  only 
approximately  correct.  What  we  do  in  reality  determine  by 
such  a  process  as  that  above  described,  is  the  radius  of  cur«» 
vature  of  the  earth's  surface,  or  its  curvature  in  the  neigh* 
bourhood  of  the  places  of  observation.  In  the  figure  ZQO 
trill  be  the  vertical  line,  or  the  direction  of  the  plumbline  at 
the  place  Q,  and  Z^Q^O  will  be  the  corresponding  direction 
at  Q',  but  O  will  not  be  the  centre  of  the  earth ;  the  angle 
QO^  will  however  be  determined  as  before,  being  in  faci.the 
difference  of  latitude  between  the  two  places.  The  curvature 
of  the  earth's  surface  having  been  thus  determined  for  a 
number  of  different  places,  it  remains  to  determine  the  form 
which  will  best  satisfy  all  the  various  results. 

The  difficulty  of  determining  the  earth's  figure  is  thus 
reduced  to  that  of  ascertaining  the  length  of  the  arc  QQli 
this  we  have  spoken  of  as  being  accurately  measured ;  in 
reality  however  the  length  must  be  ascertained  by  a  trigono- 
metrical survey,  in  the  conduct  of  which  the  utmost  care  19 
required.  In  the  first  place  a  base  line  must  be  actually 
Pleasured;  and  this  is  a  work  by  no  means  so  simple  as 
might  at  first  sight  appear,  on  account  of  the  difficulty  of 
obtaining  an  absolute  measure  of  length  which  shall  be  un- 
affected by  the  variations  of  temperature.  This  diflSculty 
however  and  others  being  overcome  by  methods  which  we 
shall  not  here  explain,  a  base  line  in  a  convenient  position 
is  measured,  and  from  this  a  system  of  triangles  is  formed  by 
observing  conspicuous  objects,  until  at  length  the  distance 
between  the  two  points  Q  and  Q'  is  determined. 

On  account  of  the  great  importance  of  the  result  to  be 
obtained  many  expeditions  have  been   fitted  out,  for   the 
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purpose  of   measuring  an  arc  of   the  meridian   at  different 
parts  of  the  earth's  surface.     From  a  comparison  of  all  the 
measures  Mr  Airy  has  arrived  at  the  following  results,  that 
the  earth  may  be  regarded  as  an  oblate  spheroid,  of  which 
the  major  axis  =  7J)25.C48  miles 
and  the  minor  axis  ^  TSd9.lT0  miles. 

Hence  the  polar  diameter  is  less  than  the  equatorial  by 
about  y^"'  part  of  the  whole;  this  fraction  then  measures 
what  is  technically  called  the  compreseion. 


58.  It  can  scarcely  be  said  that  this  result  requires  con- 
firmation, but  it  is  satisfactory  to  know  that  the  form  of  the 
earth  here  assigned  agrees  with  the  results  made  by  means 
of  the  pendulum  upon  the  intensity  of  the  earth's  attraction 
in  different  latitudes.  Putting  out  of  consideration  the 
earth's  form,  and  supposing  it  truly  spherical,  there  would 
still  be  a  variation  in  the  intensity  of  gravity  in  different 
latitudes  ;  for  gravity  docs  not  arise  entirely  from  the  carth'a 
attraction,  but  is  the  resultant  of  the  earth's  attraction  and 
the  centrifugal  force  due  to  the  earth's  rotation ;  and,  since 
particles  in  different  latitudes  are  at  different  distances  from 
the  axis  of  rotation,  the  amount  of  centrifugal  force  is  dif- 
ferent, and  therefore  the  intensity  of  the  resultant  force  upon 
them.  Now  the  intensity  of  gravity  in  different  latitudes  can 
be  ascertained  with  great  accuracy,  by  means  of  observationa 
of  the  pendulum  ;  and  the  degree  in  which  that  force  ought 
to  vary  in  consequence  of  centrifugal  force  only,  can  also  be 
determined;  and  when  we  compare  the  two  results  we  dad 
that  they  do  not  agree,  thus  proving  that  a  cause  of  variation 
in  the  force  of  gravity  exists  besides  that  arising  from  centri- 
fugal force ;  this  discrepancy  is  satisfactorily  disposed  of  by 
consideration  of  the  earth's  spheroidal  form. 
■■  There  is  still  another  and  independent  method  of  con- 
firming the  above  view  of  the  earth's  form,  which  is  too 
curious  to  be  omitted.  The  motion  of  the  moon  with  respect 
to  the  earth  is  different  upon  the  hypothesis  of  the  earth 
being  a  spheroid,  from  what  it  would  be  if  the  earth  were  a 
lere.      Two  irregularities  in  the  moon's  motion  Laplace 
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was  led  to  assign  to  this  cause ;  from  one  of  which  he 
deduced  a  compression  of  ,  and  from   the   other  a 

^    J  805.05 

compression  of r. 

Lastly  it  may  be  noticed,  that  the  problem  of  the  figure 
of  the  earth  has  been  treated  as  a  purely  hydrostatical  pro- 
blem, upon  the  hypothesis  of  its  original  fluidity.  It  is 
evident  that  if  a  spherical  mass  x>f  fluid  be  made  to  revolve 
slowly  about  an  axis,  the  effect  of  centrifugal  force  will  be  to 
cause  a  protuberance  in  the  equatorial  regions;  great  diflS- 
culty  is  however  introduced  into  the  problem,  by  an  ignorance 
of  the  manner  in  which  the  density  of  the  fluid  of  which  the 
earth  is  supposed  to.  be  composed  varies  in  the  interior,  and 
results  obtained  upon  any  arbitrary  hypothesis  concerning 
this  change  of  density  cannot  be  regarded  as  othermse  than 
very  uncertain.     In  this  manner  the   compression   of  the 

earth  has  been  found  to  be ,  a  result  which  certainly 

agrees  with  observation  in  a  very  remarkable  manner,  but 
which  is  nevertheless  of  no  great  value  for  the  reason  above 
mentioned. 

ON  THE  PLANETS. 

59.  We  shall  now  proceed  to  give  a  more  accurate  ac- 
eount  of  the  sun  and  the  bodies  revolving  about  it,  of  which 
the  earth  is  one. 

The  principal  planets  are  named  as  follows,  the  order 
being  that  of  their  distances  from  the  sun,  Neptune,  Uranus, 
Saturn,  Jupiter,  Mars,  the  Earth,  Venus,  Mercury.  Besides 
which  there  are  no  less  than  forty-four  very  small  planets, 
called  wteroids ;  these  are  invisible  to  the  naked  eye,  and  in 
point  of  distance  from  the  sun  are  intermediate  to  Mars  and 
Jupiter.  Even  now  others  may  exist  which  have  not  been 
recognised ;  for  among  the  multitude  of  telescopic  stars,  few, 
comparatively  speaking,  have  been  sufficiently  observed  to 
enable  us  to  decide  upon  the  constancy  of  their  position.  No 
less  than  twenty  have  been  added  to  the  list  of 
since,  the  publication  of  the  last  edition  of  this  work. 
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The  following  Table  exhibits  the  mean  distances  of  the 
principal  Planets  from  the  Sun*. 

Mercuiy  .  0.387 

Venus  0.723 

Earth  1. 

Mars  1.524 

Jupiter  5.203 

Saturn  9.539 

Uranus  19.182 

Neptune  30.037 

And  the  following  is  a  list  of  the  asteroids  with  their 
respective  mean  distances  from  the  sun  and  the  dates  of  dis- 
co very  f;  the  list  does  not  include  one  discovered  by  Mr 
Pogson  at  the  Oxford  Observatory  in  April  of  the  present 
year,  (1857),  which  has  been  named  Ariadne,  nor  one  dis- 
covered in  last  May  at  Paris  by  M.  Goldschmidt,  which  has 
not  yet  received  a  name. 


1  Ceres 

2  Pallas 

3  Juno 

4  Yesta 

5  Astnea 

6  Hebe 

7  Iris 

8  Flora 

9  Metis 

0  Hygea 

1  Parthenope 

2  Victoria 

3  Elgeria 

4  Irene 

5  Eunomia 

6  Psyche 

7  Thetis 

8  Melpomene 

9  Fortuna 

20  Massalia 

21  Lutetia 


2.767 
2.770 
2.669 
2.361 
2.576 
2.425 
2.387 
2.201 
2.385 
3.149 
2.452 
2.335 
2.576 
2.5S5 
2.643 
2.923 
2.473 
2.296 
2.443 
2.409 
2.435 


1801 
1802 
1804 
1807 
1845 
1847 
1847 
1847 
1848 
1849 
1850 
1850 
1850 
1851 
1851 
1852 
1852 
1852 
1852 
1852 
1852 


22 
23 

Calliope 
Thalia 

2.909 
2.626 

1852 
1852 

24 

Themis 

3.141 

1853 

25 

Phoc»a 

2.401 

1853 

26 
27 
28 

Proserpina 

Euterpe 

Bellona 

2.655 
2.346 
2.775 

1853 
1853 
1854 

29 
30 

Amphitrite 
Urania 

2.545 
2.364 

1854 
1854 

31 
32 

Euphrosyne 
Pomona 

3.156 
2.583 

1854 
1854 

33 

Polyhymnia 

2.866 

1854 

34 

Circe 

2.667 

1854 

35 

Leucothea 

2.974 

1855 

36 

2.757 

1855 

37 

Fides 

2.654 

1855 

38 

Leda 

2.635 

1856 

39 

Lsetitia 

2.765 

1856 

40 

Harmonia 

2.268 

1856 

41 
42 

Daphne  (not  known) 
TsiR                  2.290 

1856 
1856 

*  Takco  from  Hcrtchel*s  OuiHnei  tf  jiiiroiumf. 
«f  Taken  from  a  Tract  entitled  *«  De  planetis  minoribna  inter  Martcm  et  JoTcm  dica 
Solem  Tcnantibtts,  DiMcrtatio  Attronomica  inaaguzalia,  auctoic  C.  C.  Bruhna.' 


»» 
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60.  The  paths  of  the  planets,  with  the  exception  of  the 
asteroids,  are  ia  planes  makiqg  a  small  angle  with  the  plane 
of  the  ecliptic ;  their  motions  are  governed  by  the  three  foU 
lowing  remarkable  laws,  called  from  their  discoverer  Kepler's 
Laws*. 

I.  TA6  planets  move  in  ellipses,  each  having  the  sutCs  centre 
in  one  ofitsfod. 

II.  The  areas  swept  out  by  each  planet  about  the  sun  are, 
in  the  same  orbit,  proportional  to  the  time  of  describing  them. 

III.  The  squares  of  the  periodic  times  are  proportional  to 
the  cubes  of  the  major  awes. 

It  will  be  easily  seen  that  these  three  laws  follow  at  once 
from  the  hypothesis  of  a  force,  varying  inversely  as  the  square 
of  the  distance,  resident  in  the  sun's  centre.  (See  Newton^ 
Props.  I.  XL  and  XV.)  Speaking  accurately,  the  centre  of 
the  sun  is  not  a  fixed  point,  the  motion  taking  place  in  fact 
about  the  centre  of  gravity  of  the  whole  system;  but  on 
account  of  the  enormous  mass  of  the  sun,  as  compared  with 
any  one  or  with  all  of  the  planets,  the  centre  of  gravity  is 
very  near  the  centre  of  the  sun,  and  may  generally  be  con- 
ceived of  as  coincident  with  it.  Moreover,  no  one  of  Kepler*8 
laws  is  quite  rigidly  true,  because  not  only  does  the  sun 
attract  each  of  the  planets,  but  the  planets  mutually  attract 
each  other,  and  produce  slight  perturbations  or  deviations 
from  laws  which  would  hold  strictly  for  any  one  undisturbed 
planet. 

The  complete  investigation  of  the  motion  of  a  disturbed 
planet  requires  the  most  refined  mathematical  processes^ 
and  can  only  be  understood  by  those  who  have  made  them- 
selves masters  of  the  methods  of  modem  analysis.  Sir  John 
Herschel  has,  in  his  Outlines  of  Astronomy ,  succeeded  in  giving 
a  more  popular  view  of  the  subject ;  nevertheless  even  in  this 
form  much  study  will  be  required  in  order  to  obtain  any 
valuable  insight  into  the  nature  of  the  solution  of  the  problentL 

*  The  hiitorj  of  Kep1er*s  discoveries,  which  may  be  found  in  hit  life  pablidied  by 
the  Society  for  the  Diffution  of  Useful  Knowledge,  is  well  worthy  of  the  smdent*i 
attention. 
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Perhaps  the  most  interesting  result  of  the  mathematical  in- 
vestigation is  that,  which  assures  ua  that  the  orbits  of  the 
planets  cannot  change  materially  either  in  magnitude  or  in 
form  or  in  relative  inclinations  from  what  they  are  at  present', 
so  that,  as  far  as  existing  causes  are  concerned,  we  are  assured 
of  the  stability  of  the  system,  notwithstauding  all  mutual  per- 
turbations of  the  constituent  bodies. 

Nothing  can  give  a  more  convincing  proof  of  the  truth 
of  the  great  princip}c  of  universal  gravitation,  of  which  the 
theory  of  the  planets  is  perhaps  the  most  striking  application, 
than  the  actual  solution  of  an  inverse  problem  of  planetary 
perturbation  resulting  in  the  discovery  of  the  planet  Neptune. 
In  the  direct  problem,  we  know  the  position  of  the  disturbing 
bodies,  and  the  thing  to  be  done  is  to  determine  the  motion 
of  any  one  planet  as  affected  by  the  action  of  the  rest;  but 
the  following  problem  is  conceivable, — Given  the  perturba- 
tions of  a  planet  to  determine  the  magnitude  and  position  of 
a  body  which  will  produce  them ;  and  this  problem  has  been 
in  one  instance  solved.  The  motion  of  the  planet  Uranus 
was  known  to  be  disturbed  in  a  manner  which  could  not  be, 
or  at  least  had  not  been,  explained  by  the  action  of  the  re- 
cognised members  of  the  Solar  system ;  it  was  suggested, 
that  the  perturbations  might  be  due  to  the  action  of  a  planet 
whose  orbit  was  exterior  to  that  of  Uranus,  and  on  this  sup- 
position two  mathematicians,  Mr  Adams  in  this  country  and 
M.  Leverrier  in  France,  independently  undertook,  and  both 
with  success,  the  search  for  the  hypothetical  planet.  Such 
is  a  brief  sketch  of  the  discovery  of  Neptune,  which  may 
justly  be  ranked  as  among  the  most  remarkable  achieveraeota 
of  modem  science. 

61.  The  planets  which  are  al  a  greater  distance  from  the 
sun  than  the  earth,  are  called  luperior  planets,  those  which 
are  at  a  smaller  distance,  inferior.  It  will  be  anticipated  that 
the  pheenomena  exhibited  by  these  two  classes  to  an  observer 
on  the  earth's  surface  will  be  in  many  respects  different. 

Let  S  be  the  sun's  centre,  £E'  the  earth's  orbit,  PP" 
the  orbit  of  an  inferior  planet,  supposed  for  simplicity's  sake 
to  be  in  the  plane  of  the  ecliptic.  Then  it  is  evident  that  the 
planet's  elongation  from  the  sun,  that  is,  the  angle  subtended 


604  ASTROKoinr« 

^  • 
at  the  earth  by  its  distance  from  the  sun,  can  never  exceed  a 
certain  limit ;  for  from  E,  the  position  of  the  earth,  draw 
EP,  EP  tangents  to  the  planet's 
orbit,  then  PES,  or  PES,  will  be 
the  maximum  angle  of  elongation, 
and  the  elongation  will  vary  between 
zero  and  this  value ;  sometimes  the 
planet  may  even  pass  between  the 
earth  and  the  sun,  and  it  will  then 
be  seen  to  cross  over  the  sun's  face 
like  a  dark  spot  Now  suppose  the 
sun  and  the  planet  to  revolve  round  E,  then  the  time  of 
passing  the  meridian  of  any  given  place  will  not  be  very 
different  for  the  sun  and  the  planet ;  for  example,  let  Venus 
have  her  maximum  elongatiout  and  suppose  her  to  rise  some 
time  before  the  sun  so  as  to  be  a  morning  star,  then  the  time 
by  which  her  rising  precedes  that  of  the  sun  diminishes  until 
at  last  she  is  so  near  the  sun  that  she  becomes  invisible: 
afterwards  she  begins  to  rise  after  the  sun,  and  therefore  to 
set  after  him,  and  thus  becomes  an  evening  star.  Mercury  is 
seldom  sufficiently  far  from  the  sun  to  be  visible  with  the 
naked  eye.  There  is  manifestly  no  limit  to  the  elongation  of 
the  superior  planets,  and  therefore  no  connexion  between  the 
times  of  their  rising  or  setting  and  that  of  the  sun. 

The  planets  circulate  round  the  sun  in  the  same  direc- 
tion, and  it  may  be  mentioned  that  the  stability  of  the  system 
alluded  to  in  the  preceding  article  is  partly  due  to  this  cause ; 
if,  however,  the  places  of  the  planets  be  observed  from  the 
earth  and  referred  to  the  celestial  sphere,  their  motion  wilL 
be  of  a  complicated  kind,  that  is,  their  motion  wiU  sometimes 
appear  direct  or  in  the  order  of  the  signs  of  the  zodiac,  as 
ihey  would  if  seen  from  the  sun,  sometimes  the  motion  will 
appear  retrogade  or  contrary  to  the  order  of  the  signs,  and 
sometimes  they  will  appear  to  move  neither  one  way  nor  the 
other,  but  to  be  at  rest.  The  student  will  understand  that 
we  are  not  here  speaking  of  the  apparent  diurnal  motion  due 
to  the  rotation  of  the  earth,  but  to  the  course  which  would 
be  represented  if  the  place  of  a  planet  were  noted  every 
night  and  marked  down  upon  a  globe  representiDg  the  celes- 
tial sphere.     With  regard  to  the  inferior  planets  this  result 
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may  be  deduced  as  fonow3 ;  when  Venus  (for  inafancc)  is  on 
the  opposite  side  of  the  sun  from  the  earth,  or  in  heliocentric 
opposition,  she  will  appear  to  be  moving  in  the  order  of  the 
signs  as  if  seen  from  the  sun;  but  if  she  is  in  heliocentric 
conjunction,  she  will  appear  from  the  earth  (supposed  for  the 
moment  stationary)  to  be  moving  in  the  opposite  direction 
from  that  in  which  she  moved  before ;  the  earth  however  ia 
not  stationary,  but  her  angular  motion  is  less  rapid  than  that 
of  Venus  by  Kepler's  third  Law,  hence  the  motion  of  Venus 
will  still  appear  to  retrograde.  Between  these  two  opposite 
states  of  motion  there  will  be  an  ejioch  at  which  the  one  will 
change  to  the  other,  and  for  which  therefore  the  planet  will 
appear  stationary. 

The  same  thing  holds  true  of  a  superior  planet.  Suppose 
that  Jupiter  and  the  earth  are  in  heliocentric  opposition, 
then  the  motion  will  appear  direct,  exactly  as  if  he  were 
an  inferior  planet.  Again,  suppose  them  in  heliocentric 
conjunction,  then  if  the  earth  were  stationary,  Jupiter  would 
appear  to  be  moving  in  the  order  of  the  signs  ;  but  the  earth 
is  moving  in  that  direction  also  and  more  rapidly  than 
Jupiter,  hence,  relatively,  Jupiter  moves  backward  or  contrary 
to  the  order  of  the  signs.  And  it  necessarily  follows  that 
between  these  the  two  opposite  kinds  of  motion  there  must 
be  stationary  points. 

Tills  kind  of  reasoning  then  demonstrates  that  all  planets, 
whether  inferior  or  superior,  must  alternately  be  direct  and 
retrograde  in  their  motion  as  seen  from  the  earth. 


C2.  The  inferior  planets  present  to  the  earth  phasea, 
exactly  as  does  the  moon :  this  will  be  seen  to  be  a  necessary 
result  of  the  manner  in  which  they  are  illuminated,  for  since 
only  one  hemisphere  of  the  planet,  namely  that  which  is  turned 
towards  the  sun  is  illuminated,  the  portion  of  the  illuminated 
surface  visible  from  the  earth  must  depend  upon  the  relative 
positions  of  the  sun,  earth,  and  planet.  Oftbe  superior  planets. 
Mars,  which  is  the  nearest  to  the  earth,  presents  sometimes  a 
slightly  gibbous  appearance,  that  is,  a  phase  like  that  of  the 
moon  when  near  full,  but  the  others  have  no  perceptible 
changes  of  phase,  because  the  direction  in  which  light  falls 
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upon  them  from  the  sun  is,  on  account  of  their  great  distance, 
rery  nearly  the  same  as  that  in  which  they  are  viewed  from 
the  earth. 

63.  The  limits  of  this  treatise  will  not  allow  us  to  enter 
upon  a  description  of  the  physical  peculiarities  of  the  various 
planets.  We  cannot  however  omit  to  take  notice  of  the  very 
remarkable  object  called  Saturn's  ring.  It  would  be  more 
correct  to  speak  of  two  rings,  for  there  are  in  fact  two,  lying 
in  one  plane  and  separated  from  each  other  by  a  narrow  inter- 
val, the  inner  one  being  separated  by  a  much  wider  interval 
from  the  planet  itself*.  The  ring  has  a  rapid  rotation  in  its 
own  plane,  the  ^ntrifugal  force  arising  from  which  is  doubt- 
Jess  the  means  of  preserving  its  form  and  its  position. 

64.  The  earth  and  the  superior  planets  are  accompanied 
by  secondary  bodies,  termed  satelliiei,  revolring  about  them  in 
the  same  manner  as  they  themselves  revolve  about  the  sun. 
Of  these  satellites  or  moons,  the  earth  has  one,  Jupiter  four, 
Saturn  seven,  Uranus  certainly  two  and  perhaps  six;  only 
one  satellite  has  at  present  been  observed  as  attending  Nep- 
tune. 

For  much  interesting  information  on  this  subject,  we  must 
again  refer  to  Sir  J.  F.  W.  Hersohel's  (hulinei  of  Astr<momy,  a 
work  to  which  reference  has  been  frequently  made  already, 
and  the  excellence  of  wliich  it  is  impossible  to  overrate. 

ON  THE  MOON. 

95.  The  earth  is  accompanied  (as  has  been  already  men- 
tioned) in  its  course  round  the  sun  by  a  secondary  body,  which 
we  call  the  moon,  and  which  revolves  round  it  in  the  same 
kind  of  way  as  the  earth  revolves  about  the  sun,  and  from 
west  to  east  The  distance  of  the  moon  from  the  earth,  as 
concluded  from  the  value  of  its  horizontal  parallax,  is  about 
60  of  the  earth's  radii.  The  moon  revolves  round  the  earth 
according  to  the  ordinary  rules  of  bodies  moving  in  centnd 

*  Kecent  obsenrationi  appear  to  have  demonstrated  the  existence  of  another  ring, 
lying  between  the  ring  as  formerly  observed  and  the  body  of  the  planet.  This  nev  ifaig 
«Mi  onlf  bf  teeM  under  most  ikToiirable  drciunitaneet  and  by  a  moat  pfBctiycd  Qbt cmr* 
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orbits,  deviating  however  from  tlie  strictness  of  these  rales 
materially  in  consequence  of  the  disturbing  force  of  the  sun, 
which  is  much  greater  than  that  of  one  planet  on  another,  and 
therefore  causes  the  moon's  orbit  to  deviate  more  from  the 
elliptical  form  than  is  the  case  with  the  orbit  of  a  planet. 
The  time  of  the  moon's  revolution  about  the  earth  is  27  days 
7  hours  nearly. 

Some  of  the  deviations  of  the  moon  from  uniform  cir- 
cular motion  are  so  great  as  to-  have  been  noticed  by  very 
early  astronomers;  and  these  were  known  as  facts  of  observa- 
tion long  before  their  physical  cause  was  assigned.  Theory 
has  added  many  more  errors,  or  deviations  from  undisturbed 
motion,  to  the  list,  and  the  theory  of  the  mocin's  motion  may 
now  be  regarded  as  complete.  It  may  be  remarked  of  the 
moont  as  of  the  planets,  that  the  complete  investigation  of 
the  orbit  requires  the  most  refined  mathematical  analysis; 
but  the  principal  irregularities  may  be  explained  without 
difGculty  by  general  reasoning  upon  the  nature  of  the  dis- 
turbing force  of  the  sun,  and  tbc  student  wilt  find  the  subject 
thus  treated  with  great  clearness  in  Airy's  Gravitation;  the 
regression  of  the  nodes  of  the  moon's  orbit  has  already  been 
incidentally  introduced  into  this  treatise.  Newton  himself 
applied  his  theory  of  universal  gravitation  to  the  motion  of 
the  moon,  and  with  great  success;  he  was  however  able  to 
calculate  mathematically  only  the  principal  errors. 

66.  The  most  remarkable  phenomenon  exhibited  by  the 
moon  is  the  change  of  its  phone,  which  has  been  already 
alluded  to  in  speaking  of  the  phases  of  the  inferior  planets, 
and  which  is  an  immediate  result  of  being  illuminated  by 
the  sun.  It  is  manifest  that  when  the  moon  and  sun  are  on 
opposite  sides  of  the  earth,  or  the  moon  is  in  geocentric  oppo- 
sition, the  bright  side  of  the  moon  will  be  turned  towards  the 
earth,  or  it  will  he  full-moon;  and  when  the  moon  is  between 
the  earth  and  sun,  or  in  geocentric  conjunction,  the  bright  side 
will  be  turned  away  from  the  earth,  or  it  will  be  new-moon. 
Between  these  two  extreme  cases  the  moon  will  present 
every  variety  of  phase.  The  time  elapsing  between  two  suc- 
cessive fuU-mooQs  is  not  that  of  the  moon's  revolution,  because 
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the  sun  has,  during  the  month,  advanced  in  its  course ;  the 
time  will  be  equal  to  the  time  of  revolution  of  the  moon, 
together  with  that  which  the  moon  takes  to  pass  over  the 
space  moved  through  by  the  sun,  or  about  29J^  days.  This  is 
caUed  a  lunation,  or  a  synodic  period. 

67.  It  may  be  noticed  that  the  moon  when  full,  being  in 
exactly  the  opposite  quarter  of  the  heavens  from  the  sun,  or 
in  other  words,  distant  from  the  sun  180^  in  R.A.,  comes  upon 
the  meridian  12  hours  after  the  sun,  i.e.  at  12  o'clock  at 
night ;  hence  the  moon  is  brightest  at  a  time  when  the  dark- 
ness of  the  night  would  otherwise  be  the  most  intense* 

68.  The  moon  revolves  on  its  own  axis  in  the  same 
direction  in  which  it  revolves  about  the  earth,  and  in  the 
same  period ;  the  consequence  is  that  it  always  presents  to 
the  e«rth  the  same  face.  The  appearance  of  the  face  is  ex- 
tremely ragged  and  mountainous ;  the  height  of  some  of  the 
mountains  has  been  ascertained,  and  it  thus  appears  that  they 
are  very  much  greater  as  compared  with  the  size  of  the  moon, 
than  in  the  case  of  terrestrial  mountains. 

It  may  be  remarked,  that  it  is  not  strictly  true  that  the 
moon  always  presents  exactly  the  same  face,  or  that  we  are  able 
to  see  just  half  of  the  moon's  surface  and  no  more ;  and  this 
for  two  reasons.  In  the  first  place,  the  rotation  of  the  moon 
on  its  axis  is  uniform,  but  the  moon's  motion  in  its  orbit  is 
not  so,  and  the  consequence  is  that  we  are  able  to  see  a  little 
beyond  the  border  of  the  hemisphere,  which  would  be  illu- 
minated if  the  motion  in  its  orbit  were  perfectly  uniform. 
And  again,  since  the  axis  of  the  moon  is  not  accurately  per- 
pendicular to  the  plane  of  motion,  the  two  poles  with  the 
regions  just  beyond  them  come  alternately  into  view.  These 
phaenomena  are  known  as  the  moon's  Librations. 

To  a  spectator  upon  the  moon^s  surface  the  earth  must 
present  the  appearance  of  a  moon  immoveably  fixed  in  the 
sky,  and  going  through  phases  in  the  same  manner  as  the 
moon  does  to  an  inhabitant  of  the  earth. 

The  moon  has  no  clouds,  nor  any  other  decided  indica- 
tion of  an  atmosphere.     Hence  the  climate  of  the  moon 


miist  be  most  remarkable ;  the  changeg  being  from  the 
brightest  sunsbiDe  during  one  fortnight  to  excessive  frost  and 
cold  during  the  next.  "  Such  n  disposition  of  things,"  says 
Sir  John  Hcrschel,  "must  produce  a  constant  transfer  of 
whaterer  moisture  may  exist  on  its  surface,  from  the  point 
beneath  the  sun  to  that  opposite,  by  distillation  in  vacuo  after 
the  manner  of  the  little  instrument  called  a  Cryophorti«. 
The  consequence  must  be  absolute  aridity  below  the  vertical 
Bun,  constant  accretion  of  hoar  frost  in  the  opposite  region, 
and  perhaps  a  narrow  zone  of  running  water  at  the  borders 
of  the  enlightened  hemisphere." 

The  most  obvious  office  of  the  moon  is  that  which  it  per- 
forms in  giving  light  to  the  earth,  but  an  equally  important 
one  is  that  of  producing  tides,  of  which  we  shall  presently 
speak  more  particularly. 

The  phenomenon  of  eclipses  also,  which  the  moon  is  in- 
strumental in  producing,  will  be  separately  considered. 


69.  The  accurate  theory  of  tides  is  one  of  the  utmost 
difficulty ;  but  a  general  explanation,  sufficient  for  many  pur- 
poses, may  be  given  as  follows. 


Let  E  be  the  earth,  M  the  moon ;  and  suppose  the  earth 
to  be  surrounded  by  a  sea,  and  the  moon  to  be  at  rest  with 
respect  to  it.  Then  the  attraction  of  the  moon  on  each  particle 
of  water  will  tend  to  draw  the  water  away  from  the  earth 
on  the  side  turned  towards  it,  and  thus  to  make  a  protube- 
rance of  water :  there  will  be  a  similar  protuberance  on  the 
opposite  side  of  the  earth,  because  the  force  which  draws  any 
particle  of  water  away  from  the  earth  is  the  diffijrence  between 
the  attraoUon  of  the  moon  on  that  particle  and  on  the  earth, 
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and  hence  the  force  in  question  upon  a  particle  on  the  op- 
posite side  of  the  earth  from  the  moon  will  tend  from  the 
earth;  and  hence,  as  we  have  said,  there  will  be  a  protube- 
rance of  water  on  the  side  of  the  earth  which  is  turned  awaj 
from  the  moon,  as  well  as  on  the  other.  The  accurate  form 
of  the  surface  of  the  sea  is  a  spheroid,  having  its  longer  axis 
passing  through  the  moon. 

If  there  were  no  moon  there  would  be  a  umilar  disturb* 
ance  of  the  spherical  form  of  the  sea  by  the  sun's  at^aractibn. 
In  order  to  determine  the  result  of  their  combined  action,  it 
will  be  sufficient  to  observe,  that  if  the  sun  and  moon  are  on 
the  same  side  of  the  earth,  or  the  moon  in  geocentric  con* 
junction,  the  action  of  the  two  will  be  combined,  and  we  may 
suppose  the  effect  to  be  the  sum  of  those  due  to  their  separate 
actions;  the  same  wfll  be  the  case  when  the  sun  and  moon 
are  on  opposite  sides,  or  the  moon  in  geocentric  opposition : 
when  the  moon  is  halfway  between  opposition  and  eoiyune- 
tion,  the  effect  may  be  considered  to  be  the  difference  of 
those  due  to  the  lunar  and  solar  action ;  in  other  positions  of 
the  sun  and  moon  the  results  will  be  intermediate.  Let  us 
now  suppose  that  as  the  moon  revolves  the  tidal  protuberance 
follows  it,  then  as  the  earth  turns  on  its  axis  each  place  of 
the  surface  wiU  have  low  and  high  water  succeeding  each 
other  at  intervals  of  twelve  hours.  From  what  has  been  said 
it  is  clear  that  the  highest  tides  will  be  at  the  new  and  full 
moon,  and  the  lowest  at  the  times  halfway  between;  the 
former  are  called  spring-tides^  the  latter  neap-tides.  In  order 
to  make  this  theory  agree  tolerably  well  with  observation,  it 
is  necessary  to  suppose  that  the  axis  of  the  tidal  spheroid  lags 
somewhat  behind  the  moon. 

The  preceding  account  of  the  tides,  which  is  known  as  the 
Equilibrium  Theory,  would  be  imperfect,  even  if  the  earth 
were  entirely  surrounded  by  an  ocean  in  the  manner  which 
we  have  supposed ;  but  the  phienomena  of  tides  are  still  fur* 
ther,  and  almost  indeBnitely  complicated,  by  the  mixture  <^ 
land  and  water  upon  the  earth's  surface,  so  that  in  particular 
localities  the  tidal  phenomena  differ  extremely  from  that 
which  we  have  spoken  of,  namely,  high  water  and  low  water 
alternately  every  twelve  hours.     The  problem  of  Tides  has, 


eu 


Iiowever,  boon  lo  a  considerable  extent  brouglit  under  the 
dominion  of  Mathematics,  and  in  Mr  Airy's  Kasny  on  the 
subject,  in  the  Encyclopoedia  MetropolUana.  many  of  the  most 
curious  phaenomena  are  explained  by  direct  mathcmntica] 
calculation.  We  shall  conclude  this  article  with  an  extract 
on  the  subject  of  Tides  from  BufTa  Physics  of  the  Earth,  a 
little  work  which  we  are  glad  to  take  the  opportunity  of  re- 
commending to  the  student,  as  containing  in  a  small  compnsa 
very  much  interesting  information  given  with  much  dearncsa. 
"  The  formation  and  progress  of  the  Tide-wave,  nithough 
in  general  it  is  connected  with  the  conditions  which  have  been 
explained,  is  yet  subjected  to  very  considerable  changes  by 
the  peculiar  arrangement  of  the  land  and  sea.  The  updraw- 
ing  of  a  perfect  tide-wave  requires  that  the  moon,  or  the  moon 
and  the  sun  together,  should  stand  in  the  zenith  of  some 
point  in  the  sea,  while  for  two  other  points,  or  at  least  for 
one,  of  the  same  sea  they  must  be  just  on  the  horizon.  At 
such  latter  point  the  tide  is  at  the  lowest,  just  when  it  is  at 
the  highest  at  the  former.  From  this  it  is  evident,  that 
neither  the  inland  seas,  lakes,  nor  small  seas  in  general,  can 
be  subject  to  a  tide  of  their  own.  Even  the  Atlantic  ocean 
is  not  broad  enough  for  the  formation  of  a  powerful  tide-wave. 
The  breadth  of  this  ocean  near  the  equator  amounts  to  forty 
or  fifty  degrees,  or  about  one-eighth  of  the  circumference  of 
the  earth.  But  the  curvature  of  the  earth's  surface  is  far 
from  being  great  enough  to  allow  of  any  considerable  dif- 
ference between  the  distances  of  our  satellite  from  any  dif- 
ferent points  of  this  sea.  Only  the  great  Pacific  Ocean, 
whose  enormous  mass  of  water  embraces  nearly  half  the 
globe,  has  width  enough  for  this.  The  Pacific  therefore  is 
the  sea  from  which  the  tides  chiefly  come  forth.  The  tide- 
wave  once  formed,  marches  on  from  this  ocean,  towards  the 
west,  according  to  the  same  laws  which  govern  the  path  of 
any  other  wave,  which  may  be  raised  on  any  surface  of  water, 
whether  by  the  wind,  by  a  stone  thrown  in,  or  by  any  other 
cause.  It  reaches  the  Indian  Ocean,  partly  running  round 
Australia,  partly  finding  its  way  through  the  numerous  straits 
of  the  Indian  Archipelago.  The  Atlantic  Ocean,  severed 
almost  entirely  from  the  great  ocean  by  the  far-stretching 
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continent  of  America,  receives  now  most  of  the  remaining 
force  of  ihe  wave,  as,  turning  the  southern  point  of  Africa,  it 
presses  onwards  to  the  North,  until  it  is  lost  in  the  Arctic 
Sea.  It  is  to  this  that  we  chiefly  owe  the  tides  of  our  Euro^ 
pean  and  American  coasts. 

''Now  the  tide- wave  requires  time  for  its  development, 
and  therefore,  at  the  place  of  its  origin,  is  not  completed  till 
after  the  moon  has  passed  the  meridian.  Moreover,  in  all 
smaller  seas  and  arms  of  the  sea,  in  which  tides  occiu*,  these 
tides  must  be  due  to  the  progress  of  the  wave  derived  from 
the  Pacific  Ocean;  and  the  obstacles  which  oppose  its  ad- 
vance, and  by  which  it  is  at  last  arrested,  vary  very  much 
according  to  the  form  of  the  coasts,  to  the  width  and  depth 
of  the  sea,  and  to  the  number  and  size  of  the  islands  that  it 
meets  with.  For  these  reasons  the  tides  that  visit  the  coasts 
of  Europe  must  be  retarded,  so  as  to  occur  considerably  later 
than  the  cause  from  which  they  arise.  Thus,  for  instance, 
the  tide-wave  requires  (according  to  the  reckoning  of  Whewell) 
fourteen  or  fifteen  hours  to  travel  from  the  southern  end  of 
Africa  to  the  coasts  of  Spain,  of  France,  and  of  Ireland. 
And  then,  on  account  of  the  increased  resistance  there, 
seven  more  hours  are  necessary  for  it  to  get  through  the 
English  Channel.  The  North  Sea  receives  its  tides  from  the 
two  branches  of  the  tide-wave,  one  of  which  comes  through 
the  Channel,  while  the  other  passes  round  Scotland.  The 
same  tide  which  appears  at  Brest  at  noon,  reaches  Dover 
and  Calais  about  seven  o'clock,  and  Ostend  about  eight  in 
the  evening.  The  same  tide  running  round  Scotland  arrives 
at  the  mouth  of  the  Thames  at  eight  o'clock  on  the  following 
morning,  as  well  as  on  the.  coast  of  Germany,  when  it  meets 
and  swells  the  other  wave  that  came  up  the  Channel. 

''  The  tide-water,  rising  in  front  of  a  river's  mouth,  partly 
pours  itself  into  the  river,  and  partly  prevents  the  escape  <^ 
its  waters  into  the  sea,  so  that,  in  great  rivers,  the  flood  is 
•felt  many  miles  up  the  stream,  being  however  more  and  more 
retarded  the  further  it  advances;  so  much  so,  that  it  may 
easily  happen,  that  at  the  river^s  mouth  the  ebb  may  have 
already  commenced,  while  higher  up  the  flood  may  still  be 
rising. 


ECLIPSES.  htS 

"The  causes,  however,  of  these  several  delays  of  the  tide 
temain  always  the  same ;  the  tides  must  therefore  ever  follow 
each  other  in  regular  and  equal  periods.  Henec  the  times 
of  their  recurrence  may  be  calculated  from  the  position  of 
the  moon  any  length  of  time  beforehand.  The  regular  delay 
of  high  water  at  any  place,  after  the  moon's  passage  of  its 
meridian,  on  the  days  of  new  and  of  full  moon  is  called  the 
Establishment  of  the  Port*." 

ON  ECLIPSES. 

70,  Eclipses  are  of  two  kinds,  namely,  of  the  moon  and 
of  the  sun,  and  may  be  described  in  general  as  being  caused 
respectively,  by  the  passage  of  the  moon  through  the  shadow 
thrown  behind  the  earth,  and  by  the  passage  of  the  moon 
between  the  earth  and  the  sun,  so  as  to  intercept  the  sun's 
light  from  the  earth.  It  is  manifest  that  if  the  motions  of 
the  sun,  earth,  and  moon,  be  accurately  known,  so  that  their 
relative  positions  at  any  time  can  be  predicted,  it  will  be  only 
a  matter  of  calculation  to  determine  when  an  eclipse  will  take 
phice  i  but  the  method  of  calculation  must  be  very  different 
in  the  case  of  a  lunar  from  that  of  a  solar  eclipse,  and  the 
latter  will  be  very  much  more  complicated  than  the  former, 
as  will  be  seen  when  we  have  described  the  phfenomena  more 
particularly. 

Lunar  Eclipse. 

71.  Let  S  be  the  sun,  E  the  earth,  draw  the  common 
tangents  to  their  surfaces  ACU,  BDU,  meeting  in  U,  and  the 

.two  APDP",  BPCF',  meeting  in   P  between   the   sun   and 
earth. 

Then  the  portion  of  the  cone,  of  which  the  vertex  is  U, 
behind  the  earth  is  the  earth's  shadow,  and  is  called  the 
umbra;  the  portion  of  the  cone,  of  which  the  vertex  is  P, 
behind  the  earth  is  partially  free  from  the  sun's  rays  in  con- 
sequence of  the  intervention  of  the  earth,  and  is  called  the 

fenumbra.     When  the  moon  is  eclipsed  it  is  observed  to  enter 

■  Buff*!  Phyiici  nfihf  F.arlh,  p.  20.     The  iludent  majr  with  gttU  MtlvanlaEC  itudf 
the  chut  or  ibe  Tiilca  in  Johruioae't  Pliftital  Jlltut. 
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the  penumbra  first,  and  afterwards  the  umbra:  on  account 
of  the  relative  magnitude  of  the  earth's  diameter  and  the 


distance  of  the  moon,  the  distance  of  the  vertex  of  the  umbra 
from  the  earth  is  always  greater  than  that  of  the  moon,  and 
hence  the  moon  will  always  pass  through  the  umbra  if  at  the 
time  of  geocentric  opposition  its  path  is  rightly  directed. 

72.  But  there  is  not  necessarily  an  eclipse  of  the  mocm 
art  each  opposition,  because  the  moon's  orbit  is  inclined  to 
that  of  the  ecliptic,  and  at  the  time  of  opposition  it  may  not 
be  sufficiently  near  to  a  node^  (or  point  in  which  ita  path 
crosses  the  ecliptic,)  to  pass  through  the  umbra.  We  shall 
endeavour  to  explain  the  mode  of  making  the  calculations 
necessary  to  determine  whether  at  any  given  exposition  the 
moon  will  be  eclipsed,  and  to  what  extent. 


73.  Let  EN  be  a  small  portion  of  the  path  of  the  centre 
of  the  earth's  shadow  at  the  dbtance  of  the  moon,  considered 
as  a  straight  line,  MN  a  portion  of  the  path  of  the  moon^s 
centre,  M  being  the  position 
at  the  time  of  opposition, 
and  N  the  node.  Then  it 
will  be  convenient  to  sup- 
pose the  earth  to  remain 
fixed,  and  the  moon  to  move 
in  an  imaginary  orbit  MN\ 
called  a  relative  orbit,  such  that  the  distance  between  the 
centres  of  the  moon  and  shadow  shall  always  be  the  same  as 
they  actually  are.  Let  m  be  the  moon's  centre  when  the 
centre  of  the  shadow  is  at  f';  join  E'm,  take  m'm  equal  and 


parallel  to  E^,  and  join  Em;  then  Em  will  be  equal  and 
parallel  to  Em,  and  m  will  therefore  be  a  point  in  the  rela- 
tive orbit.  It  is  not  difficult  to  see  that  the  relative  orbit 
MN  will  be  a  straight  line,  and  its  inclination  MN'E  to  the 
plane  of  the  ecliptic  may  be  calculated  from  a  knowledge  of 
the  inclination  of  the  moon's  orbit  and  of  the  relative  veloci- 
ties of  the  earth  and  moon. 

The  radius  of  the  umbra  at  the  moon's  distance,  or  rather 
the  angle  subtended  by  that  radius  at  the  earth,  may  be  easily 
calculated  from  the  parallax  of  the  buh  and  moon  and  thel 
apparent  diameters;    all    which    quantities    are   known 
registered. 

Now  draw  EA  perpendicular  to  the  relative  orbit,  then 
since  ME,  which  is  the  moon's  latitude  at  the  time  of  op- 
position, and  EMA  are  known,  EA  may  be  calculated.  EA 
is  the  nearest  approach  of  the  centres  of  the  moon  and  the 
umbra;  if  then  EA  be  greater  than  the  sum  of  the  radii  of 
the  moon  and  the  umbra,  there  will  be  no  eclipse,  if  less  there 
will  be  an  eclipse  of  greater  or  smaller  degree  of  obscuration 
according  to  the  value  of  EA.  If  we  draw  two  lines  Eu, 
Eu,  each  equal  to  the  sum  of  the  radii  of  the  moon  and 
umbrn,  then  u  and  u'  will  be  the  positions  of  the  moon's 
centre  at  the  commencement  and  termination  of  the  eclipse 
respectively ;  and  by  calculating  these  positions  we  can  easily 
determine  the  time  of  the  commencement  and  termination.    _ 


isujf 


74.  Since  a  lunar  eclipse  is  caused  by  an  actual  deprira^ 
tion  of  the  sun's  light,  in  order  to  determine  the  places  at 
which  a  given  lunar  eclipse  will  be  visible,  it  is  only  necessary 
to  determine  the  places  which  will  have  the  moon  above  their 
horizon  at  the  time.  The  calculation  is  easily  made,  but  for 
practical  purposes  it  is  sufficient  to  proceed  as  follows :  Take  a 
common  terrestrial  globe,  determine  upon  it  the  moon's  place 
at  the  commencement  of  the  eclipse,  then  all  places  on  the 
hemisphere  lying  round  this  point  will  see  the  commencement 
of  the  eclipse ;  in  like  manner  determine  the  hemisphere  from 
all  places  of  which  the  termination  is  visible;  then  the  wh<U 
of  the  eclipse  will  be  visible  from  all  places  which  are  commoi 
9  tlieae  two  hemispheres. 
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Solar  Eclipse. 

75.  The  calculation  of  a  solar  eclipse  is  more  difficult 
than  that  of  a  lunar,  because  the  moon  by  its  interposition 
between  the  earth  and  sun  will  intercept  the  sun^s  light  from 
some  portions  of  the  earth's  surface,  but  not  from'Others»  and 
the  sun  may  be  visible  at  a  given  place  during  an  eclipse 
although  the  eclipse  may  not  be  visible. 

We  shall  attempt  to  give  some  account  of  the  mode  of 
calculating  the  circumstances  of  a  solar  eclipse,  premising 
that  as  we  have  already  supposed  the  earth  to  remain  fixed 
and  the  moon  to  move  in  a  relative  orbit,  so  here  we  shall 
suppose  the  sun  to  be  fixed  and  the  moon  to  be  apparently 
depressed  by  the  difference  of  the  solar  and  lunar  parallait, 
or  (as  we  may  call  it)  the  relative  parallax.  This  relative 
parallax,  as  well  as  the  apparent  diameters  of  the  sun  and 
moon,  are  known  from  the  Nautical  Almanack,  or  some 
equivalent  work. 

76.  Let  P  be  the  pole  of  the  equator,  and  for  distinct^ 
hess'  sake,  let  the  plane  of  the  paper  be  the  plane  of  th^ 
solstitial  colure  :  S  the  sun's  centre,  supposed  fixed,  MM'  the 
moon's  relative  orbit ;  round  S  draw  a  small  circle,  having  for 
its  radius  the  sum  of  the  apparent  semidiameters  of  the  sun 
and  moon ;  then  to  any  place,  which  is  so  situated  that  the 
moon's  centre  can  be  sufficiently  depressed  by  parallax  to 
make  it  fall  within  this  small  circle,  the  eclipse  will  be  visible. 

Let  us  find  the  place  at  which  the  eclipse  will  be  first 
seen.  Draw  SaM  an  arc  of  a  great  circle,  and  make  Ma 
equal  to  the  relative  parallax,  and  produce  SM  to  Z,  so  that 
Za  B  9(fif  then  Z  will  be  the  zenith  of  the  place  required,  for 
to  such  a  place  M  will  be  depressed  towards  S  by  the  whole 
relative  horizontal  parallax. 

Again,  suppose  we  wish  to  determine  those  places  on  the 
earth^s  surface  to  which  the  first  contact  for  different  positions 
of  the  moon  first  becomes  visible.  Let  m  be  any  position  of 
the  moon  in  the  relative  orbit,  then  from  m  we  can  draw, 
in  general,  two  arcs  of  great  circles  each  equal  to  the  relative 
horizontal  parallax  to  meet  the  small  circle  round  S,  and  if 
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we  produce  these  to  Z!  and  Z'\  making  mZf^mZ"^  90«-the 
relative  parallax,  the  moon  will  appear  depressed  as  much 


as  possible  to  these  two  places,  and  therefore  for  the  position 
m  of  the  moon  Z'Z"  are  the  zeniths  of  the  two  places 
to  which  an  apparent  contact  will  be  first  visible.  And 
so  we  may  trace  a  curve  on  the  earth's  surface  including  all 
places  determined  by  this  construction. 

In  like  manner  any  other  problem  may  be  solved;  the 
most  general  perhaps  is  this,  To  find  all  places  on  the  earth^s 
surface  at  which  a  given  portion  of  the  sun's  surface  will 
appear  obscured  at  a  given  time. 

By  methods  founded  upon  the  principles  which  we  have 
endeavoured  briefly  to  describe,  maps  are  constructed,  such 
as  those  in  the  Nautical  Almanack,  exhibiting  curves  on  the 
earth's  surface  comprehending  all  places  for  which  an  eclipse 
will  be  visible  in  a  given  degree. 


ON  THE  SATELLITES  OF  THE  PLANETa 


77.  The  satellites  have  been  already  described  as  se- 
condary bodies,  which  attend  the  planets  in  their  orbits,  and 
revolve  about  them  in  the  same  manner  as  the  planets  them- 
selves revolve  about  the  sun.  The  earth  is,  as  we  well  know, 
attended  by  one  such  satellite,  viz«  the  moon,  a  body  which 
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OB  account  of  its  peculiar  interest  to  ourselves  lias  already 
received  a  separate  notice.  In  these  systems  Kepler's  laws 
are  obeyed,  except  so  far  as  the  motion  is  disturbed  by  ex- 
traneous causes. 

78.  The  satellites  of  Jupiter  are  those  which  have  been 
most  observed ;  they  revolve  from  west  to  east,  that  is,  in  the 
same  direction  as  the  moon  and  planets,  and  in  planes  nearly 
coinciding  with  the  equator  of  the  planet.  Their  eclipses 
are  frequent;  in  fact,  on  account  of  the  smallness  of  the 
inclinations  of  their  orbits  and  the  great  length  of  Jupiter'^s 
shadow,  three  out  of  the  four  are  eclipsed  at  every  revolution, 
usually  the  fourth  also,  though  on  account  of  the  greater 
inclination  of  its  orbit  not  invariably. 

79.  The  most  remarkable  result  of  observations  of  Ju- 
piter^s  satellites  is  the  discovery  of  the  fact  of  the  propagation 
of  light  with  a  finite  velocity,  and  the  actual  calculation  of 
that  velocity.     This  we  proceed  to  explain. 

It  was  observed  by  Boemer,  that  the  eclipses  of  Jupiter^s 
satellites  always  happened  too  9oan,  that  is,  sooner  than  he 
expected  from  an  average  of  observations,  when  Jupiter  was 
in  geocentric  opposition,  and  therefore  the  earth  as  near  to 
Jupiter  as  possible,  and  too  lai^  when  in  geocentric  eonjnnC" 
turn,  and  therefore  the  earth  as  far  from  Jupiter  as  possible. 
This  was  accounted  for  by  the  hypothesb  Uiat  Ught  required 
a  finite  time  for  its  propagation,  and  that  therefore  the  same 
phenomenon  would  not  appear  to  happen  at  the  same  moment 
to  two  observers  at  stations  190,000,000  miles  apart,  as  is  in 
fact  the  case  with  two  observers  at  opposite  sides  of  the 
earth's  orbit.  It  is  easy  to  see  that,  supposing  the  error  in 
the  time  of  the  eclipses  to  be  due  to  this  cause,  we  have 
sufficient  data  for  calculating  the  actual  velocity  of  light, 
and  the  velocity  thus  found  coincides  witii  that  which  results 
from  the  phenomenon  of  aberration,  which  has  been  already 
explained  (Art.  49)  :  the  coincidence  of  the  two  independent 
determinations  leaves  no  doubt  respecting  the  accuracy  of 
each. 
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ON   TIME. 

SO.  There  are  three  kinds  of  days  reco^ized  by  astro- 
nomers, viz.  Sidereal,  Solar,  and  Mean  Solar.  Each  of  them 
ia  divided  into  m  hours,  each  hour  into  Go  minutes,  and  each 
minute  into  60  seconds. 

The  sidereal  day  is  the  interval  between  two  succcBSive 
traneita  of  the  true  first  point  of  Aries;  or  it  is  the  time  of 
the  earth's  revolution  on  its  axis.  Sidereal  hours  are  those 
marked  by  the  sidereal  clock  already  dcHcribcd.     (Art.  28.) 

The  solar  day  is  the  inter\'al  between  two  successive 
transits  of  the  sun,  and  is  therefore  not  of  constant  length  ; 
hence,  although  the  beginning  of  this  day  is  marked  by  a  very 
obvious  pheenomcnon,  viz.,  the  transit  of  the  sun,  yet  it  would 
be  extremely  inconvenient  as  the  ordinary  standard  of  time. 

The  mean  tolar  day  is  equal  in  length  to  the  average  of 
true  Bolar  days ;  its  commencement  is  marked  by  no  actual 
phienomenDn,but  by  the  transit  of  an  imaginary  sun  which  is 
supposed  to  move  uniformly  in  the  equator  with  the  sun's 
mean  or  average  velocity. 

Ordinary  clocks  indicate  mean  solar  time,  and  ore  there- 
fore sometimes  in  advance  of  the  sun,  sometimes  behind  it. 
The  quantity  which  must  be  added  to,  or  subtracted  from, 
true  solar,  to  give  mean  solar  time,  is  called  the  equation  of 
time,  and  requires  a  particular  explanation. 

81.      The  i:quation  of  Time. 

The  equation  of  time  may  be  conceived  of  as  arising  from 
two  distinct  causes,  viz.,  first,  the  motion  of  the  sun  in  the 
ecliptic,  and  not  in  the  equator,  in  consequence  of  which  the 
time  of  noon  would  vary  even  if  the  motion  of  the  sun  in  its 
orbit  were  uniform  ;  and,  secondly,  the  variable  motion  of  the 
sun  in  its  orbit,  in  consequence  of  which  there  would  be  en 
equation  of  time  even  though  the  ecliptic  had  no  obliquity. 
It  will  give  distinctness  to  our  explanation  to  consider  these 
two  parts  of  the  equation  separately. 

I.  Let  E'r  E"  he  the  equator,  ir  C  the  ecliptic,  P.  XI 
their  respective  poles :  and  let  8  be  the  sun  in  the  ecliptic 
between  r  and  the  summ^  sobUce.     I>r4w  the  declination 
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circle  PSSif  then  Si  is  the  place  of  the  sun  in  the  equator. 
Now  the  meaii  sun  is  to  be  supposed  to  start  with'  the  true 
sun  from  t  ,  and  to  more  in  the  equator  with  the  sun*s  velo- 
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city ;  hpnce  it  is  tnanifest  that  the  two  suns  will  be  on  the 
solstitial  colure  at  the  same  time,  and  will  meet  at  the  au- 
tumnal equinox.  But  between  t  and  the  solstice,  the  R.A. 
of  the  mean  will  be  greater  than  that  of  the  true  sun,  for  the 
B. A.  of  the  mean  sun  is  to  be  equal  to  i?  t  ,  which  it  is  easy 
to  see  is  greater  than  iS^i  t  ;  because,  if  we  take  the  case  of 
the  sun  being  very  near  t  ,  we  may  treat  S^Sx  as  a  plane 
right-angled  triangle,  in  which  the  hypothenuse  5t  is  the 
greater  side,  and  the  same  will  be  true  until  the  sun  reaches 
the  solstioe,  when  the  R.A,  of  the  two  is  the  same.  Take 
then  S^  as  the  place  of  the  mean  sun,  S2  being  further  from 
T  than  Si.  Now  the  earth  revolves  about  its  axis  in  the 
same  direction  as  that  in  which  the  sun  moves,  consequently 
jthe  meridian  of  any  place  is  brought  to  Si  before  it  reaches 
Sft9  that  is,  apparent  noon  precedes  mean  noon  when  the  sun 
is  moving  from  an  equinox  to  a  solstice.  In  like  manner  it 
will  appear,  that  the  reverse  is  the  case  from  a  solstice  to  an 
equinox.  Hence  the  equation  of  time,  so  far  as  it  depends 
upon  the  obliquity  of  the  ecliptic,  is  subtractive  from  an 
equinox  to  a  solstice,  additive  from  a  solstice  to  an  equinox, 
and  vanishes  at  both  solstice  and  equinox. 


IL  In  consequence  of  the  excentricity  of  the  sun's 
orbit,  and  the  law  of  Kepler,  according  to  which  the  areas 
swept  out  in  equal  times  are  equal,  the  sun  moves  with  more 
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than  its  mean  Telocity  when  near  perigee,  and  less  when 
near  apogee.  Suppose  a  fictitious  sun  to  move  in  the  ecliptic 
with  the  sun's  mean  motion,  and  to  coincide  with  the  real 
8un  in  perigee;  then  from  perigee  to  apogee  the  real  sun 
will  be  before  the  mean  sun,  and  therefore  mean  noon  will 
precede  apparent ;  the  opposite  will  be  the  case  when  the 
sun  is  moving  from  apogee  to  perigee:  hence  from  perigee 
to  apogee  the  equation  of  time  is  additive,  from  apogee  to 
perigee  subtrac/ive,  and  zero  at  both  apogee  and  perigee. 

To  conceive  of  these  two  effects  as  combined,  it  is  only 
necessary  to  consider  the  sun  which  moves  in  the  ecliptic, 
and  which  we  spoke  of  as  the  real  sun  when  discussing  the 
equation  of  time  arising  from  the  obliquity,  to  be  not  the 
real  sun,  but  a  second  fictitious  sun  moving  in  the  ecliptic 
witli  the  sun's  mean  motion,  and  coinciding  with  the  real  in 
perigee  and  apogee. 

82.      To  find  l/ie  Mean  Time  by  observation. 

If  we  have  a  fixed  Observatory,  nothing  is  more  simple, 
because  we  have  only  to  observe  the  time  of  the  sun's  transit, 
which  will  give  the  time  of  apparent  noon,  from  which  we 
deduce  the  time  of  mean  noon  by  adding  or  subtracting  the 
equation  of  time :  or  we  may  observe  the  transit  of  a  known 
star,  which  will  give  us  the  sidereal  time,  from  which  the 
solar  may  be  deduced ;  for  the  sidereal  time  determines  the 
position  of  T ,  and  since  we  have  tables  giving  the  mean  R.A. 
of  the  sun,  we  may  hence  deduce  the  position  of  the  mean 
sun  with  respect  to  our  meridian  at  the  time  of  obser\ation. 

But  when  we  have  no  fixed  Observatory,  we  must  resort 
to  other  methods :  we  shall  describe  only  one.  Let  an  obser- 
Tation  of  tbc  altitude  of  the  sun  be  made  before  noon,  and 
another  made  when  the  altitude  is  the  same  after  noon ;  then 
the  sun  was  on  the  meridian  at  a  period  equidistant  from  the 
two  observations ;  or,  if  a  clock  indicates  A  and  h'  hours  at 
the  two  observations  respectively,  the  time  of  apparent  noon 

by  the  clock  is :  apparent  nooa  1 

time  may  be  deduced. 
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The  preceding  result  is  only  itpproxittiately  true,  <»  ae- 
connt  of  the  Bun*8  motion  between  the  two  obeenratioiis;  but» 
if  necessary,  a  correction  may  be  introduced. 

83.     On  the  different  kmds  of  Years. 

Three  kinds  off  years  may  be  reckoned,  which  we  may 
call  astronomical,  the  tropiealy  the  sidereal^  and  the  anama>- 
SsHej  besides  which  there  is  the  year  in  the  vulgar  accepta- 
tion of  the  word,  which  we  may  call  the  civil  year. 

The  tropical  year  is  the  interval  between  the  two  sncces- 
sive  arrivak  of  the  sun  at  the  first  point  of  Aries,  and  its 
length  is  about  366^  5^  48°. 

The  sidereal  yetLt  is  the  interval  between  the  sun's  leaving 
and  returning  to  the  same  point  of  the  heavens.  Its  lengtk 
differs  from  that  of  the  tropical  year  on  account  of  the  matkm 
of  nn ,  which  has  been  before  explained,  and  is  fotaid  to  be 
365^  6^  9°^. 

The  anomalistic  year  is  the  interval  between  two  succes* 
sive  passages  of  the  sun  through  perigee,  and  differs  from  the 
preceding  on  account  of  a  slow  motion  of  the  perigee,  pro- 
duced by  the  disturbance  of  the  planets;  its  lengtii  is  365^ 
6*  IS". 

No  one  of  these  years  would  be  convenient  for  ordinary 
purposes,  because  a  year,  to  be  convenient,  should  consist  of 
an  integral  number  of  days.  The  civil  year  is  therefore 
made  to  consist  of  365  days,  but  to  prevent  the  seasons  from 
falling  at  different  periods  of  the  year,  every  fourth  year,  or 
leap  year,  is  made  to  consist  of  366  days.  By  this  means 
the  average  length  of  a  civil  year  is  made  to  be  S65^  6**, 
which  is  rather  more  than  a  tropical  year;  to  correct  this 
error,  which  in  the  course  of  centuries  would  become  con- 
siderable, the  intercalation  is  ordered  to  be  omitted  in  the 
years  completing  centuries,  when  the  number  of  centuries 
is  not  dirisible  by  four ;  thus  only  97  days  are  intercalated 
in  iOO  years  instead  of  1 00:  the  error  which  remains  will  not 
amount  to  a  whole  day  in  4500  years*. 

*  On  the  subject  of  the  Calendar,  and  the  different  modet  of  fixing  datea  adopted  in 
Tarious  ages  and  various  countries,  the  student  is  referred  to  Sir  Harris  Nicolas'  Ckf^ 
noiogif  o/Hittarp^  being  a  volume  of  the  Cabinet  Cpelopmdia, 
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ON  THE  MODES  OF  DETERMINING  TERRESTRIAL 
LONGITUDE. 

Hi.  The  problem  of  finding  the  longitude  is  one  of  the 
greatest  practical  importance,  and  one  which  for  a  long  time 
presented  great  difficulties.  It  13  evident  thnt  if  by  any 
means  we  can  ascertain  at  a  given  moment  what  is  onr  own 
mean  time  of  day,  and  also  what  is  the  mean  time  at  some 
given  place,  as  Greenwich,  we  shall  know  how  many  degrees 
we  are  situated  to  the  east  or  west  of  Greenwich;  now  the 
time  of  day  at  any  place  may  be  ascertained  by  observation, 
as  already  explained  {Art.  82),  hence  the  problem  of  the  lon- 
gitude reduces  itself  to  that  of  ascertaining  at  any  given  time 
and  place  mean  Greenwich  time. 

It  is  obvious  therefore  that  the  problem  is  solved,  if  we 
can  obtain  watches  set  to  Greenwich  time  and  of  sufficient 
accuracy  to  be  depended  upon;  and  the  perfection  to  which 
chronometers  have  been  brought,  has  in  fact  made  the  dis- 
covery of  the  longitude  at  sea  a  matter  of  perfect  simplicity. 
Nevertheless  there  are  certain  astronomical  methods  which 
deserve  notice ;  the  following  arc  some  of  them. 

85.  To  find  the  longitude  ly  t^tervatton  of  <m  eetipee  qf 
one  ^  Jupiter' a  aatellitet. 

The  time  of  an  eclipse  of  one  of  Jupiter's  safellitcs  is 
evidently  quite  independent  of  the  place  from  which  it  is 
observed ;  and  the  motions  of  the  satellites  being  known,  it 
is  possible  to  predict  every  eclipse  and  to  register  the  time 
of  its  happening  according  to  Greenwich  mean  time;  if  then 
an  observer  at  another  place  observes  an  eclipse  and  notes 
the  time  of  its  happening,  he  will  be  able  to  compare,  by 
means  of  the  Nautical  Almanack,  his  own  mean  time  with 
that  of  Greenwich,  and  so  determine  his  longitude. 

86.  To  find  tlie  longitude  bg  observing  the  distance  of  the 
moon's  centre  from  certain  fijitd  start. 

This  is  a  mode  which  can  be  practised  at  sea. 
Let  the  observer  with  a  Hadlcy's  sextant  observe  the  dis- 
tance of  a  star  from  the  moon's  centre,  by  noting  its  distaacd 


from  tlie  nearest  and  furthest  point  of  the  moon's  disk  and 
taking  half  the  sum  of  these  distances.  The  distance  tbua 
found  must  be  corrected  for  parallax  and  refraction. 

Also.  let  the  observer,  immediately  after  making  the  pre- 
ceding observation,  (or  another  observer  simultaneously,)  take 
the  altitude  of  the  star.  From  this  observation,  coupled  with 
the  N.P.D.  of  the  star  and  the  latitude,  which  are  supposed 
known,  the  apparent  time  at  the  place  of  observation  may  be 
found. 

Now  the  Nautical  Almanack  girea  the  distance  of  the 
moon  from  certain  stars,  of  which  that  obser^-cd  must  be  one, 
for  crerj  three  hours,  and  from  this  nc  can  easily  determine 
the  Greenwich  time  for  which  the  distance  of  the  moon  and 
star  is  exactly  that  which  we  have  determined,  that  16,  we  c&a 
determine  the  Greenwich  time  of  taking  the  observation ;  and 
the  comparison  of  this  with  the  apparent  time  at  the  place  of 
obeenration  determines  the  longitude. 

87.  The  longitude  of  a  fixed  Observatory  may  be  deter- 
mined thus.  Suppose  the  moon  is  observed  at  the  Obser- 
vatory in  question  to  culminate  with  a  certain  fixed  star,  then 
the  same  star  and  the  moon  will  not  culminate  together  to  a 
place  on  a  different  meridian,  because  the  moon  will  hare 
moTcd  in  R.A,:  suppose  that  the  difference  of  time  (a)  be- 
tween the  transit  of  the  moon  and  the  star  is  obscn,-cd  at 
the  second  place,  which  will  be  in  fact  the  moon's  motion  in 
R..\,  Also  let  A  be  the  motion  of  the  moon  in  R.A.  in  the 
time  of  a  complete  revolution  of  the  earth,  and  *  tbe  dif- 
ference of  longitude  of  the  two  places,  then  we  shall  have 
*•  ;  SGo*  ::  a  :  J; 


or  «*- 


--sGo*,  the  difference  of  loDgilude  required. 


ON  COSIFTS. 

8S.     Wo  shaU  devote  only  a  few  words  to  comets.     Tb^ 

[  in  conic  sections  about   the   s- 

I  of  very  great  excentriciij  ;  ti 

■rare  dlip«ca  so  much   «!longats- 

nc  bot  not  many  movo 
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hyperbolas.  The  number  of  these  bodies  belonging  to,  or 
rather  infesting,  our  system,  appears  to  be  very  great  indeed ; 
but  few  have  been  sufficiently  observed  to  ideufify  them, 
when  after  travelling  far  into  space  they  again  approach  the 

,  sun,  and  become  visible  to  us.  Of  the  few  so  observed  we 
may  notice  that  which  bears  the  name  of  Halley's  Comet,  the 
period  of  which  is  about  75  years ;  also  Encke's  Comet,  the 
period  of  which  is  3^  years ;  and  Biela'B,  6^  years. 

The  last  two  possess  remarkable  interest ;  the  former 
from  the  fact  of  its  period  being  found  to  diminish,  or  its  i 
distance  from  the  sun  to  diminish,  a  fact  which  would  seem 
to  indicate  the  existence  of  some  resisting  medium  in  which 
the   planets   move,  but   which   has  at   present  not   sensibly 

I  nifeetcd  the  motions  of  the  larger  planets.  The  latter  is 
remarkable  as  a  double  comet,  or  combination  of  two  comets, 

I       probably  revolving  round  the  centre  of  gravity  of  the  two. 

!  GENERAL  VIEW  OF  THE  SOLAR  SYSTEM. 

89.     We  shall  conclude  this  treatise  with  a  general  view 
of  the   Solar    System,'  compiled  from    Humboldt's    Cosmos, 
'       (Sabine's  translation),  a  work  of  most  extraordinary  learning 
and  scicntilic  value,  to   which   we  would   gladly  direct  the 
student's  attention. 

"  The  Solar  System  consists,  according  to   our  present 
I       knowledge",  of  eleven  principal  planets,  eighteen  moons  or 
j       satellites,  and  myriads  of  comets,  three  of  which  {called  pla- 
!       netary  comets)  do  not  pass  beyond  the  orbits  of  the  prin- 
cipal planets.     We  may,  with  considerable  probability,  include 
within  the  dominion  of  our  sun,  a  revolving  ring   of  finely 
divided  or  nebulous  matter,  situated  perhaps   between   the 
orbits  of  Venus  and  Mars,  but  certainly  extending  beyond 
that  of  the  earth,  which  we  call  the  Zodiacal  Light;  and  a 
host  of  extremely  small  asteroids,  the  paths  of  which  inter- 
sect, or  very  nearly  approach,  that  of  the  earth,  and  which 
present  to  us  the  phicnomena  of  aerolites  or  shooting  stars. 
"  It  boa  been  proposed  to  consider  the  telescopic  planets, 

■  Ncptuuc  Bod  forif  Mteroid*  bavs  been  dUcovctcd  ilnce  thla  wi»  inilUii. 
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Testa,  Juno,  Ceres,  and  Pallas,  with  their  more  cxcentric 
intersecting  and  greatly  inclined  orbits,  as  forming  a  middle 
zone,  or  group,  in  our  planetary  system ;  and  if  we  follow 
out  this  view,  we  shall  find  that  the  comparison  of  the  inner 
group  of  planets,  comprising  Mercury,  Venus,  the  Earth,  and 
Mars,  with  the  outer  group  consisting  of  Jupiter,  Saturn, 
and  Uranus,  presents  several  striking  contrasts.  The  planets 
of  the  inner  group,  which  are  nearer  the  sim,  are  of  more 
moderate  size,  are  denser,  revolve  about  their  respective 
axes  more  slowly  in  ^  nearly  equal  periods,  which  differ  little 
from  twenty-four  hours,  are  less  compressed  at  the  poles, 
and  with  one  exception  are  without  satellites.  The  external 
planets,  more  distant  from  the  sun,  are  of  much  greater 
magnitude,  five  times  less  dense,  more  than  twice  as  rapid 
in  their  rotation  round  thefr  axes,  more  compressed  at  their 
poles,  and  richer  in  moons  in  the  proportion  of  17  to  1^  if 
Uranus  really  has  the  six  satellites  ascribed  to  it. 

"In  viewing  these  general  characteristics  of  the  two 
groups,  we  must  admit  however  that  they  cannot  be  strictly 
applied  to  each  of  the  planets  in  particular;  nor  are  there 
any  constant  relations  between  the  distances  of  the  planets 
from  the  sun,  their  absolute  magnitudes,  densities,  times  of 
rotation,  excentricities,  and  inclinations  of  orbits  and  of 
axis.  We  find  Mars,  though  more  distant  from  the  sun 
than  either  the  Earth  or  Venus,  inferior  to  them  in  magni- 
tude. Saturn  is  less  than  Jupiter,  and  yet  much  larger  than  . 
Uranus.  The  zone  of  the  telescopic  planets  comes  next* 
before  Jupiter,  the  greatest  of  all  the  planetary  bodies ;  and 
yet  the  disks  of  these  small  planets  are  less  than  twice  the 
size  of  France.  Kemarkable  as  is  the  small  density  of  the 
planets  which  are  furthest  from  the  sun,  yet  neither  in  this 
respect  can  we  recognise  any  regular  succession.  Uranus 
appears  to  be  denser  than  Saturn ;  and  we  find  both  Venus 
and  Mars  less  dense  than  the  earth,  which  is  situated  be- 
tween them.  The  time  of  rotation  decreases  on  the  whole 
with  increasing  solar  distance,  but  yet  it  is  greater  in  Mara 
than  in  the  earth,  and  in  Saturn  than  in  Jupiter.  Among 
all  the  planets,  the  orbits  of  Juno,  Pallas,  and  Mercury,  have 
the  greatest  excentricity ;  and  Venus  and  the  Earth  which 
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immediately  follow  each  other  have  the  least;  while  Mercury 
aud  Venus  (which  are  likewise  Dcighbours)  preecut,  in  this 
respect,  the  same  contrast  as  do  the  four  smaller  planets, 
whose  paths  are  so  closely  interwoven.  The  excentrieities 
of  Juno  and  Pallas  are  nearly  equal,  but  are  each  three 
times  as  great  as  those  of  Ceres  and  Vesta.  Nor  is  there 
more  regularity  in  the  inclination  of  the  planes  of  the  orbits 
of  the  planets  to  that  of  the  ecliptic,  or  in  the  position  of 
their  axes  of  rotation  relatively  to  their  orbits;  on  which 
latter  position  the  relations  of  climate,  seasons,  and  length 
of  days  depend,  more  than  on  the  excentricity.  It  is  in  the 
planets  which  have  the  most  elongated  ellipses,  Juno,  Pallas, 
and  Mercury,  that  we  find,  though  not  in  equal  proportion, 
the  greatest  inclination  of  the  orbits  to  the  ecliptic.  Nei- 
ther do  we  find  a  regular  order  of  succession  in  the  position 
of  the  axes  of  the  few  planets,  (four  or  five,)  of  the  planes 
of  rotation  of  which  we  have  at  present  any  certain  know- 
ledge. Judging  by  the  position  of  the  satelUtes  of  Uranus, 
the  axis  is  inclined  barely  11°  to  the  phine  of  its  orbit; 
and  Saturn  is  placed  intermediately  between  this  planet,  in 
which  the  axis  of  rotation  almost  coincides  with  the  plane 
of  its  orbit,  and  Jupiter,  whose  asis  is  almost  perpendicular 
to  it. 

"  Among  the  fourteen  satellites,  concerning  which  investi- 
gation has  arrived  at  some  degree  of  certainty,  the  system  of 
the  seven  satclUtcs  of  Saturn  offers  the  greatest  contrasts, 
both  of  absolute  magnitude,  and  of  distance  from  the  planet. 
The  sixth  satellite  is  probably  but  little  smaller  than  Mars 
(whose  diameter  is  twice  that  of  our  moon),  while,  on  the 
other  hand,  the  two  innermost  satellites  belong  to  the  smallest 
cosmical  bodies  of  our  system.  After  the  sixth  and  seventh 
of  the  satellites  of  Saturn  comes,  in  order  of  volume,  the  third 
and  brightest  of  Jupiter's. 

"The  twelve  moons  attendant  on  Saturn,  Jupiter,  and  the 
Earth,  all  move,  as  do  their  primary  planets,  from  West  to 
Ka&t,  and  in  elliptical  orbits  differing  little  from  circles.  The 
satellites  of  Uranus  exhibit  some  remarkable  differences  from 
the  movements  of  other  satellites  and  planets.  In  all  other 
coses,  the  orbits  are  but  little  inclined  to  the  ecliptic,  and  the 
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movements  are  from  West  to  East,  including  Saturn's  rings, 
which  may  be  regarded  as  belts  formed  of  an  aggr^ation  of 
satellites ;  but  the  satellites  of  Uranus  move  in  planes  almost 
perpendicular  to  the  ecliptic,  and  the  direction  of  their  motiofi 
is  f^om  East  to  West. 

''  It  appears  highly  probable,  that  the  times  of  rotation  of 
all  secondary  planets,  or  satellites,  are  the  same  as  their  times 
of  revolution  round  their  primaries ;  so  that  they  always  pre- 
sent to  the  latter  the  same  face.  In  the  case  of  the  moon, 
owing  to  certain  disturbing  causes,  rather  more  than  half  ike 
surface  is  visible  to  us  at  different  times;  but  as  muofa  as 
three-sevenths  of  the  whole  surface  is  always  invisible. 

^' Of  all  planetary  bodies,  comets, — though  their  mean 
mass  is  probably  much  less  than  the  five-thousandth  part  of 
the  earth, — are  those  which  occupy  the  greatest  space,  thehr 
wide-spreading  tails  often  extending  over  many  miUiona  of 
miles.  The  cone  of  light-reflecting  vapour,  which  radiates 
from  them  has  been  found  in  some  instances  to  equal  in 
length  the  distance  of  the  earth  from  the  sun.  It  is  even 
probable  that  the  vapour  of  the  tails  of  the  comets  of  1819 
and  1823  mixed  with  our  atmosphere. 

**  Comets  shew  such  diversities  of  form,  that  the  descrip- 
tion given  of  one  of  them  cannot  be  applied  without  mudi 
caution  to  another.  The  fainter  telescopic  comets  are  for 
the  most  part  without  tails.  We  can  distinguish  in  the  larger 
comets  the  Jiead  or  nucleus,  and  the  tail.  The  intensity  of 
light  in  the  nucleus  of  a  comet  does  not  increase  in  a  uniform 
manner  towards  the  centre,  but  bright  zones  alternate  with 
concentric  nebulous  envelopes.  The  tail  appears  sometimes 
single,  more  rarely  double;  in  the  comet  of  1744,  the  tail  had 
six  branches.  The  tails  are  sometimes  straight,  sometimes 
curved,  and  sometimes  inflected  like  a  flame  in  motion ;  they 
are  always  turned  from  the  sun,  and  so  directed  that  the 
prolongation  of  the  axis  would  pass  through  the  centre  of  that 
body. 

*<  Amongst  the  countless  host  of  uncalculated  or  still  un* 
discovered  comets,  it  is  highly  probable  that  there  are  many, 
the  m^jor  axes  of  whose  orbits  may  far  exceed  even  that 
of  the  comet  of  1680,  to  which  Encke  assigpis  a  period  of 
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Upwards  of  88OO  years.  la  order  to  afford  sonic  notion  of 
the  distance  in  space  of  a  fixed  star  or  other  sun  from  the 
aphelion  of  this  comet,  (the  one  of  the  bodies  of  our  solar 
system,  which,  according  to  our' present  knowledge,  attains 
the  greatest  degree  of  remoteness.)  it  may  be  mentioned,  that, 
according  to  the  most  recent  determinations  of  parallax,  even 
the  nearest  fixed  star  is  at  least  950  times  more  distant  from 
our  sun  than  this  comet  at  its  aphelion. 

"Another  class  of  bodies  remains  to  be  considered;  namely, 
those  minute  asteroids,  which,  when  they  arrive  in  a  fragmen- 
tary state  within  our  atmosphere,  we  designate  by  the  name 
of  aerolites,  or  meteoric  stones. 

"  Shooting  stars,  fireballs,  and  meteoric  stones,  arc  with 
great  probability  regarded  as  small  masses  moving  with 
planetary  velocities  in  space,  and  revolving  in  conic  sections 
round  the  sun,  in  accordance  with  the  laws  of  universal  gravi- 
tation. These  ma.sses  approach  the  Earth  in  their  path,  are 
attracted  by  it,  and  enter  our  atmosphere,  becoming  luminous 
at  its  limits,  when  they  frequently  let  fall  stony  fragments, 
heated  in  a  greater  or  less  degree,  and  covered  with  a  shining 
black  crast.  While  there  are  exploding  and  smoke-emitting 
balls  of  fire,  which  are  luminous  even  in  the  bright  sunshine 
of  a  tropical  day,  and  sometimes  exceed  in  size  the  apparent 
diameter  of  the  moon,  there  are  on  the  other  hand  shooting 
stars  which  fall  in  immense  numbers,  and  are  of  such  small 
dimensions,  that  they  exhibit  themselves  only  as  moving 
points,  or  as  phosphorescent  lines.  Whether  among  the  many 
luminous  bodies  which  shoot  across  the  sky,  there  may  not 
be  some  of  a  different  nature  from  others,  stLU  remains  un- 
certain. 

"The  connection  of  meteoric  stones  with  the  more  splendid 
pheenomenon  of  fireballs,  and  the  fact  that  meteoric  stones 
sometimes  fall  from  fireballs  with  a  force  which  causes  them 
to  sink  to  a  depth  of  from  ten  to  fifteen  feet  into  the  earth, 
have  been  proved  by  a  variety  of  observations.  In  some 
instances  a  small  and  very  dark  cloud  forms  suddenly  in  a 
perfectly  clear  sky,  and  the  stones  are  hurled  from  it  with  a 
noise  resembling  repeated  discharges  of  cannon.  Such  a 
doud,  moving  over  a  whole  district  of  country,  has  sometimes 
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covered  it  with  thousands  of  fragments,  very  various  in  size, 
but  similar  in  quality. 

*'We  have  as  yet  scarcely  any  knowledge  in  regard  to 
the  physical  and  chemical  processes  which  contribute  to  the 
formation  of  these  phsanomena.  We  know  by  measure^ient 
the  astonishing  and  quite  planetary  velocity  of  shooting  stars, 
fireballs,  and  meteoric  stones;  in  thb  respect  therefore  we 
are  able  to  recognise  what  is  general  and  uniform  in  the  phe- 
nomena; but  the  successive  transformations  undergone,  are 
not  known  to  us.  The  largest  meteoric  masses  yet  known 
to  us  are  seven  and  seven  and  a  half  feet  in  length;  l^bie 
meteoric  stone  of  uEgos  Potamos,  celebrated  in  antiquit^y, 
and  mentioned  in  the  chronicle  of  the  Parian  Marbles,,  and 
which  fell  about  the  year  of  the  birth  of  Socrates,  has  been 
described  as  being  of  the  size  of  two  millstones  and  equal  jji 
weight  to  a  waggon  load. 

"  Shooting  stars  fall  either  singly  or  sporadically,  or  in 
groups  of  many  thousands  which  are  compared  by  Arabian 
writers  to  flights  of  locusts.  The  latter  cases  are  periodical, 
and  the  meteors  are  then  seen  in  streams,  moving  for  the 
most  part  in  parallel  directions.  Of  the  periodic  groups 
those  hitherto  best  known  are  the  phsenomena  of  the  l2th  to 
the  14th  of  November,  and  on  the  10th  of  August  or  day  of 
St  Lawrence,  whose  ''fiery  tears"  were  long  since  recognised 
in  England  as  a  recurring  meteorological  phenomenon. 

"It  is  probable  that  the  different  streams  of  meteors, 
each  consisting  of  myriads  of  small  bodies,  intersect  the  orbit 
of  the  earth  in  the  same  way  that  Biela's  Comet  does;  accord- 
ing to  this  view,  we  may  imagine  that  they  form  a  continuous 
ring,  each  pursuing  its  course  in  a  common  direction.  Wq 
cannot  yet  determine  whether  the  variations  in  the  epochs 
at  which  the  stream  becomes  visible  to  us,  and  the  observed 
retardations  of  the  phenomena,  indicate  a  regular  progression 
of  the  points  of  intersection  of  the  ring  with  the  earth^s  orbit, 
or  whether  they  are  to  be  explained  by  the  irregular  grouping 
of  these  very  small  bodies,  and  by  the  supposition  that  the 
zone  formed  by  them  has  a  width  which  the  earth  requires 
several  days  to  traverse.  Should  increased  probability  be 
given  to  the  former  of  these  hypotheses,  the  discovery  of 
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older  observations  of  these  phenomena  will  acquire  a  special 
interest. 

'^  To  complete  our  view  of  all  that  belongs  to  the  solar 
system,  which  now,  since  the  discovery  of  the  small  planets, 
of  the  comets  of  short  period,  and  of  the  meteoric  asteroids, 
appears  so  complex  and  so  rich  in  forms,  we  have  yet  to  con- 
sider the  Zodiacal  Light.  Those  who  have  dwelt  long  in  the 
zone  of  Palms,  must  retain  a  pleasing  remembrance  of  the 
.  mild  radiance  of  the  'phenomenon,  which  rising  pyramidally 
illumines  a  portion  of  the  unvarying  length  of  the  tropical 
nights.  In  the  obscurer  sky  and  thicker  atmosphere  of  the 
temperate  zone,  the  Zodiacal  Light  is  only  distinctly  visible 
in  the  beginning  of  Spring,  when  it  may  be  seen  after  evening 
twilight  above  the  Western  horizon,  and  at  the  end  of  Autumn, 
before  the  commencement  of  morning  twilight  above  the 
Eastern  horizon. 

''We  may  with  great  probability  attribute  the  Zodiacal 
Light  to  the  existence  of  an  extremely  oblate  ring  of  nebulous 
matter,  revolving  freely  in  space  between  the  orbits  of  Venus 
and  Mars.  We  can  indeed  at  present  form  no  certain  judg- 
ment concerning  the  true  dimensions  of  the  supposed  ring ; 
its  possible  augmentation  by  emanations  from  the  tails  of 
many  millions  of  comets  when  at  their  perihelia ;  the  singular 
variability  of  its  extent,  which  seems  sometimes  not  to  exceed 
that  of  our  own  orbit ;  or  concerning  its  not  improbable  inti- 
mate connection  with  the  more  condensed  cosmical  vapour  in 
the  vicinity  of  the  sun.  The  nebulous  particles  of  which  the 
ring  consists,  and  which  revolve  round  the  sun  according  to 
the  same  laws  as  the  planets,  may  be  either  self-luminous,  or 
may  reflect  the  light  of  the  sun." 


THE  END. 


